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Preface

I began this book as an update of Numerical Linear Algebra for Applications
in Statistics, published by Springer in 1998. There was a modest amount of
new material to add, but I also wanted to supply more of the reasoning behind
the facts about vectors and matrices. I had used material from that text in
some courses, and I had spent a considerable amount of class time proving
assertions made but not proved in that book. As I embarked on this project,
the character of the book began to change markedly. In the previous book,
I apologized for spending 30 pages on the theory and basic facts of linear
algebra before getting on to the main interest: numerical linear algebra. In
the present book, discussion of those basic facts takes up over half of the book.

The orientation and perspective of this book remains numerical linear al-
gebra for applications in statistics. Computational considerations inform the
narrative. There is an emphasis on the areas of matrix analysis that are im-
portant for statisticians, and the kinds of matrices encountered in statistical
applications receive special attention.

This book is divided into three parts plus a set of appendices. The three
parts correspond generally to the three areas of the book’s subtitle—theory,
computations, and applications —although the parts are in a different order,
and there is no firm separation of the topics.

Part I, consisting of Chapters 1 through 7, covers most of the material
in linear algebra needed by statisticians. (The word “matrix” in the title of
the present book may suggest a somewhat more limited domain than “linear
algebra”; but I use the former term only because it seems to be more commonly
used by statisticians and is used more or less synonymously with the latter
term.)

The first four chapters cover the basics of vectors and matrices, concen-
trating on topics that are particularly relevant for statistical applications. In
Chapter 4, it is assumed that the reader is generally familiar with the basics of
partial differentiation of scalar functions. Chapters 5 through 7 begin to take
on more of an applications flavor, as well as beginning to give more consid-
eration to computational methods. Although the details of the computations
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are not covered in those chapters, the topics addressed are oriented more to-
ward computational algorithms. Chapter 5 covers methods for decomposing
matrices into useful factors.

Chapter 6 addresses applications of matrices in setting up and solving
linear systems, including overdetermined systems. We should not confuse sta-
tistical inference with fitting equations to data, although the latter task is
a component of the former activity. In Chapter 6, we address the more me-
chanical aspects of the problem of fitting equations to data. Applications in
statistical data analysis are discussed in Chapter 9. In those applications, we
need to make statements (that is, assumptions) about relevant probability
distributions.

Chapter 7 discusses methods for extracting eigenvalues and eigenvectors.
There are many important details of algorithms for eigenanalysis, but they
are beyond the scope of this book. As with other chapters in Part I, Chap-
ter 7 makes some reference to statistical applications, but it focuses on the
mathematical and mechanical aspects of the problem.

Although the first part is on “theory”, the presentation is informal; neither
definitions nor facts are highlighted by such words as “Definition”, “Theorem”,
“Lemma”, and so forth. It is assumed that the reader follows the natural
development. Most of the facts have simple proofs, and most proofs are given
naturally in the text. No “Proof” and “Q.E.D.” or “ 0 ” appear to indicate
beginning and end; again, it is assumed that the reader is engaged in the
development. For example, on page 270:

If A is nonsingular and symmetric, then A~ is also symmetric because
(A—l)T — (AT)—l — A_l.

The first part of that sentence could have been stated as a theorem and
given a number, and the last part of the sentence could have been introduced
as the proof, with reference to some previous theorem that the inverse and
transposition operations can be interchanged. (This had already been shown
before page 270 —in an unnumbered theorem of course!)

None of the proofs are original (at least, I don’t think they are), but in most
cases I do not know the original source, or even the source where I first saw
them. I would guess that many go back to C. F. Gauss. Most, whether they
are as old as Gauss or not, have appeared somewhere in the work of C. R. Rao.
Some lengthier proofs are only given in outline, but references are given for
the details. Very useful sources of details of the proofs are Harville (1997),
especially for facts relating to applications in linear models, and Horn and
Johnson (1991) for more general topics, especially those relating to stochastic
matrices. The older books by Gantmacher (1959) provide extensive coverage
and often rather novel proofs. These two volumes have been brought back into
print by the American Mathematical Society.

I also sometimes make simple assumptions without stating them explicitly.
For example, I may write “for all i” when 4 is used as an index to a vector.
I hope it is clear that “for all i” means only “for ¢ that correspond to indices
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of the vector”. Also, my use of an expression generally implies existence. For
example, if “AB” is used to represent a matrix product, it implies that “A
and B are conformable for the multiplication AB”. Occasionally I remind the
reader that I am taking such shortcuts.

The material in Part I, as in the entire book, was built up recursively. In the
first pass, I began with some definitions and followed those with some facts
that are useful in applications. In the second pass, I went back and added
definitions and additional facts that lead to the results stated in the first
pass. The supporting material was added as close to the point where it was
needed as practical and as necessary to form a logical flow. Facts motivated by
additional applications were also included in the second pass. In subsequent
passes, I continued to add supporting material as necessary and to address
the linear algebra for additional areas of application. I sought a bare-bones
presentation that gets across what I considered to be the theory necessary for
most applications in the data sciences. The material chosen for inclusion is
motivated by applications.

Throughout the book, some attention is given to numerical methods for
computing the various quantities discussed. This is in keeping with my be-
lief that statistical computing should be dispersed throughout the statistics
curriculum and statistical literature generally. Thus, unlike in other books
on matrix “theory”, I describe the “modified” Gram-Schmidt method, rather
than just the “classical” GS. (I put “modified” and “classical” in quotes be-
cause, to me, GS is MGS. History is interesting, but in computational matters,
I do not care to dwell on the methods of the past.) Also, condition numbers
of matrices are introduced in the “theory” part of the book, rather than just
in the “computational” part. Condition numbers also relate to fundamental
properties of the model and the data.

The difference between an expression and a computing method is em-
phasized. For example, often we may write the solution to the linear system
Az = b as A~1b. Although this is the solution (so long as A is square and of
full rank), solving the linear system does not involve computing A~!. We may
write A~'b, but we know we can compute the solution without inverting the
matrix.

“This is an instance of a principle that we will encounter repeatedly:
the form of a mathematical expression and the way the expression
should be evaluated in actual practice may be quite different.”

(The statement in quotes appears word for word in several places in the book.)

Standard textbooks on “matrices for statistical applications” emphasize
their uses in the analysis of traditional linear models. This is a large and im-
portant field in which real matrices are of interest, and the important kinds of
real matrices include symmetric, positive definite, projection, and generalized
inverse matrices. This area of application also motivates much of the discussion
in this book. In other areas of statistics, however, there are different matrices of
interest, including similarity and dissimilarity matrices, stochastic matrices,



X Preface

rotation matrices, and matrices arising from graph-theoretic approaches to
data analysis. These matrices have applications in clustering, data mining,
stochastic processes, and graphics; therefore, I describe these matrices and
their special properties. I also discuss the geometry of matrix algebra. This
provides a better intuition of the operations. Homogeneous coordinates and
special operations in IR are covered because of their geometrical applications
in statistical graphics.

Part IT addresses selected applications in data analysis. Applications are
referred to frequently in Part I, and of course, the choice of topics for coverage
was motivated by applications. The difference in Part II is in its orientation.

Only “selected” applications in data analysis are addressed; there are ap-
plications of matrix algebra in almost all areas of statistics, including the
theory of estimation, which is touched upon in Chapter 4 of Part I. Certain
types of matrices are more common in statistics, and Chapter 8 discusses in
more detail some of the important types of matrices that arise in data analy-
sis and statistical modeling. Chapter 9 addresses selected applications in data
analysis. The material of Chapter 9 has no obvious definition that could be
covered in a single chapter (or a single part, or even a single book), so I have
chosen to discuss briefly a wide range of areas. Most of the sections and even
subsections of Chapter 9 are on topics to which entire books are devoted;
however, I do not believe that any single book addresses all of them.

Part III covers some of the important details of numerical computations,
with an emphasis on those for linear algebra. I believe these topics constitute
the most important material for an introductory course in numerical analysis
for statisticians and should be covered in every such course.

Except for specific computational techniques for optimization, random
number generation, and perhaps symbolic computation, Part IIT provides the
basic material for a course in statistical computing. All statisticians should
have a passing familiarity with the principles.

Chapter 10 provides some basic information on how data are stored and
manipulated in a computer. Some of this material is rather tedious, but it
is important to have a general understanding of computer arithmetic before
considering computations for linear algebra. Some readers may skip or just
skim Chapter 10, but the reader should be aware that the way the computer
stores numbers and performs computations has far-reaching consequences.
Computer arithmetic differs from ordinary arithmetic in many ways; for ex-
ample, computer arithmetic lacks associativity of addition and multiplication,
and series often converge even when they are not supposed to. (On the com-
puter, a straightforward evaluation of Y > | x converges!)

I emphasize the differences between the abstract number system IR, called
the reals, and the computer number system IF, the floating-point numbers
unfortunately also often called “real”. Table 10.3 on page 400 summarizes
some of these differences. All statisticians should be aware of the effects of
these differences. I also discuss the differences between 7, the abstract number
system called the integers, and the computer number system II, the fixed-point
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numbers. (Appendix A provides definitions for this and other notation that I
use.)

Chapter 10 also covers some of the fundamentals of algorithms, such as
iterations, recursion, and convergence. It also discusses software development.
Software issues are revisited in Chapter 12.

While Chapter 10 deals with general issues in numerical analysis, Chap-
ter 11 addresses specific issues in numerical methods for computations in linear
algebra.

Chapter 12 provides a brief introduction to software available for com-
putations with linear systems. Some specific systems mentioned include the
IMSL™ libraries for Fortran and C, Octave or MATLAB® (or Matlab®),
and R or S-PLUS® (or S-Plus®). All of these systems are easy to use, and
the best way to learn them is to begin using them for simple problems. I do
not use any particular software system in the book, but in some exercises, and
particularly in Part III, I do assume the ability to program in either Fortran
or C and the availability of either R or S-Plus, Octave or Matlab, and Maple®
or Mathematica®. My own preferences for software systems are Fortran and
R, and occasionally these preferences manifest themselves in the text.

Appendix A collects the notation used in this book. It is generally “stan-
dard” notation, but one thing the reader must become accustomed to is the
lack of notational distinction between a vector and a scalar. All vectors are
“column” vectors, although I usually write them as horizontal lists of their
elements. (Whether vectors are “row” vectors or “column” vectors is generally
only relevant for how we write expressions involving vector/matrix multipli-
cation or partitions of matrices.)

I write algorithms in various ways, sometimes in a form that looks similar
to Fortran or C and sometimes as a list of numbered steps. I believe all of the
descriptions used are straightforward and unambiguous.

This book could serve as a basic reference either for courses in statistical
computing or for courses in linear models or multivariate analysis. When the
book is used as a reference, rather than looking for “Definition” or “Theorem”,
the user should look for items set off with bullets or look for numbered equa-
tions, or else should use the Index, beginning on page 519, or Appendix A,
beginning on page 479.

The prerequisites for this text are minimal. Obviously some background in
mathematics is necessary. Some background in statistics or data analysis and
some level of scientific computer literacy are also required. References to rather
advanced mathematical topics are made in a number of places in the text. To
some extent this is because many sections evolved from class notes that I
developed for various courses that I have taught. All of these courses were at
the graduate level in the computational and statistical sciences, but they have
had wide ranges in mathematical level. I have carefully reread the sections
that refer to groups, fields, measure theory, and so on, and am convinced that
if the reader does not know much about these topics, the material is still
understandable, but if the reader is familiar with these topics, the references
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add to that reader’s appreciation of the material. In many places, I refer to
computer programming, and some of the exercises require some programming.
A careful coverage of Part I1I requires background in numerical programming.

In regard to the use of the book as a text, most of the book evolved in one
way or another for my own use in the classroom. I must quickly admit, how-
ever, that I have never used this whole book as a text for any single course. I
have used Part III in the form of printed notes as the primary text for a course
in the “foundations of computational science” taken by graduate students in
the natural sciences (including a few statistics students, but dominated by
physics students). I have provided several sections from Parts I and I in online
PDF files as supplementary material for a two-semester course in mathemati-
cal statistics at the “baby measure theory” level (using Shao, 2003). Likewise,
for my courses in computational statistics and statistical visualization, I have
provided many sections, either as supplementary material or as the primary
text, in online PDF files or printed notes. I have not taught a regular “applied
statistics” course in almost 30 years, but if I did, I am sure that I would draw
heavily from Parts I and II for courses in regression or multivariate analysis.
If T ever taught a course in “matrices for statistics” (I don’t even know if
such courses exist), this book would be my primary text because I think it
covers most of the things statisticians need to know about matrix theory and
computations.

Some exercises are Monte Carlo studies. I do not discuss Monte Carlo
methods in this text, so the reader lacking background in that area may need
to consult another reference in order to work those exercises. The exercises
should be considered an integral part of the book. For some exercises, the
required software can be obtained from either statlib or netlib (see the
bibliography). Exercises in any of the chapters, not just in Part III, may
require computations or computer programming.

Penultimately, I must make some statement about the relationship of
this book to some other books on similar topics. Much important statisti-
cal theory and many methods make use of matrix theory, and many sta-
tisticians have contributed to the advancement of matrix theory from its
very early days. Widely used books with derivatives of the words “statis-
tics” and “matrices/linear-algebra” in their titles include Basilevsky (1983),
Graybill (1983), Harville (1997), Schott (2004), and Searle (1982). All of these
are useful books. The computational orientation of this book is probably the
main difference between it and these other books. Also, some of these other
books only address topics of use in linear models, whereas this book also dis-
cusses matrices useful in graph theory, stochastic processes, and other areas
of application. (If the applications are only in linear models, most matrices
of interest are symmetric, and all eigenvalues can be considered to be real.)
Other differences among all of these books, of course, involve the authors’
choices of secondary topics and the ordering of the presentation.
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Part I

Linear Algebra
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Basic Vector/Matrix Structure and Notation

Vectors and matrices are useful in representing multivariate data, and they
occur naturally in working with linear equations or when expressing linear
relationships among objects. Numerical algorithms for a variety of tasks in-
volve matrix and vector arithmetic. An optimization algorithm to find the
minimum of a function, for example, may use a vector of first derivatives and
a matrix of second derivatives; and a method to solve a differential equation
may use a matrix with a few diagonals for computing differences.

There are various precise ways of defining vectors and matrices, but we
will generally think of them merely as linear or rectangular arrays of numbers,
or scalars, on which an algebra is defined. Unless otherwise stated, we will as-
sume the scalars are real numbers. We denote both the set of real numbers
and the field of real numbers as IR. (The field is the set together with the op-
erators.) Occasionally we will take a geometrical perspective for vectors and
will consider matrices to define geometrical transformations. In all contexts,
however, the elements of vectors or matrices are real numbers (or, more gen-
erally, members of a field). When this is not the case, we will use more general
phrases, such as “ordered lists” or “arrays”.

Many of the operations covered in the first few chapters, especially the
transformations and factorizations in Chapter 5, are important because of
their use in solving systems of linear equations, which will be discussed in
Chapter 6; in computing eigenvectors, eigenvalues, and singular values, which
will be discussed in Chapter 7; and in the applications in Chapter 9.

Throughout the first few chapters, we emphasize the facts that are impor-
tant in statistical applications. We also occasionally refer to relevant compu-
tational issues, although computational details are addressed specifically in
Part III.

It is very important to understand that the form of a mathematical expres-
sion and the way the expression should be evaluated in actual practice may
be quite different. We remind the reader of this fact from time to time. That
there is a difference in mathematical expressions and computational methods
is one of the main messages of Chapters 10 and 11. (An example of this, in
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notation that we will introduce later, is the expression A~'b. If our goal is to
solve a linear system Ax = b, we probably should never compute the matrix
inverse A~! and then multiply it times b. Nevertheless, it may be entirely
appropriate to write the expression A~1b.)

1.1 Vectors

For a positive integer n, a vector (or n-vector) is an n-tuple, ordered (multi)set,
or array of n numbers, called elements or scalars. The number of elements
is called the order, or sometimes the “length”, of the vector. An n-vector
can be thought of as representing a point in n-dimensional space. In this
setting, the “length” of the vector may also mean the Euclidean distance from
the origin to the point represented by the vector; that is, the square root of
the sum of the squares of the elements of the vector. This Euclidean distance
will generally be what we mean when we refer to the length of a vector (see
page 17).

We usually use a lowercase letter to represent a vector, and we use the
same letter with a single subscript to represent an element of the vector.

The first element of an n-vector is the first (15*) element and the last is the
n' element. (This statement is not a tautology; in some computer systems,
the first element of an object used to represent a vector is the 0 element
of the object. This sometimes makes it difficult to preserve the relationship
between the computer entity and the object that is of interest.) We will use
paradigms and notation that maintain the priority of the object of interest
rather than the computer entity representing it.

We may write the n-vector = as

&
r=| : (1.1)
Ln

x=(21,...,Zn). (1.2)

We make no distinction between these two notations, although in some con-
texts we think of a vector as a “column”, so the first notation may be more
natural. The simplicity of the second notation recommends it for common use.
(And this notation does not require the additional symbol for transposition
that some people use when they write the elements of a vector horizontally.)
We use the notation
]Rn

to denote the set of n-vectors with real elements.
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1.2 Arrays

Arrays are structured collections of elements corresponding in shape to lines,
rectangles, or rectangular solids. The number of dimensions of an array is often
called the rank of the array. Thus, a vector is an array of rank 1, and a matrix
is an array of rank 2. A scalar, which can be thought of as a degenerate array,
has rank 0. When referring to computer software objects, “rank” is generally
used in this sense. (This term comes from its use in describing a tensor. A
rank O tensor is a scalar, a rank 1 tensor is a vector, a rank 2 tensor is a
square matrix, and so on. In our usage referring to arrays, we do not require
that the dimensions be equal, however.) When we refer to “rank of an array”,
we mean the number of dimensions. When we refer to “rank of a matrix”, we
mean something different, as we discuss in Section 3.3. In linear algebra, this
latter usage is far more common than the former.

1.3 Matrices

A matrix is a rectangular or two-dimensional array. We speak of the rows and
columns of a matrix. The rows or columns can be considered to be vectors,
and we often use this equivalence. An n X m matrix is one with n rows and
m columns. The number of rows and the number of columns determine the
shape of the matrix. Note that the shape is the doubleton (n,m), not just
a single number such as the ratio. If the number of rows is the same as the
number of columns, the matrix is said to be square.

All matrices are two-dimensional in the sense of “dimension” used above.
The word “dimension”, however, when applied to matrices, often means some-
thing different, namely the number of columns. (This usage of “dimension” is
common both in geometry and in traditional statistical applications.)

We usually use an uppercase letter to represent a matrix. To represent an
element of the matrix, we usually use the corresponding lowercase letter with
a subscript to denote the row and a second subscript to represent the column.
If a nontrivial expression is used to denote the row or the column, we separate
the row and column subscripts with a comma.

Although vectors and matrices are fundamentally quite different types of
objects, we can bring some unity to our discussion and notation by occasion-
ally considering a vector to be a “column vector” and in some ways to be the
same as an n X 1 matrix. (This has nothing to do with the way we may write
the elements of a vector. The notation in equation (1.2) is more convenient
than that in equation (1.1) and so will generally be used in this book, but its
use should not change the nature of the vector. Likewise, this has nothing to
do with the way the elements of a vector or a matrix are stored in the com-
puter.) When we use vectors and matrices in the same expression, however,
we use the symbol “T” (for “transpose”) as a superscript to represent a vector
that is being treated as a 1 x n matrix.
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We use the notation a.; to correspond to the 4™ column of the matrix A
and use a;, to represent the (column) vector that corresponds to the i" row.

The first row is the 15 (first) row, and the first column is the 15% (first)
column. (Again, we remark that computer entities used in some systems to
represent matrices and to store elements of matrices as computer data some-
times index the elements beginning with 0. Furthermore, some systems use the
first index to represent the column and the second index to indicate the row.
We are not speaking here of the storage order— “row major” versus “column
major” —we address that later, in Chapter 11. Rather, we are speaking of the
mechanism of referring to the abstract entities. In image processing, for exam-
ple, it is common practice to use the first index to represent the column and
the second index to represent the row. In the software package PV-Wave, for
example, there are two different kinds of two-dimensional objects: “arrays”, in
which the indexing is done as in image processing, and “matrices”, in which
the indexing is done as we have described.)

The n X m matrix A can be written

ail ... Q1m
A= 0. (1.3)
Anl - - - Apm

We also write the matrix A above as
A= (aij)a (1.4)

with the indices 7 and j ranging over {1,...,n} and {1,...,m}, respectively.
We use the notation A, x., to refer to the matrix A and simultaneously to
indicate that it is n x m, and we use the notation

RTLXTIL

to refer to the set of all n x m matrices with real elements.

We use the notation (A);; to refer to the element in the i*" row and the
§* column of the matrix A; that is, in equation (1.3), (A);; = a;;.

Although vectors are column vectors and the notation in equations (1.1)
and (1.2) represents the same entity, that would not be the same for matrices.
If zq,...,x, are scalars

T
X=1": (1.5)

Ln

and
Y =[x1,...,25], (1.6)

then X is an n x 1 matrix and Y is a 1 x n matrix (and Y is the transpose
of X). Although an n x 1 matrix is a different type of object from a vector,
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we may treat X in equation (1.5) or YT in equation (1.6) as a vector when
it is convenient to do so. Furthermore, although a 1 x 1 matrix, a 1-vector,
and a scalar are all fundamentally different types of objects, we will treat a
one by one matrix or a vector with only one element as a scalar whenever it
is convenient.

One of the most important uses of matrices is as a transformation of a vec-
tor by vector/matrix multiplication. Such transformations are linear (a term
that we define later). Although one can occasionally profitably distinguish ma-
trices from linear transformations on vectors, for our present purposes there
is no advantage in doing so. We will often treat matrices and linear transfor-
mations as equivalent.

Many of the properties of vectors and matrices we discuss hold for an
infinite number of elements, but we will assume throughout this book that
the number is finite.

Subvectors and Submatrices

We sometimes find it useful to work with only some of the elements of a
vector or matrix. We refer to the respective arrays as “subvectors” or “sub-
matrices”. We also allow the rearrangement of the elements by row or column
permutations and still consider the resulting object as a subvector or subma-
trix. In Chapter 3, we will consider special forms of submatrices formed by
“partitions” of given matrices.

1.4 Representation of Data

Before we can do any serious analysis of data, the data must be represented
in some structure that is amenable to the operations of the analysis. In sim-
ple cases, the data are represented by a list of scalar values. The ordering in
the list may be unimportant, and the analysis may just consist of computa-
tion of simple summary statistics. In other cases, the list represents a time
series of observations, and the relationships of observations to each other as
a function of their distance apart in the list are of interest. Often, the data
can be represented meaningfully in two lists that are related to each other by
the positions in the lists. The generalization of this representation is a two-
dimensional array in which each column corresponds to a particular type of
data.

A major consideration, of course, is the nature of the individual items of
data. The observational data may be in various forms: quantitative measures,
colors, text strings, and so on. Prior to most analyses of data, they must be
represented as real numbers. In some cases, they can be represented easily
as real numbers, although there may be restrictions on the mapping into the
reals. (For example, do the data naturally assume only integral values, or
could any real number be mapped back to a possible observation?)
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The most common way of representing data is by using a two-dimensional
array in which the rows correspond to observational units (“instances”) and
the columns correspond to particular types of observations (“variables” or
“features”). If the data correspond to real numbers, this representation is the
familiar X data matrix. Much of this book is devoted to the matrix theory
and computational methods for the analysis of data in this form. This type of
matrix, perhaps with an adjoined vector, is the basic structure used in many
familiar statistical methods, such as regression analysis, principal components
analysis, analysis of variance, multidimensional scaling, and so on.

There are other types of structures that are useful in representing data
based on graphs. A graph is a structure consisting of two components: a set of
points, called vertices or nodes and a set of pairs of the points, called edges.
(Note that this usage of the word “graph” is distinctly different from the
more common one that refers to lines, curves, bars, and so on to represent
data pictorially. The phrase “graph theory” is often used, or overused, to em-
phasize the present meaning of the word.) A graph G = (V, E) with vertices
V ={wv1,...,v,} is distinguished primarily by the nature of the edge elements
(vi,v;) in E. Graphs are identified as complete graphs, directed graphs, trees,
and so on, depending on E and its relationship with V. A tree may be used
for data that are naturally aggregated in a hierarchy, such as political unit,
subunit, household, and individual. Trees are also useful for representing clus-
tering of data at different levels of association. In this type of representation,
the individual data elements are the leaves of the tree.

In another type of graphical representation that is often useful in “data
mining”, where we seek to uncover relationships among objects, the vertices
are the objects, either observational units or features, and the edges indicate
some commonality between vertices. For example, the vertices may be text
documents, and an edge between two documents may indicate that a certain
number of specific words or phrases occur in both documents. Despite the
differences in the basic ways of representing data, in graphical modeling of
data, many of the standard matrix operations used in more traditional data
analysis are applied to matrices that arise naturally from the graph.

However the data are represented, whether in an array or a network, the
analysis of the data is often facilitated by using “association” matrices. The
most familiar type of association matrix is perhaps a correlation matrix. We
will encounter and use other types of association matrices in Chapter 8.
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Vectors and Vector Spaces

In this chapter we discuss a wide range of basic topics related to vectors of real
numbers. Some of the properties carry over to vectors over other fields, such
as complex numbers, but the reader should not assume this. Occasionally, for
emphasis, we will refer to “real” vectors or “real” vector spaces, but unless it
is stated otherwise, we are assuming the vectors and vector spaces are real.
The topics and the properties of vectors and vector spaces that we emphasize
are motivated by applications in the data sciences.

2.1 Operations on Vectors

The elements of the vectors we will use in the following are real numbers, that
is, elements of IR. We call elements of IR scalars. Vector operations are defined
in terms of operations on real numbers.

Two vectors can be added if they have the same number of elements.
The sum of two vectors is the vector whose elements are the sums of the
corresponding elements of the vectors being added. Vectors with the same
number of elements are said to be conformable for addition. A vector all of
whose elements are 0 is the additive identity for all conformable vectors.

We overload the usual symbols for the operations on the reals to signify
the corresponding operations on vectors or matrices when the operations are
defined. Hence, “+” can mean addition of scalars, addition of conformable
vectors, or addition of a scalar to a vector. This last meaning of “+” may
not be used in many mathematical treatments of vectors, but it is consistent
with the semantics of modern computer languages such as Fortran 95, R, and
Matlab. By the addition of a scalar to a vector, we mean the addition of the
scalar to each element of the vector, resulting in a vector of the same number
of elements.

A scalar multiple of a vector (that is, the product of a real number and
a vector) is the vector whose elements are the multiples of the corresponding
elements of the original vector. Juxtaposition of a symbol for a scalar and a
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symbol for a vector indicates the multiplication of the scalar with each element
of the vector, resulting in a vector of the same number of elements.

A very common operation in working with vectors is the addition of a
scalar multiple of one vector to another vector,

z=ax+vy, (2.1)

where ¢ is a scalar and x and y are vectors conformable for addition. Viewed
as a single operation with three operands, this is called an “axpy” for obvious
reasons. (Because the Fortran versions of BLAS to perform this operation
were called saxpy and daxpy, the operation is also sometimes called “saxpy”
or “daxpy”. See Section 12.1.4 on page 454, for a description of the BLAS.)
The axpy operation is called a linear combination. Such linear combinations
of vectors are the basic operations in most areas of linear algebra. The com-
position of axpy operations is also an axpy; that is, one linear combination
followed by another linear combination is a linear combination. Furthermore,
any linear combination can be decomposed into a sequence of axpy operations.

2.1.1 Linear Combinations and Linear Independence

If a given vector can be formed by a linear combination of one or more vectors,
the set of vectors (including the given one) is said to be linearly dependent;
conversely, if in a set of vectors no one vector can be represented as a linear
combination of any of the others, the set of vectors is said to be linearly
independent. In equation (2.1), for example, the vectors z, y, and z are not
linearly independent. It is possible, however, that any two of these vectors
are linearly independent. Linear independence is one of the most important
concepts in linear algebra.

We can see that the definition of a linearly independent set of vectors
{v1,...,v;} is equivalent to stating that if

a1v1 + - apvr = 0, (2.2)

then ay = -+ = ay = 0. If the set of vectors {vy,..., v} is not linearly inde-
pendent, then it is possible to select a maximal linearly independent subset;
that is, a subset of {v1,...,vx} that is linearly independent and has maxi-
mum cardinality. We do this by selecting an arbitrary vector, v;,, and then
seeking a vector that is independent of v;,. If there are none in the set that
is linearly independent of v;,, then a maximum linearly independent subset
is just the singleton, because all of the vectors must be a linear combination
of just one vector (that is, a scalar multiple of that one vector). If there is a
vector that is linearly independent of v;,, say v;,, we next seek a vector in the
remaining set that is independent of v;, and v;,. If one does not exist, then
{vi,,vi, } is a maximal subset because any other vector can be represented in
terms of these two and hence, within any subset of three vectors, one can be
represented in terms of the two others. Thus, we see how to form a maximal
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linearly independent subset, and we see that the maximum cardinality of any
subset of linearly independent vectors is unique.

It is easy to see that the maximum number of n-vectors that can form a
set that is linearly independent is n. (We can see this by assuming n linearly
independent vectors and then, for any (n 4 1)*" vector, showing that it is
a linear combination of the others by building it up one by one from linear
combinations of two of the given linearly independent vectors. In Exercise 2.1,
you are asked to write out these steps.)

Properties of a set of vectors are usually invariant to a permutation of the
elements of the vectors if the same permutation is applied to all vectors in the
set. In particular, if a set of vectors is linearly independent, the set remains
linearly independent if the elements of each vector are permuted in the same
way.

If the elements of each vector in a set of vectors are separated into sub-
vectors, linear independence of any set of corresponding subvectors implies
linear independence of the full vectors. To state this more precisely for a set

of three n-vectors, let x = (z1,...,2n), y = (Y1,-.-,Yn), and z = (21,..., 2,).
Now let {i1,...,ix} C {1,...,n}, and form the k-vectors Z = (x4,,..., %),
¥ = Yiys---» i) and 2 = (24,..., %, ). Then linear independence of Z, g,

and Z implies linear independence of z, y, and z.

2.1.2 Vector Spaces and Spaces of Vectors

Let V be a set of n-vectors such that any linear combination of the vectors in
V is also in V. Then the set together with the usual vector algebra is called a
vector space. (Technically, the “usual algebra” is a linear algebra consisting of
two operations: vector addition and scalar times vector multiplication, which
are the two operations comprising an axpy. It has closure of the space under
the combination of those operations, commutativity and associativity of addi-
tion, an additive identity and inverses, a multiplicative identity, distribution of
multiplication over both vector addition and scalar addition, and associativity
of scalar multiplication and scalar times vector multiplication. Vector spaces
are linear spaces.) A vector space necessarily includes the additive identity.
(In the axpy operation, let a = —1 and y = z.)

A vector space can also be made up of other objects, such as matrices.
The key characteristic of a vector space is a linear algebra.

We generally use a calligraphic font to denote a vector space; V, for exam-
ple. Often, however, we think of the vector space merely in terms of the set
of vectors on which it is built and denote it by an ordinary capital letter; V,
for example.

The Order and the Dimension of a Vector Space

The maximum number of linearly independent vectors in a vector space is
called the dimension of the vector space. We denote the dimension by
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dim(+),

which is a mapping R" — Z, (where Z denotes the positive integers). The
length or order of the vectors in the space is the order of the vector space. The
order is greater than or equal to the dimension, as we showed above.

The vector space consisting of all n-vectors with real elements is denoted
R". (As mentioned earlier, the notation IR" also refers to just the set of
n-vectors with real elements; that is, to the set over which the vector space is
defined.) Both the order and the dimension of IR™ are n.

We also use the phrase dimension of a vector to mean the dimension of
the vector space of which the vector is an element. This term is ambiguous,
but its meaning is clear in certain applications, such as dimension reduction,
that we will discuss later.

Many of the properties of vectors that we discuss hold for an infinite
number of elements, but throughout this book we will assume the vector
spaces have a finite number of dimensions.

Essentially Disjoint Vector Spaces

If the only element in common between two vector spaces V; and Vs is the
additive identity, the spaces are said to be essentially disjoint. If the vector
spaces Vq and V, are essentially disjoint, it is clear that any element in V;
(except the additive identity) is linearly independent of any set of elements
in VQ.

Some Special Vectors

We denote the additive identity in a vector space of order n by 0,, or sometimes
by 0. This is the vector consisting of all zeros. We call this the zero vector.
This vector by itself is sometimes called the null vector space. It is not a vector
space in the usual sense; it would have dimension 0. (All linear combinations
are the same.)

Likewise, we denote the vector consisting of all ones by 1,, or sometimes by
1. We call this the one vector and also the “summing vector” (see page 23).
This vector and all scalar multiples of it are vector spaces with dimension
1. (This is true of any single nonzero vector; all linear combinations are just
scalar multiples.) Whether 0 and 1 without a subscript represent vectors or
scalars is usually clear from the context.

The i*" unit vector, denoted by e;, has a 1 in the i*" position and Os in all
other positions:

e; =(0,...,0,1,0,...,0). (2.3)

Another useful vector is the sign vector, which is formed from signs of the
elements of a given vector. It is denoted by “sign(-)” and defined by
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sign(z); = 1 ifxz; >0,
= 0 ifx;=0, (2.4)
=-1 ifz <.

Ordinal Relations among Vectors

There are several possible ways to form a rank ordering of vectors of the same
order, but no complete ordering is entirely satisfactory. (Note the unfortunate
overloading of the word “order” or “ordering” here.) If  and y are vectors of
the same order and for corresponding elements x; > y;, we say x is greater

than y and write
x> y. (2.5)

In particular, if all of the elements of = are positive, we write x > 0.
If x and y are vectors of the same order and for corresponding elements
x; > y;, We say x is greater than or equal to y and write

=y (2.6)

This relationship is a partial ordering (see Exercise 8.1a). The expression z > 0
means that all of the elements of x are nonnegative.

Set Operations on Vector Spaces

Although a vector space is a set together with operations, we often speak of a
vector space as if it were just the set, and we use some of the same notation to
refer to vector spaces as we use to refer to sets. For example, if V is a vector
space, the notation W C V indicates that W is a vector space (that is, it has
the properties listed above), that the set of vectors in the vector space W is
a subset of the vectors in V, and that the operations in the two objects are
the same. A subset of a vector space V that is itself a vector space is called a
subspace of V.

The intersection of two vector spaces of the same order is a vector space.
The union of two such vector spaces, however, is not necessarily a vector space
(because for v; € V; and vg € Vo, v1 +v2 may not be in V; UVy). We refer to a
set of vectors of the same order together with the addition operator (whether
or not the set is closed with respect to the operator) as a “space of vectors”.

If V1 and Vs are spaces of vectors, the space of vectors

V= {7), st.v=v1 +vg, v1 €EV1, V3 € VQ}

is called the sum of the spaces V; and Vs and is denoted by V = V) + Vs, If
the spaces V; and Vs, are vector spaces, then V; + Vs is a vector space, as is
easily verified.

If V1 and V, are essentially disjoint vector spaces (not just spaces of vec-
tors), the sum is called the direct sum. This relation is denoted by

V=V &V (2.7)



14 2 Vectors and Vector Spaces
Cones

A set of vectors that contains all positive scalar multiples of any vector in
the set is called a cone. A cone always contains the zero vector. A set of
vectors V' is a convex cone if, for all vy,vo € V and all a,b > 0, avy +bvy € V.
(Such a cone is called a homogeneous convex cone by some authors. Also,
some authors require that a +b = 1 in the definition.) A convex cone is not
necessarily a vector space because v; — vo may not be in V. An important
convex cone in an n-dimensional vector space is the positive orthant together
with the zero vector. This convex cone is not closed, in the sense that it
does not contain some limits. The closure of the positive orthant (that is, the
nonnegative orthant) is also a convex cone.

2.1.3 Basis Sets

If each vector in the vector space V can be expressed as a linear combination
of the vectors in some set G, then G is said to be a generating set or spanning
set of V. If, in addition, all linear combinations of the elements of G are in
V, the vector space is the space generated by G and is denoted by V(G) or by
span(G):

V(G) = span(QG).

A set of linearly independent vectors that generate or span a space is said
to be a basis for the space.

e The representation of a given vector in terms of a basis set is unique.

To see this, let {v1,...,vr} be a basis for a vector space that includes the
vector x, and let
T =Clv1 + - CpUk.

Now suppose
T = byvy + - by,

so that we have
0=(cy —b1)v1 + -+ (ck — b)vg.

Since {v1,..., v} are independent, the only way this is possible is if ¢; = b;
for each 1.
A related fact is that if {v1,..., v} is a basis for a vector space of order

n that includes the vector x and = = cyv1 + - - - cxvg, then z = 0,, if and only
if ¢; = 0 for each 1.

If By is a basis set for V;, By is a basis set for Vs, and V; & Vo, =V, then
Bj1 U Bs is a generating set for V because from the definition of & we see that
any vector in ) can be represented as a linear combination of vectors in B
plus a linear combination of vectors in Bs.

The number of vectors in a generating set is at least as great as the dimen-
sion of the vector space. Because the vectors in a basis set are independent,
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the number of vectors in a basis set is exactly the same as the dimension of
the vector space; that is, if B is a basis set of the vector space V, then

dim(V) = #(B). (2.8)

A generating set or spanning set of a cone C' is a set of vectors S = {v;}
such that for any vector v in C there exists scalars a; > 0 so that v = 3" a;v;,
and if for scalars b; > 0 and Y b;v; = 0, then b; = 0 for all 7. If a generating
set of a cone has a finite number of elements, the cone is a polyhedron. A
generating set consisting of the minimum number of vectors of any generating
set for that cone is a basis set for the cone.

2.1.4 Inner Products

A useful operation on two vectors x and y of the same order is the dot product,
which we denote by (x,y) and define as

(z,y) = Z%%ﬂ (2.9)

The dot product is also called the inner product or the scalar product. The
dot product is actually a special type of inner product, but it is the most
commonly used inner product, and so we will use the terms synonymously. A
vector space together with an inner product is called an inner product space.

The dot product is also sometimes written as x - y, hence the name. Yet
another notation for the dot product is Ty, and we will see later that this
notation is natural in the context of matrix multiplication. We have the equiv-
alent notations

(z,y) =z-y=azTy.

The dot product is a mapping from a vector space V to IR that has the
following properties:

1. Nonnegativity and mapping of the identity:
if ¢ # 0, then (x,z) > 0 and (0, z) = (x,0) = (0,0) = 0.
2. Commutativity:
(x,y) = (y,x>
3. Factoring of scalar multiplication in dot products:
(ax,y) = a{z,y) for real a.
4. Relation of vector addition to addition of dot products:
(@ +y,2) =(z,2) +(y,2).

These properties in fact define a more general inner product for other kinds of
mathematical objects for which an addition, an additive identity, and a multi-
plication by a scalar are defined. (We should restate here that we assume the
vectors have real elements. The dot product of vectors over the complex field
is not an inner product because, if  is complex, we can have T2 = 0 when
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x # 0. An alternative definition of a dot product using complex conjugates is
an inner product, however.) Inner products are also defined for matrices, as we
will discuss on page 74. We should note in passing that there are two different
kinds of multiplication used in property 3. The first multiplication is scalar
multiplication, which we have defined above, and the second multiplication is
ordinary multiplication in IR. There are also two different kinds of addition
used in property 4. The first addition is vector addition, defined above, and
the second addition is ordinary addition in IR. The dot product can reveal
fundamental relationships between the two vectors, as we will see later.
A useful property of inner products is the Cauchy-Schwarz inequality:

(@) < (@,2)% (y, )2 (2.10)

This relationship is also sometimes called the Cauchy-Bunyakovskii-Schwarz
inequality. (Augustin-Louis Cauchy gave the inequality for the kind of dis-
crete inner products we are considering here, and Viktor Bunyakovskii and
Hermann Schwarz independently extended it to more general inner products,
defined on functions, for example.) The inequality is easy to see, by first ob-
serving that for every real number ¢,

0 < ((tw +y), (tx +y))>
(2, 2)t* + 2(z, y)t + (y, )
= at® + bt + ¢,

where the constants a, b, and ¢ correspond to the dot products in the preceding
equation. This quadratic in ¢ cannot have two distinct real roots. Hence the
discriminant, b — 4ac, must be less than or equal to zero; that is,

13\2
<b> < ac.
2

By substituting and taking square roots, we get the Cauchy-Schwarz inequal-
ity. It is also clear from this proof that equality holds only if x = 0 or if y = rx,
for some scalar r.

2.1.5 Norms

We consider a set of objects S that has an addition-type operator, +, a cor-
responding additive identity, 0, and a scalar multiplication; that is, a multi-
plication of the objects by a real (or complex) number. On such a set, a norm
is a function, || - ||, from S to IR that satisfies the following three conditions:

1. Nonnegativity and mapping of the identity:
if x # 0, then ||z|| > 0, and ||0[| =0 .

2. Relation of scalar multiplication to real multiplication:
llaz|| = |a|||z|| for real a.
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3. Triangle inequality:
e+ yll < llzll + [lyll.

(If property 1 is relaxed to require only [|z|| > 0 for z # 0, the function is
called a seminorm.) Because a norm is a function whose argument is a vector,
we also often use a functional notation such as p(x) to represent a norm.

Sets of various types of objects (functions, for example) can have norms,
but our interest in the present context is in norms for vectors and (later)
for matrices. (The three properties above in fact define a more general norm
for other kinds of mathematical objects for which an addition, an additive
identity, and multiplication by a scalar are defined. Norms are defined for
matrices, as we will discuss later. Note that there are two different kinds of
multiplication used in property 2 and two different kinds of addition used in
property 3.)

A vector space together with a norm is called a normed space.

For some types of objects, a norm of an object may be called its “length”
or its “size”. (Recall the ambiguity of “length” of a vector that we mentioned
at the beginning of this chapter.)

L, Norms

There are many norms that could be defined for vectors. One type of norm is
called an L, norm, often denoted as | - ||,. For p > 1, it is defined as

lll, = (ZI%I”) : (2.11)

This is also sometimes called the Minkowski norm and also the Hélder norm.
It is easy to see that the L, norm satisfies the first two conditions above. For
general p > 1 it is somewhat more difficult to prove the triangular inequality
(which for the L, norms is also called the Minkowski inequality), but for some
special cases it is straightforward, as we will see below.
The most common L, norms, and in fact the most commonly used vector
norms, are:

o |lz[|s = >, |z, also called the Manhattan norm because it corresponds
to sums of distances along coordinate axes, as one would travel along the
rectangular street plan of Manhattan.

o |zlla = />, 27, also called the Euclidean norm, the Euclidean length, or
just the length of the vector. The L, norm is the square root of the inner
product of the vector with itself: ||z||s = +/(z, ).

o ||z]lcc = max; |z;|, also called the maz norm or the Chebyshev norm. The
Lo norm is defined by taking the limit in an L, norm, and we see that it
is indeed max; |z;| by expressing it as
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P

1
P p
|z]|oo = lim ||z||, = lim (E |xi|p> =m lim <§ )
K3 K2

with m = max; |z;|. Because the quantity of which we are taking the p*®
root is bounded above by the number of elements in z and below by 1,
that factor goes to 1 as p goes to oc.

Ly

m

An L, norm is also called a p-norm, or 1-norm, 2-norm, or co-norm in those
special cases.
It is easy to see that, for any n-vector x, the L, norms have the relation-
ships
[zlloc < flzll2 < [[]]1. (2.12)

More generally, for given x and for p > 1, we see that ||z||, is a nonincreasing
function of p.
We also have bounds that involve the number of elements in the vector:

Vil (2.13)

IN

[2lloo < [l2]l2

and

IN

Ville]lz. (2.14)

The triangle inequality obviously holds for the L; and Lo, norms. For the
Ly norm it can be seen by expanding > (z; +¥;)? and then using the Cauchy-
Schwarz inequality (2.10) on page 16. Rather than approaching it that way,
however, we will show below that the Ly norm can be defined in terms of an
inner product, and then we will establish the triangle inequality for any norm
defined similarly by an inner product; see inequality (2.19). Showing that the
triangle inequality holds for other L, norms is more difficult; see Exercise 2.6.

A generalization of the L, vector norm is the weighted L, vector norm
defined by

lzllz < llzlh

%
”x”wp = <Zwi|$i|p) ) (2.15)

where w; > 0.

Basis Norms

If {v1,...,vx} is a basis for a vector space that includes a vector x with
T =c1v1 + - + cpvg, then

(2.16)

=
&

Il
™
O
BN
N———

|

is a norm. It is straightforward to see that p(x) is a norm by checking the
following three conditions:
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. p(ac) > 0 and p(z) = 0 if and only if © = 0 because x = 0 if and only if
i = 0 for all 4.

az) = (5, @)} =l (S, = oo
Ify= blvl + - -+ + bpvg, then

p(ery)—(Z(chrb ) (Zc)

i

[N

(Z b?) = p(x)p(y)-

The last inequality is just the triangle inequality for the L, norm for the
vectors (¢1,-+ ,c¢x) and (by, -+, bg).

In Section 2.2.5, we will consider special forms of basis sets in which the
norm in equation (2.16) is identically the Ly norm. (This is called Parseval’s
identity, equation (2.38).)

Equivalence of Norms

There is an equivalence among any two norms over a normed linear space in
the sense that if || - ||, and || - ||, are norms, then there are positive numbers r
and s such that for any x in the space,

rllzlle < [zlla < sllzlo- (2.17)

Expressions (2.13) and (2.14) are examples of this general equivalence for
three L, norms.

We can prove inequality (2.17) by using the norm defined in equa-
tion (2.16). We need only consider the case x # 0, because the inequality
is obviously true if z = 0. Let || - ||, be any norm over a given normed linear
space and let {vy,...,v;} be a basis for the space. Any z in the space has a
representation in terms of the basis, z = civ; + - - - + cpvr. Then

k k
Zcivi < Z|Cz| l[villa-
1=i 1=i

z]la =
a
Applying the Cauchy-Schwarz inequality to the two vectors (cg,- -, ¢x) and
(lvillas -+ s [[vklla), we have

k k 3/ 2
> et < () (Siwe)
1=i 1=i 1=i
Hence, with 5 = (>, |vi[|2)2, which must be positive, we have

[z]la < sp().

Now, to establish a lower bound for ||z]||4, let us define a subset C' of the
linear space consisting of all vectors (uy,...,uy) such that >~ |u;|?> = 1. This
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set is obviously closed. Next, we define a function f(-) over this closed subset

by
k
> uivi
1=i a

Because f is continuous, it attains a minimum in this closed subset, say for
the vector u,; that is, f(u.) < f(u) for any u such that > |u;|> = 1. Let

T = f(u*)7

which must be positive, and again consider any x in the normed linear space
and express it in terms of the basis, z = cjv; + - - - cpvg. If x # 0, we have

k
el = 1S covilla
1=14

<Zc’2> 2 (21”)

M»—-

= p(z)f(e),

where & = (c1,---, 1)/ (35—, ¢2)'/2. Because ¢ is in the set C, f(¢) > r;
hence, combining this with the inequality above, we have

(@) < Ilela < Sp(a).

This expression holds for any norm |||, and so, after obtaining similar bounds
for any other norm ||-||, and then combining the inequalities for ||-||, and ||-||s,
we have the bounds in the equivalence relation (2.17). (This is an equivalence
relation because it is reflexive, symmetric, and transitive. Its transitivity is
seen by the same argument that allowed us to go from the inequalities involv-
ing p(-) to ones involving || - |s.)

Convergence of Sequences of Vectors

A sequence of real numbers ay, as, ... is said to converge to a finite number a
if for any given e > 0 there is an integer M such that, for k > M, |ax —a| < e,
and we write limg_,o, ap = a, or we write ar — a as k — oo. If M does not
depend on €, the convergence is said to be uniform.

We define convergence of a sequence of vectors in terms of the convergence
of a sequence of their norms, which is a sequence of real numbers. We say that

a sequence of vectors x1, s, ... (of the same order) converges to the vector x
with respect to the norm || - || if the sequence of real numbers ||z7 — ||, |22 —
x|, ... converges to 0. Because of the bounds (2.17), the choice of the norm is

irrelevant, and so convergence of a sequence of vectors is well-defined without
reference to a specific norm. (This is the reason equivalence of norms is an
important property.)
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Norms Induced by Inner Products

There is a close relationship between a norm and an inner product. For any
inner product space with inner product (-,-), a norm of an element of the
space can be defined in terms of the square root of the inner product of the

element with itself:
[zl = V/(z,z). (2.18)

Any function || - || defined in this way satisfies the properties of a norm. It is
easy to see that ||z|| satisfies the first two properties of a norm, nonnegativity
and scalar equivariance. Now, consider the square of the right-hand side of
the triangle inequality, |z + ||y

(=l + lyl)? = (@, z) + 2/ (=, 2)(y, ) + (y,v)
> (z,z) +2(z,y) + (¥, )
={(x+y, z+y)
= ||z +ylI%; (2.19)

hence, the triangle inequality holds. Therefore, given an inner product, (z, y),
then +/(z,z) is a norm.

Equation (2.18) defines a norm given any inner product. It is called the
norm induced by the inner product. In the case of vectors and the inner product
we defined for vectors in equation (2.9), the induced norm is the Ly norm, ||-||2,
defined above.

In the following, when we use the unqualified symbol || - || for a vector
norm, we will mean the Ly norm; that is, the Euclidean norm, the induced
norm.

In the sequence of equations above for an induced norm of the sum of two
vectors, one equation (expressed differently) stands out as particularly useful
in later applications:

Iz + 9l = [l + llyll* + 2¢z, y). (2.20)

2.1.6 Normalized Vectors

The Euclidean norm of a vector corresponds to the length of the vector x in a
natural way; that is, it agrees with our intuition regarding “length”. Although,
as we have seen, this is just one of many vector norms, in most applications
it is the most useful one. (I must warn you, however, that occasionally I will
carelessly but naturally use “length” to refer to the order of a vector; that is,
the number of elements. This usage is common in computer software packages
such as R and SAS IML, and software necessarily shapes our vocabulary.)

Dividing a given vector by its length normalizes the vector, and the re-
sulting vector with length 1 is said to be normalized; thus

1

= T (2.21)

8
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is a normalized vector. Normalized vectors are sometimes referred to as “unit
vectors”, although we will generally reserve this term for a special kind of nor-
malized vector (see page 12). A normalized vector is also sometimes referred
to as a “normal vector”. I use “normalized vector” for a vector such as ¥ in
equation (2.21) and use the latter phrase to denote a vector that is orthogonal
to a subspace.

2.1.7 Metrics and Distances

It is often useful to consider how far apart two vectors are; that is, the “dis-
tance” between them. A reasonable distance measure would have to satisfy
certain requirements, such as being a nonnegative real number. A function A
that maps any two objects in a set S to IR is called a metric on S if, for all
x, y, and z in S, it satisfies the following three conditions:

1. A(z,y) >0if 2 £y and A(z,y) =0if z = y;
2. Az, y) = Ay, z);
3. Alz,y) < Az, 2) + Az, y).

These conditions correspond in an intuitive manner to the properties we ex-
pect of a distance between objects.

Metrics Induced by Norms

If subtraction and a norm are defined for the elements of S, the most common
way of forming a metric is by using the norm. If || - || is a norm, we can verify
that

Az, y) = [lz -yl (2.22)

is a metric by using the properties of a norm to establish the three properties
of a metric above (Exercise 2.7).

The general inner products, norms, and metrics defined above are relevant
in a wide range of applications. The sets on which they are defined can consist
of various types of objects. In the context of real vectors, the most common
inner product is the dot product; the most common norm is the Euclidean
norm that arises from the dot product; and the most common metric is the
one defined by the Euclidean norm, called the Euclidean distance.

2.1.8 Orthogonal Vectors and Orthogonal Vector Spaces
Two vectors v; and vy such that
(v1,v2) =0 (2.23)

are said to be orthogonal, and this condition is denoted by v; L wvy. (Some-
times we exclude the zero vector from this definition, but it is not important
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to do so.) Normalized vectors that are all orthogonal to each other are called
orthonormal vectors. (If the elements of the vectors are from the field of com-
plex numbers, orthogonality and normality are defined in terms of the dot
products of a vector with a complex conjugate of a vector.)

A set of nonzero vectors that are mutually orthogonal are necessarily lin-
early independent. To see this, we show it for any two orthogonal vectors
and then indicate the pattern that extends to three or more vectors. Sup-
pose v; and v are nonzero and are orthogonal; that is, (vy,ve) = 0. We see
immediately that if there is a scalar a such that v; = avs, then a must be
nonzero and we have a contradiction because (v1, v2) = a{vy,v1) # 0. For three
mutually orthogonal vectors, v1, vs, and vz, we consider vy = avy + bvg for a
or b nonzero, and arrive at the same contradiction.

Two vector spaces V; and Vs, are said to be orthogonal, written V; L Vs,
if each vector in one is orthogonal to every vector in the other. If V; L V5 and
V1 @ Vo = IR", then Vs is called the orthogonal complement of V1, and this is
written as Vo = Vf‘. More generally, if V1 L Vo and V; &V, = V), then Vs is
called the orthogonal complement of V; with respect to V. This is obviously
a symmetric relationship; if Vs is the orthogonal complement of Vi, then V;
is the orthogonal complement of V.

If B is a basis set for V1, Bs is a basis set for V,, and Vs is the orthogonal
complement of V; with respect to V, then By U By is a basis set for V. It is
a basis set because since V; and V, are orthogonal, it must be the case that
BN B, =0.

IV CV, Vo CV, V; L Vs, and dim(Vy) + dim(Vs) = dim(V), then

Vi Ve =YV, (2.24)

that is, Vs is the orthogonal complement of V;. We see this by first letting B,
and B, be bases for V; and V. Now V; L Vs, implies that By N By = ) and
dim(Vy) + dim(Vs) = dim(V) implies #(B1) + #(Ba) = #(B), for any basis
set B for V; hence, By U By is a basis set for V.

The intersection of two orthogonal vector spaces consists only of the zero
vector (Exercise 2.9).

A set of linearly independent vectors can be mapped to a set of mutu-
ally orthogonal (and orthonormal) vectors by means of the Gram-Schmidt
transformations (see equation (2.34) below).

2.1.9 The “One Vector”

Another often useful vector is the vector with all elements equal to 1. We call
this the “one vector” and denote it by 1 or by 1,. The one vector can be used
in the representation of the sum of the elements in a vector:

1Ty = Zx (2.25)

The one vector is also called the “summing vector”.
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The Mean and the Mean Vector

Because the elements of = are real, they can be summed; however, in applica-
tions it may or may not make sense to add the elements in a vector, depending
on what is represented by those elements. If the elements have some kind of
essential commonality, it may make sense to compute their sum as well as
their arithmetic mean, which for the n-vector x is denoted by Z and defined
by

=1 z/n. (2.26)

We also refer to the arithmetic mean as just the “mean” because it is the most
commonly used mean.

It is often useful to think of the mean as an n-vector all of whose elements
are Z. The symbol Z is also used to denote this vector; hence, we have

T = Zl,, (2.27)

in which Z on the left-hand side is a vector and Z on the right-hand side is a
scalar. We also have, for the two different objects,

|Z]|? = nz?. (2.28)

The meaning, whether a scalar or a vector, is usually clear from the con-
text. In any event, an expression such as x — T is unambiguous; the addition
(subtraction) has the same meaning whether Z is interpreted as a vector or a
scalar. (In some mathematical treatments of vectors, addition of a scalar to
a vector is not defined, but here we are following the conventions of modern
computer languages.)

2.2 Cartesian Coordinates and Geometrical
Properties of Vectors

Points in a Cartesian geometry can be identified with vectors. Several defi-
nitions and properties of vectors can be motivated by this geometric inter-
pretation. In this interpretation, vectors are directed line segments with a
common origin. The geometrical properties can be seen most easily in terms
of a Cartesian coordinate system, but the properties of vectors defined in
terms of a Cartesian geometry have analogues in Euclidean geometry without
a coordinate system. In such a system, only length and direction are defined,
and two vectors are considered to be the same vector if they have the same
length and direction. Generally, we will not assume that there is a “position”
associated with a vector.
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2.2.1 Cartesian Geometry

A Cartesian coordinate system in d dimensions is defined by d unit vectors,
e; in equation (2.3), each with d elements. A unit vector is also called a
principal azis of the coordinate system. The set of unit vectors is orthonormal.
(There is an implied number of elements of a unit vector that is inferred from
the context. Also parenthetically, we remark that the phrase “unit vector” is
sometimes used to refer to a vector the sum of whose squared elements is 1,
that is, whose length, in the Euclidean distance sense, is 1. As we mentioned
above, we refer to this latter type of vector as a “normalized vector”.)
The sum of all of the unit vectors is the one vector:

d
Z €; = 1d-
1=1

A point z with Cartesian coordinates (x1,...,24) is associated with a
vector from the origin to the point, that is, the vector (z1,...,z4). The vector
can be written as the linear combination

T =x1€1+ ...+ xq€q

or, equivalently, as
x={(z,e1er + ...+ {(z, eq)e,.

(This is a Fourier expansion, equation (2.36) below.)
2.2.2 Projections
The projection of the vector y onto the vector x is the vector

. {z,y)
Yy = x.
||

(2.29)

This definition is consistent with a geometrical interpretation of vectors as
directed line segments with a common origin. The projection of y onto x is
the inner product of the normalized x and y times the normalized x; that is,
(Z,y)Z, where & = x/||z||. Notice that the order of y and z is the same.

An important property of a projection is that when it is subtracted from
the vector that was projected, the resulting vector, called the “residual”, is
orthogonal to the projection; that is, if

(=)
]2

=y (2.30)

then r and ¢ are orthogonal, as we can easily see by taking their inner product
(see Figure 2.1). Notice also that the Pythagorean relationship holds:

r=uy
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Fig. 2.1. Projections and Angles

Iyl = 1171 + [I[1*. (2.31)

As we mentioned on page 24, the mean § can be interpreted either as a
scalar or as a vector all of whose elements are §. As a vector, it is the projection
of y onto the one vector 1,,

(Ln,y) | _ 1ay
1152

:g1n7

Ln

from equations (2.26) and (2.29).

We will consider more general projections (that is, projections onto planes
or other subspaces) on page 280, and on page 331 we will view linear regression
fitting as a projection onto the space spanned by the independent variables.

2.2.3 Angles between Vectors

The angle between the vectors x and y is determined by its cosine, which we
can compute from the length of the projection of one vector onto the other.
Hence, denoting the angle between x and y as angle(x,y), we define

angle(z,y) = cos™! (@)
glelv) (7eitar) (232

with cos™1(-) being taken in the interval [0, 7]. The cosine is &||7||/||y|, with
the sign chosen appropriately; see Figure 2.1. Because of this choice of cos™1(+),
we have that angle(y, ) = angle(x, y) —but see Exercise 2.13e on page 39.

The word “orthogonal” is appropriately defined by equation (2.23) on
page 22 because orthogonality in that sense is equivalent to the corresponding
geometric property. (The cosine is 0.)
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Notice that the angle between two vectors is invariant to scaling of the
vectors; that is, for any nonzero scalar a, angle(az,y) = angle(z, y).

A given vector can be defined in terms of its length and the angles 6; that
it makes with the unit vectors. The cosines of these angles are just the scaled
coordinates of the vector:

[l [[{le:

-l (2.33)
[l '

These quantities are called the direction cosines of the vector.

Although geometrical intuition often helps us in understanding properties
of vectors, sometimes it may lead us astray in high dimensions. Consider the
direction cosines of an arbitrary vector in a vector space with large dimensions.
If the elements of the arbitrary vector are nearly equal (that is, if the vector is
a diagonal through an orthant of the coordinate system), the direction cosine
goes to 0 as the dimension increases. In high dimensions, any two vectors are
“almost orthogonal” to each other; see Exercise 2.11.

The geometric property of the angle between vectors has important im-
plications for certain operations both because it may indicate that rounding
in computations will have deleterious effects and because it may indicate a
deficiency in the understanding of the application.

We will consider more general projections and angles between vectors and
other subspaces on page 287. In Section 5.2.1, we will consider rotations of
vectors onto other vectors or subspaces. Rotations are similar to projections,
except that the length of the vector being rotated is preserved.

cos(6;) =

2.2.4 Orthogonalization Transformations

Given m nonnull, linearly independent vectors, x1,...,x,, it is easy to form
m orthonormal vectors, Z1,...,Z,, that span the same space. A simple way
to do this is sequentially. First normalize z; and call this Z;. Next, project x5
onto 1 and subtract this projection from x5. The result is orthogonal to Z1;
hence, normalize this and call it Z5. These first two steps, which are illustrated
in Figure 2.2, are

1

= 7 21,
(3N
(2.34)
1

T e — (F1, 22) 3|

(.132 — <.i‘1,$2>i‘1).

These are called Gram-Schmidt transformations.

The Gram-Schmidt transformations can be continued with all of the vec-
tors in the linearly independent set. There are two straightforward ways equa-
tions (2.34) can be extended. One method generalizes the second equation in
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X2

X4

projection onto

X4

Fig. 2.2. Orthogonalization of x1 and x2

an obvious way:

fork=2,3...,
k—1 k—1
i=1 i=1

(2.35)

In this method, at the k" step, we orthogonalize the k™" vector by comput-
ing its residual with respect to the plane formed by all the previous k — 1
orthonormal vectors.

Another way of extending the transformation of equations (2.34) is, at
the k' step, to compute the residuals of all remaining vectors with respect
just to the k™™ normalized vector. We describe this method explicitly in
Algorithm 2.1.

Algorithm 2.1 Gram-Schmidt Orthonormalization of a Set of
Linearly Independent Vectors, z1,..., %,

0. Fork=1,...,m
{
set x; = x;.
}
1. Ensure that &; # 0;
set fl = il/”'iln
2.Ifm>1fork=2,...,m,

{

7

for j=k,...,m,

{
set T; = &; — (Th—1,Tj)Th—1-

}
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ensure that Zy # 0;
set fk = i'k;/”jk”

Although the method indicated in equation (2.35) is mathematically equiv-
alent to this method, the use of Algorithm 2.1 is to be preferred for com-
putations because it is less subject to rounding errors. (This may not be
immediately obvious, although a simple numerical example can illustrate the
fact —see Exercise 11.1c on page 441. We will not digress here to consider this
further, but the difference in the two methods has to do with the relative mag-
nitudes of the quantities in the subtraction. The method of Algorithm 2.1 is
sometimes called the “modified Gram-Schmidt method”. We will discuss this
method again in Section 11.2.1.) This is an instance of a principle that we will
encounter repeatedly: the form of a mathematical expression and the way the
expression should be evaluated in actual practice may be quite different.

These orthogonalizing transformations result in a set of orthogonal vectors
that span the same space as the original set. They are not unique; if the order
in which the vectors are processed is changed, a different set of orthogonal
vectors will result.

Orthogonal vectors are useful for many reasons: perhaps to improve the
stability of computations; or in data analysis to capture the variability most
efficiently; or for dimension reduction as in principal components analysis; or
in order to form more meaningful quantities as in a vegetative index in remote
sensing. We will discuss various specific orthogonalizing transformations later.

2.2.5 Orthonormal Basis Sets

A basis for a vector space is often chosen to be an orthonormal set because it
is easy to work with the vectors in such a set.

If uy,...,u, is an orthonormal basis set for a space, then a vector x in
that space can be expressed as

T =cluy + -+ cpup, (2.36)
and because of orthonormality, we have
ci = (x, u;). (2.37)

(We see this by taking the inner product of both sides with w;.) A represen-
tation of a vector as a linear combination of orthonormal basis vectors, as in
equation (2.36), is called a Fourier expansion, and the ¢; are called Fourier
coefficients.

By taking the inner product of each side of equation (2.36) with itself, we

have Parseval’s identity:
el =3¢ (239)



30 2 Vectors and Vector Spaces

This shows that the Lo norm is the same as the norm in equation (2.16) (on
page 18) for the case of an orthogonal basis.

Although the Fourier expansion is not unique because a different orthog-
onal basis set could be chosen, Parseval’s identity removes some of the arbi-
trariness in the choice; no matter what basis is used, the sum of the squares of
the Fourier coefficients is equal to the square of the norm that arises from the
inner product. (“The” inner product means the inner product used in defining
the orthogonality.)

Another useful expression of Parseval’s identity in the Fourier expansion is

k
xTr — E CiUg
i=1

(because the term on the left-hand side is 0).

The expansion (2.36) is a special case of a very useful expansion in an
orthogonal basis set. In the finite-dimensional vector spaces we consider here,
the series is finite. In function spaces, the series is generally infinite, and so
issues of convergence are important. For different types of functions, different
orthogonal basis sets may be appropriate. Polynomials are often used, and
there are some standard sets of orthogonal polynomials, such as Jacobi, Her-
mite, and so on. For periodic functions especially, orthogonal trigonometric
functions are useful.

2 k

= (w,2) =Y & (2.39)

i=1

2.2.6 Approximation of Vectors

In high-dimensional vector spaces, it is often useful to approximate a given
vector in terms of vectors from a lower dimensional space. Suppose, for exam-
ple, that V C IR" is a vector space of dimension k (necessarily, k < n) and z is
a given n-vector. We wish to determine a vector Z in V that approximates x.

Optimality of the Fourier Coefficients

The first question, of course, is what constitutes a “good” approximation. One
obvious criterion would be based on a norm of the difference of the given vector
and the approximating vector. So now, choosing the norm as the Euclidean
norm, we may pose the problem as one of finding £ € V such that

le — 2| <|lz—v|| Yvel. (2.40)

This difference is a truncation error. Let uy,...,u; be an orthonormal basis
set for V, and let

T =cluy + -+ crpuyg, (2.41)

where the ¢; are the Fourier coefficients of z, (x, u;). Now let v = ajus +-- -+
arui be any other vector in )V, and consider
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2
k
|z — U||2 = || — Zaiui
i=1
k k
= <z2aiui, x2a1u1>
i=1 i=1
k k
= (z, z) — 2Zai<x, ;) + Zaf
i=1 i=1
k k k k
R IO IS 3 3
i=1 i=1 i=1 i=1
k k
=(z, z) + Z(ai —¢)’ - ZC?
i=1 i=1
k 2k
= x—Zciui +Z(a2 —Ci)2
i=1 i=1
i 2
> ||z — Z ciu; (2.42)
i=1

Therefore we have || — Z|| < ||z — v||, and so & is the best approximation of
x with respect to the Euclidean norm in the k-dimensional vector space V.

Choice of the Best Basis Subset

Now, posing the problem another way, we may seek the best k-dimensional
subspace of IR™ from which to choose an approximating vector. This question
is not well-posed (because the one-dimensional vector space determined by x
is the solution), but we can pose a related interesting question: suppose we
have a Fourier expansion of z in terms of a set of n orthogonal basis vectors,
Uy, ..., Uy, and we want to choose the “best” k basis vectors from this set and
use them to form an approximation of x. (This restriction of the problem is
equivalent to choosing a coordinate system.) We see the solution immediately
from inequality (2.42): we choose the k w;s corresponding to the & largest ¢;s
in absolute value, and we take

T = Ciy Uiy + -0+ Cip UGy, (243)

where min({|c;,| : j=1,...,k}) > max({[e;;| : j=k+1,...,n}).

2.2.7 Flats, Affine Spaces, and Hyperplanes

Given an n-dimensional vector space of order n, IR" for example, consider a
system of m linear equations in the n-vector variable z,
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iz =b
crx = by,
where ¢4, ..., ¢y, are linearly independent n-vectors (and hence m < n). The

set of points defined by these linear equations is called a flat. Although it is not
necessarily a vector space, a flat is also called an affine space. An intersection
of two flats is a flat.

If the equations are homogeneous (that is, if by = --- = b, = 0), then the
point (0, ...,0) is included, and the flat is an (n — m)-dimensional subspace
(also a vector space, of course). Stating this another way, a flat through the
origin is a vector space, but other flats are not vector spaces.

If m =1, the flat is called a hyperplane. A hyperplane through the origin
is an (n — 1)-dimensional vector space.

If m = n—1, the flat is a line. A line through the origin is a one-dimensional
vector space.

2.2.8 Cones

A cone is an important type of vector set (see page 14 for definitions). The
most important type of cone is a convex cone, which corresponds to a solid
geometric object with a single finite vertex.

Given a set of vectors V' (usually but not necessarily a cone), the dual cone
of V, denoted V*, is defined as

V*={y*st.y*Ty>0forally e V},
and the polar cone of V', denoted V, is defined as
VO = {0 s.t. 4Ty <Oforally € V}.

Obviously, V9 can be formed by multiplying all of the vectors in V* by —1,
and so we write V? = —V* and we also have (—V)* = —V*.

Although the definitions can apply to any set of vectors, dual cones and
polar cones are of the most interest in the case in which the underlying set
of vectors is a cone in the nonnegative orthant (the set of all vectors all of
whose elements are nonnegative). In that case, the dual cone is just the full
nonnegative orthant, and the polar cone is just the nonpositive orthant (the
set of all vectors all of whose elements are nonpositive).

Although a convex cone is not necessarily a vector space, the union of the
dual cone and the polar cone of a convex cone is a vector space. (You are
asked to prove this in Exercise 2.12.) The nonnegative orthant, which is an
important convex cone, is its own dual.

Geometrically, the dual cone V* of V consists of all vectors that form
nonobtuse angles with the vectors in V. Convex cones, dual cones, and polar
cones play important roles in optimization.
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2.2.9 Cross Products in IR®

For the special case of the vector space IR®, another useful vector product is
the cross product, which is a mapping from IR® xIR® to IR3. Before proceeding,
we note an overloading of the term “cross product” and of the symbol “x”
used to denote it. If A and B are sets, the set cross product or the set Cartesian
product of A and B is the set consisting of all doubletons (a, b) where a ranges
over all elements of A, and b ranges independently over all elements of B.
Thus, IR? x IR? is the set of all pairs of all real 3-vectors.
The vector cross product of the vectors

Tr = (x17x2)x3)7

Yy = <y17y27y3)7

written x X y, is defined as

x Xy = (T2y3 — T3Y2, T3Y1 — T1Y3, T1Y2 — T2Y1)- (2.44)

(We also use the term “cross products” in a different way to refer to another
type of product formed by several inner products; see page 287.) The cross
product has the following properties, which are immediately obvious from the
definition:

1. Self-nilpotency:
x x x =0, for all x.
2. Anti-commutativity:
TXYy=—y Xz
3. Factoring of scalar multiplication;
azx X y = a(xz x y) for real a.
4. Relation of vector addition to addition of cross products:
(z+y)xz=(xx2)+ (y X 2).

The cross product is useful in modeling phenomena in nature, which are of-
ten represented as vectors in IR®. The cross product is also useful in “three-
dimensional” computer graphics for determining whether a given surface is
visible from a given perspective and for simulating the effect of lighting on a
surface.

2.3 Centered Vectors and Variances
and Covariances of Vectors

In this section, we define some scalar-valued functions of vectors that are
analogous to functions of random variables averaged over their probabilities or
probability density. The functions of vectors discussed here are the same as the
ones that define sample statistics. This short section illustrates the properties
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of norms, inner products, and angles in terms that should be familiar to the
reader.

These functions, and transformations using them, are useful for appli-
cations in the data sciences. It is important to know the effects of various
transformations of data on data analysis.

2.3.1 The Mean and Centered Vectors

When the elements of a vector have some kind of common interpretation, the
sum of the elements or the mean (equation (2.26)) of the vector may have
meaning. In this case, it may make sense to center the vector; that is, to
subtract the mean from each element. For a given vector z, we denote its
centered counterpart as x.:

To=x — I. (2.45)

We refer to any vector whose sum of elements is 0 as a centered vector.
From the definitions, it is easy to see that

(Z+Y)e =Tc+ye (2.46)

(see Exercise 2.14). Interpreting Z as a vector, and recalling that it is the
projection of x onto the one vector, we see that x. is the residual in the
sense of equation (2.30). Hence, we see that x. and x are orthogonal, and the
Pythagorean relationship holds:

l]1* = 1211 + . (2.47)

From this we see that the length of a centered vector is less than or equal to the
length of the original vector. (Notice that equation (2.47) is just the formula
familiar to data analysts, which with some rearrangement is > (z; — )% =
S a? —nz?)

For any scalar ¢ and n-vector x, expanding the terms, we see that
[ = al* = [lzc]|? + n(a — 2)*, (2.48)

where we interpret T as a scalar here.

Notice that a nonzero vector when centered may be the zero vector. This
leads us to suspect that some properties that depend on a dot product are
not invariant to centering. This is indeed the case. The angle between two
vectors, for example, is not invariant to centering; that is, in general,

angle(z., y.) # angle(x, y) (2.49)

(see Exercise 2.15).
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2.3.2 The Standard Deviation, the Variance, and Scaled Vectors

We also sometimes find it useful to scale a vector by both its length (normalize
the vector) and by a function of its number of elements. We denote this scaled
vector as zg and define it as

zs=vn—1 i (2.50)

For comparing vectors, it is usually better to center the vectors prior to any
scaling. We denote this centered and scaled vector as x.s and define it as

Cos = Vi —1 € (2.51)

el

Centering and scaling is also called standardizing. Note that the vector is
centered before being scaled. The angle between two vectors is not changed
by scaling (but, of course, it may be changed by centering).

The multiplicative inverse of the scaling factor,

Sz = ||ze|l /v — 1, (2.52)

is called the standard deviation of the vector x. The standard deviation of .
is the same as that of z; in fact, the standard deviation is invariant to the
addition of any constant. The standard deviation is a measure of how much
the elements of the vector vary. If all of the elements of the vector are the
same, the standard deviation is 0 because in that case z. = 0.

The square of the standard deviation is called the variance, denoted by V:

V(z) = s2
2
Tc
- |1|@—H1' (2.53)

(In perhaps more familiar notation, equation (2.53) is just V(z) = > (z; —
%)?/(n —1).) From equation (2.45), we see that

1 2 _p
V(@) = — (lell*  lal®).

(The terms “mean”, “standard deviation”, “variance”, and other terms we will
mention below are also used in an analogous, but slightly different, manner to
refer to properties of random variables. In that context, the terms to refer to
the quantities we are discussing here would be preceded by the word “sample”,
and often for clarity I will use the phrases “sample standard deviation” and
“sample variance” to refer to what is defined above, especially if the elements
of x are interpreted as independent realizations of a random variable. Also,
recall the two possible meanings of “mean”, or Z; one is a vector, and one is
a scalar, as in equation (2.27).)
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If a and b are scalars (or b is a vector with all elements the same), the
definition, together with equation (2.48), immediately gives

V(azx + b) = a*V(z).
This implies that for the scaled vector xs,
V(zs) = 1.

If a is a scalar and x and y are vectors with the same number of elements,
from the equation above, and using equation (2.20) on page 21, we see that
the variance following an axpy operation is given by

(Te, Ye)
n—1"

V(azx +y) = a®V(z) + V(y) + 2a (2.54)
While equation (2.53) appears to be relatively simple, evaluating the ex-
pression for a given x may not be straightforward. We discuss computational
issues for this expression on page 410. This is an instance of a principle that we
will encounter repeatedly: the form of a mathematical expression and the way
the expression should be evaluated in actual practice may be quite different.

2.3.3 Covariances and Correlations between Vectors
If x and y are n-vectors, the covariance between x and y is

Cov(z,y) = Z=2y=9 y> (2.55)
n—1
By representing x — z as x — 1 and y — ¥ similarly, and expanding, we see
that Cov(z,y) = ((z, y) — nZy)/(n — 1). Also, we see from the definition of
covariance that Cov(z,x) is the variance of the vector z, as defined above.
From the definition and the properties of an inner product given on
page 15, if x, y, and z are conformable vectors, we see immediately that

e Cov(al,y)=0

for any scalar a (where 1 is the one vector);
e Cov(ax,y) = aCov(z,y)

for any scalar a;

Cov(y, z) = Cov(z, );

Cov(y,y) = V(y); and

Cov(z + z,y) = Cov(z,y) + Cov(z,y),

in particular,

— Cov(z +y,y) = Cov(z,y) + V(y),and

- Cov(z + a,y) = Cov(z,y)

for any scalar a.
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Using the definition of the covariance, we can rewrite equation (2.54) as
V(az +y) = a®*V(z) + V(y) + 2aCov(z, y). (2.56)

The covariance is a measure of the extent to which the vectors point in
the same direction. A more meaningful measure of this is obtained by the
covariance of the centered and scaled vectors. This is the correlation between
the vectors,

Corr(z,y) = Cov(Zcs, Yes)

_ Lec Ye
- <f€c||’ yc|>
_ (wes ye) (2.57)

el llgell”

which we see immediately from equation (2.32) is the cosine of the angle
between z. and y.:

Corr(z,y) = cos(angle(xc, yc)). (2.58)

(Recall that this is not the same as the angle between x and y.)
An equivalent expression for the correlation is

Cov(z,y) .
V(@)V(y)

It is clear that the correlation is in the interval [—1,1] (from the Cauchy-
Schwarz inequality). A correlation of —1 indicates that the vectors point in
opposite directions, a correlation of 1 indicates that the vectors point in the
same direction, and a correlation of 0 indicates that the vectors are orthogonal.

While the covariance is equivariant to scalar multiplication, the absolute
value of the correlation is invariant to it; that is, the correlation changes only
as the sign of the scalar multiplier,

Corr(z,y) = (2.59)

Corr(ax,y) = sign(a)Corr(z,y), (2.60)

for any scalar a.

Exercises

2.1. Write out the step-by-step proof that the maximum number of n-vectors
that can form a set that is linearly independent is n, as stated on page 11.
2.2. Give an example of two vector spaces whose union is not a vector space.
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2.3.

2.4.

2.5.

2.6.

2.7.

2.8.
2.9.

2.10.

2.11.

2.12.

2 Vectors and Vector Spaces

Let {v;}_; be an orthonormal basis for the n-dimensional vector space
V. Let © € V have the representation

Show that the Fourier coefficients b; can be computed as
bi = <£L', Ui>.

Let p = 1 in equation (2.11); that is, let p(z) be defined for the n-vector

T as . 9
plz) = (me) .

i=1
Show that p(-) is not a norm.
Prove equation (2.12) and show that the bounds are sharp by exhibiting
instances of equality. (Use the fact that ||| = max; |x;].)
Prove the following inequalities.
a) Prove Hélder’s inequality: for any p and ¢ such that p > 1 and
p + q¢ = pq, and for vectors x and y of the same order,

(@) <llzllpllyllq-

b) Prove the triangle inequality for any L, norm. (This is sometimes
called Minkowski’s inequality.)

Hint: Use Holder’s inequality.
Show that the expression defined in equation (2.22) on page 22 is a
metric.
Show that equation (2.31) on page 26 is correct.
Show that the intersection of two orthogonal vector spaces consists only
of the zero vector.
From the definition of direction cosines in equation (2.33), it is easy to
see that the sum of the squares of the direction cosines is 1. For the
special case of IR?, draw a sketch and use properties of right triangles
to show this geometrically.
In R? with a Cartesian coordinate system, the diagonal directed line
segment through the positive quadrant (orthant) makes a 45° angle
with each of the positive axes. In 3 dimensions, what is the angle be-
tween the diagonal and each of the positive axes? In 10 dimensions? In
100 dimensions? In 1000 dimensions? We see that in higher dimensions
any two lines are almost orthogonal. (That is, the angle between them
approaches 90°.) What are some of the implications of this for data
analysis?
Show that if C is a convex cone, then C* U C° together with the usual
operations is a vector space, where C* is the dual of C' and C° is the



2.14.
2.15.

2.16.
2.17.

Exercises 39

polar cone of C.

Hint: Just apply the definitions of the individual terms.
2.13. IR? and the cross product.

a)
b)

c)

Is the cross product associative? Prove or disprove.

For z,y € IR®, show that the area of the triangle with vertices
(0,0,0), x, and y is ||z x y||/2.

For x,y,z € IR3, show that

(z, y x 2z) =(z xy, 2).

This is called the “triple scalar product”.
For z,y, z € IR®, show that

zx(yxz)=(z, )y —(z, y)z.

This is called the “triple vector product”. It is in the plane deter-
mined by y and z.

The magnitude of the angle between two vectors is determined by
the cosine, formed from the inner product. Show that in the special
case of IR®, the angle is also determined by the sine and the cross
product, and show that this method can determine both the mag-
nitude and the direction of the angle; that is, the way a particular
vector is rotated into the other.

Using equations (2.26) and (2.45), establish equation (2.46).

Show that the angle between the centered vectors z. and y. is not the
same in general as the angle between the uncentered vectors x and y of
the same order.

Formally prove equation (2.54) (and hence equation (2.56)).

Prove that for any vectors x and y of the same order,

(Cov(z,))* < V(z)V(y).
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Basic Properties of Matrices

In this chapter, we build on the notation introduced on page 5, and discuss
a wide range of basic topics related to matrices with real elements. Some of
the properties carry over to matrices with complex elements, but the reader
should not assume this. Occasionally, for emphasis, we will refer to “real”
matrices, but unless it is stated otherwise, we are assuming the matrices are
real.

The topics and the properties of matrices that we choose to discuss are
motivated by applications in the data sciences. In Chapter 8, we will consider
in more detail some special types of matrices that arise in regression analysis
and multivariate data analysis, and then in Chapter 9 we will discuss some
specific applications in statistics.

3.1 Basic Definitions and Notation

It is often useful to treat the rows or columns of a matrix as vectors. Terms
such as linear independence that we have defined for vectors also apply to
rows and/or columns of a matrix. The vector space generated by the columns
of the n x m matrix A is of order n and of dimension m or less, and is called
the column space of A, the range of A, or the manifold of A. This vector space
is denoted by

V(A)

or
span(A).

(The argument of V(-) or span(-) can be either a matrix or a set of vectors.
Recall from Section 2.1.3 that if G is a set of vectors, the symbol span(G)
denotes the vector space generated by the vectors in G.) We also define the
row space of A to be the vector space of order m (and of dimension n or
less) generated by the rows of A; notice, however, the preference given to the
column space.
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Many of the properties of matrices that we discuss hold for matrices with
an infinite number of elements, but throughout this book we will assume that
the matrices have a finite number of elements, and hence the vector spaces
are of finite order and have a finite number of dimensions.

Similar to our definition of multiplication of a vector by a scalar, we define
the multiplication of a matrix A by a scalar ¢ as

cA = (caij).

The a;; elements of a matrix are called diagonal elements; an element
a;; with i < j is said to be “above the diagonal”’, and one with ¢ > j is
said to be “below the diagonal”. The vector consisting of all of the a;;’s is
called the principal diagonal or just the diagonal. The elements a;;1., are
called “codiagonals” or “minor diagonals”. If the matrix has m columns, the
@im+1—i elements of the matrix are called skew diagonal elements. We use
terms similar to those for diagonal elements for elements above and below
the skew diagonal elements. These phrases are used with both square and
nonsquare matrices.

If, in the matrix A with elements a;; for all ¢ and j, a;; = aj;, A is said
to be symmetric. A symmetric matrix is necessarily square. A matrix A such
that a;; = —aj; is said to be skew symmetric. The diagonal entries of a skew
symmetric matrix must be 0. If a;; = a@;; (where @ represents the conjugate
of the complex number a), A is said to be Hermitian. A Hermitian matrix is
also necessarily square, and, of course, a real symmetric matrix is Hermitian.
A Hermitian matrix is also called a self-adjoint matrix.

Many matrices of interest are sparse; that is, they have a large proportion
of elements that are 0. (“A large proportion” is subjective, but generally means
more than 75%, and in many interesting cases is well over 95%.) Efficient
and accurate computations often require that the sparsity of a matrix be
accommodated explicitly.

If all except the principal diagonal elements of a matrix are 0, the matrix
is called a diagonal matriz. A diagonal matrix is the most common and most
important type of sparse matrix. If all of the principal diagonal elements of a
matrix are 0, the matrix is called a hollow matriz. A skew symmetric matrix
is hollow, for example. If all except the principal skew diagonal elements of a
matrix are 0, the matrix is called a skew diagonal matriz.

An n x m matrix A for which

m
|aii| >Z|aij\ foreachi=1,...,n (31)
J#i

is said to be row diagonally dominant; one for which |a;;| > Z;j |a;;| for each
j=1,...,mis said to be column diagonally dominant. (Some authors refer
to this as strict diagonal dominance and use “diagonal dominance” without
qualification to allow the possibility that the inequalities in the definitions
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are not strict.) Most interesting properties of such matrices hold whether the
dominance is by row or by column. If A is symmetric, row and column di-
agonal dominances are equivalent, so we refer to row or column diagonally
dominant symmetric matrices without the qualification; that is, as just diag-
onally dominant.

If all elements below the diagonal are 0, the matrix is called an upper
triangular matriz; and a lower triangular matriz is defined similarly. If all
elements of a column or row of a triangular matrix are zero, we still refer to the
matrix as triangular, although sometimes we speak of its form as trapezoidal.
Another form called trapezoidal is one in which there are more columns than
rows, and the additional columns are possibly nonzero. The four general forms
of triangular or trapezoidal matrices are shown below.

XXX XXX éii XXXX
0XX 0XX 00X 0XXX
00X 000 000 00XX

In this notation, X indicates that the element is possibly not zero. It does
not mean each element is the same. In other cases, X and 0 may indicate
“submatrices”, which we discuss in the section on partitioned matrices.

If all elements are O except a; i, for some small number of integers cy,
the matrix is called a band matriz (or banded matriz). In many applications,
e € {—w,—w; +1,...,—-1,0,1,...,w, — 1,w,}. In such a case, w; is called
the lower band width and w,, is called the upper band width. These patterned
matrices arise in time series and other stochastic process models as well as in
solutions of differential equations, and so they are very important in certain
applications. Although it is often the case that interesting band matrices are
symmetric, or at least have the same number of codiagonals that are nonzero,
neither of these conditions always occurs in applications of band matrices. If
all elements below the principal skew diagonal elements of a matrix are 0, the
matrix is called a skew upper triangular matriz. A common form of Hankel
matrix, for example, is the skew upper triangular matrix (see page 312). Notice
that the various terms defined here, such as triangular and band, also apply
to nonsquare matrices.

Band matrices occur often in numerical solutions of partial differential
equations. A band matrix with lower and upper band widths of 1 is a tridi-
agonal matriz. If all diagonal elements and all elements a; ;+; are nonzero, a
tridiagonal matrix is called a “matrix of type 2”. The inverse of a covariance
matrix that occurs in common stationary time series models is a matrix of
type 2 (see page 312).

Because the matrices with special patterns are usually characterized by
the locations of zeros and nonzeros, we often use an intuitive notation with X
and O to indicate the pattern. Thus, a band matrix may be written as
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XX0--- 00
XXX--- 00
0XX--- 00
000--- X X

Computational methods for matrices may be more efficient if the patterns are
taken into account.

A matrix is in upper Hessenberg form, and is called a Hessenberg matriz, if
it is upper triangular except for the first subdiagonal, which may be nonzero.
That is, a;; = 0 for i > j + 1:

(XXX XX]
XXX--- XX
0XX--- XX
00X--- XX
000+ XX|

A symmetric matrix that is in Hessenberg form is necessarily tridiagonal.
Hessenberg matrices arise in some methods for computing eigenvalues (see
Chapter 7).

3.1.1 Matrix Shaping Operators

In order to perform certain operations on matrices and vectors, it is often
useful first to reshape a matrix. The most common reshaping operation is
the transpose, which we define in this section. Sometimes we may need to
rearrange the elements of a matrix or form a vector into a special matrix. In
this section, we define three operators for doing this.

Transpose

The transpose of a matrix is the matrix whose i*" row is the i*" column of the

original matrix and whose j* column is the j** row of the original matrix. We
use a superscript “I” to denote the transpose of a matrix; thus, if A = (a,;),
then

AT = (aji). (32)

(In other literature, the transpose is often denoted by a prime, as in A’ =
(aj) = AT)

If the elements of the matrix are from the field of complex numbers, the
conjugate transpose, also called the adjoint, is more useful than the transpose.
(“Adjoint” is also used to denote another type of matrix, so we will generally
avoid using that term. This meaning of the word is the origin of the other
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term for a Hermitian matrix, a “self-adjoint matrix”.) We use a superscript
“H” to denote the conjugate transpose of a matrix; thus, if A = (a;;), then
A" = (a;;). We also use a similar notation for vectors. If the elements of A
are all real, then A" = AT, (The conjugate transpose is often denoted by an
asterisk, as in A* = (a;;) = AH. This notation is more common if a prime is
used to denote the transpose. We sometimes use the notation A* to denote a
g2 inverse of the matrix A; see page 102.)

If (and only if) A is symmetric, A = A%; if (and only if) A is skew sym-
metric, AT = —A; and if (and only if) A is Hermitian, A = AH.

Diagonal Matrices and Diagonal Vectors: diag(-) and vecdiag(-)

A square diagonal matrix can be specified by the diag(-) constructor function
that operates on a vector and forms a diagonal matrix with the elements of
the vector along the diagonal:

di 0 0
0dy--+ 0

diag((dy, da, . .., dy)) = . . (3.3)
00 - dy

(Notice that the argument of diag is a vector; that is why there are two sets
of parentheses in the expression above, although sometimes we omit one set
without loss of clarity.) The diag function defined here is a mapping IR" —
IR™"™. Later we will extend this definition slightly.

The vecdiag(-) function forms a vector from the principal diagonal elements
of a matrix. If A is an n X m matrix, and k = min(n,m),

vecdiag(A) = (a11,. .., akk)- (3.4)
The vecdiag function defined here is a mapping IR"*™ — R™(m)
Sometimes we overload diag(:) to allow its argument to be a matrix, and
in that case, it is the same as vecdiag(-). The R system, for example, uses this
overloading.

Forming a Vector from the Elements of a Matrix: vec(:) and
vech(-)

It is sometimes useful to consider the elements of a matrix to be elements of
a single vector. The most common way this is done is to string the columns
of the matrix end-to-end into a vector. The vec(-) function does this:

vee(A) = (al,a],... %), (3.5)
where a1, as, ..., a,, are the column vectors of the matrix A. The vec function

is also sometimes called the “pack” function. (A note on the notation: the



46 3 Basic Properties of Matrices

right side of equation (3.5) is the notation for a column vector with elements
al; see Chapter 1.) The vec function is a mapping IR"*™ — IR™".

For a symmetric matrix A with elements a;;, the “vech” function stacks
the unique elements into a vector:

VGCh(A) = ((1,11, A21y -+, Am1,A22, ..., Am2, ..., (Ian). (36)

There are other ways that the unique elements could be stacked that would
be simpler and perhaps more useful (see the discussion of symmetric storage
mode on page 451), but equation (3.6) is the standard definition of vech(-).
The vech function is a mapping IR™*™ — IR™"+1)/2,

3.1.2 Partitioned Matrices

We often find it useful to partition a matrix into submatrices; for example,
in many applications in data analysis, it is often convenient to work with
submatrices of various types representing different subsets of the data.

We usually denote the submatrices with capital letters with subscripts
indicating the relative positions of the submatrices. Hence, we may write

All A12
[Azl Azz] ! (8:7)

where the matrices A;; and Aj> have the same number of rows, As; and
Ass have the same number of rows, Ay; and As; have the same number of
columns, and Aqs and Ass have the same number of columns. Of course, the
submatrices in a partitioned matrix may be denoted by different letters. Also,
for clarity, sometimes we use a vertical bar to indicate a partition:

A=[B|C].

The vertical bar is used just for clarity and has no special meaning in this
representation.

The term “submatrix” is also used to refer to a matrix formed from a
given matrix by deleting various rows and columns of the given matrix. In
this terminology, B is a submatrix of A if for each element b;; there is an ay
with £ >4 and [ > j such that b;; = ay;; that is, the rows and/or columns of
the submatrix are not necessarily contiguous in the original matrix. This kind
of subsetting is often done in data analysis, for example, in variable selection
in linear regression analysis.

A square submatrix whose principal diagonal elements are elements of the
principal diagonal of the given matrix is called a principal submatriz. If A1; in
the example above is square, it is a principal submatrix, and if Ass is square,
it is also a principal submatrix. Sometimes the term “principal submatrix” is
restricted to square submatrices. If a matrix is diagonally dominant, then it
is clear that any principal submatrix of it is also diagonally dominant.
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A principal submatrix that contains the (1,1) elements and whose rows
and columns are contiguous in the original matrix is called a leading principal
submatriz. If Aq; is square, it is a leading principal submatrix in the example
above.

Partitioned matrices may have useful patterns. A “block diagonal” matrix
is one of the form

where 0 represents a submatrix with all zeros and X represents a general
submatrix with at least some nonzeros.
The diag(-) function previously introduced for a vector is also defined for
a list of matrices:
diag(Al, AQ, ey Ak)

denotes the block diagonal matrix with submatrices Ay, Ao, ..., Ay along the
diagonal and zeros elsewhere. A matrix formed in this way is sometimes called
a direct sum of Ay, As, ..., Ak, and the operation is denoted by &:

AT @D A, :diag(Ah...,Ak).

Although the direct sum is a binary operation, we are justified in defining
it for a list of matrices because the operation is clearly associative.

The A; may be of different sizes and they may not be square, although in
most applications the matrices are square (and some authors define the direct
sum only for square matrices).

We will define vector spaces of matrices below and then recall the definition
of a direct sum of vector spaces (page 13), which is different from the direct
sum defined above in terms of diag(-).

Transposes of Partitioned Matrices

The transpose of a partitioned matrix is formed in the obvious way; for ex-
ample,

Aty A

AL, AL, | (3.8)

{An Arp Algr _
Al A

Ag1 Agg Ao
3.1.3 Matrix Addition
The sum of two matrices of the same shape is the matrix whose elements

are the sums of the corresponding elements of the addends. As in the case of
vector addition, we overload the usual symbols for the operations on the reals
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to signify the corresponding operations on matrices when the operations are
defined; hence, addition of matrices is also indicated by “+4”, as with scalar
addition and vector addition. We assume throughout that writing a sum of
matrices A+ B implies that they are of the same shape; that is, that they are
conformable for addition.

The “+” operator can also mean addition of a scalar to a matrix, as in
A + a, where A is a matrix and a is a scalar. Although this meaning of “+”
is generally not used in mathematical treatments of matrices, in this book
we use it to mean the addition of the scalar to each element of the matrix,
resulting in a matrix of the same shape. This meaning is consistent with the
semantics of modern computer languages such as Fortran 90/95 and R.

The addition of two n X m matrices or the addition of a scalar to an n x m
matrix requires nm scalar additions.

The matriz additive identity is a matrix with all elements zero. We some-
times denote such a matrix with n rows and m columns as 0,,x.,, or just as 0.
We may denote a square additive identity as 0,,.

There are several possible ways to form a rank ordering of matrices of
the same shape, but no complete ordering is entirely satisfactory. If all of the
elements of the matrix A are positive, we write

A >0 (3.9)
if all of the elements are nonnegative, we write
A>0. (3.10)

The terms “positive” and “nonnegative” and these symbols are not to be
confused with the terms “positive definite” and “nonnegative definite” and
similar symbols for important classes of matrices having different properties
(which we will introduce in equation (3.62) and discuss further in Section 8.3.)
The transpose of the sum of two matrices is the sum of the transposes:

(A+B)T = A" 4 BT,

The sum of two symmetric matrices is therefore symmetric.

Vector Spaces of Matrices

Having defined scalar multiplication, matrix addition (for conformable matri-
ces), and a matrix additive identity, we can define a vector space of n x m
matrices as any set that is closed with respect to those operations (which
necessarily would contain the additive identity; see page 11). As with any
vector space, we have the concepts of linear independence, generating set or
spanning set, basis set, essentially disjoint spaces, and direct sums of matrix
vector spaces (as in equation (2.7), which is different from the direct sum of
matrices defined in terms of diag(-)).
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With scalar multiplication, matrix addition, and a matrix additive identity,
we see that IR"™™ is a vector space. If n > m, a set of nm n x m matrices
whose columns consist of all combinations of a set of n n-vectors that span IR"
is a basis set for IR"*™. If n < m, we can likewise form a basis set for R™*™
or for subspaces of R"™™ in a similar way. If {Bj,..., By} is a basis set for
IR™™ ™, then any n X m matrix can be represented as Zle ¢; B;. Subsets of a
basis set generate subspaces of IR™"*™.

Because the sum of two symmetric matrices is symmetric, and a scalar
multiple of a symmetric matrix is likewise symmetric, we have a vector space
of the n X n symmetric matrices. This is clearly a subspace of the vector
space IR™*". All vectors in any basis for this vector space must be symmetric.
Using a process similar to our development of a basis for a general vector
space of matrices, we see that there are n(n + 1)/2 matrices in the basis (see
Exercise 3.1).

3.1.4 Scalar-Valued Operators on Square Matrices:
The Trace

There are several useful mappings from matrices to real numbers; that is, from
R™™ to IR. Some important ones are norms, which are similar to vector
norms and which we will consider later. In this section and the next, we
define two scalar-valued operators, the trace and the determinant, that apply
to square matrices.

The Trace: tr(-)

The sum of the diagonal elements of a square matrix is called the trace of the
matrix. We use the notation “tr(A)” to denote the trace of the matrix A:

tr(A) = Zaii. (3.11)

The Trace of the Transpose of Square Matrices
From the definition, we see

tr(A) = tr(AT). (3.12)

The Trace of Scalar Products of Square Matrices
For a scalar ¢ and an n X n matrix A,
tr(cA) = ctr(A).

This follows immediately from the definition because for tr(cA) each diagonal
element is multiplied by c.
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The Trace of Partitioned Square Matrices

If the square matrix A is partitioned such that the diagonal blocks are square
submatrices, that is,

All A12
A= 3.13
[Azl AZQ] ! (3:13)

where A1; and Ao are square, then from the definition, we see that

tI‘(A) = tI‘(All) + tI"(AQQ). (314)

The Trace of the Sum of Square Matrices

If A and B are square matrices of the same order, a useful (and obvious)
property of the trace is

tr(A+ B) = tr(A) + tr(B). (3.15)

3.1.5 Scalar-Valued Operators on Square Matrices:
The Determinant

The determinant, like the trace, is a mapping from IR™*" to IR. Although
it may not be obvious from the definition below, the determinant has far-
reaching applications in matrix theory.

The Determinant: | - | or det(-)

For an n x n (square) matrix A, consider the product ay;, asj, - - - anj, , where
w; = (j1,J2,-- -, jn) is one of the n! permutations of the integers from 1 to n.
Define a permutation to be even or odd according to the number of times that
a smaller element follows a larger one in the permutation. (For example, 1, 3,
2 is an odd permutation, and 3, 1, 2 is an even permutation.) Let o(m;) =1 if

7 = (j1,...,Jn) is an even permutation, and let o(7;) = —1 otherwise. Then
the determinant of A, denoted by |A|, is defined by
|A] = > o(m)ay, - ang,. (3.16)

all permutations

The determinant is also sometimes written as det(A), especially, for exam-
ple, when we wish to refer to the absolute value of the determinant. (The
determinant of a matrix may be negative.)

The definition is not as daunting as it may appear at first glance. Many
properties become obvious when we realize that o(-) is always +1, and it
can be built up by elementary exchanges of adjacent elements. For example,
consider 0(3,2,1). There are three elementary exchanges beginning with the
natural ordering:
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(1,2,3) = (2,1,3) — (2,3,1) — (3,2, 1);

hence, ¢(3,2,1) = (-1)3 = —1.

If 7; consists of the interchange of exactly two elements in (1,...,n), say
elements p and ¢ with p < ¢, then there are ¢ — p elements before p that
are larger than p, and there are ¢ — p + 1 elements between ¢ and p in the
permutation each with exactly one larger element preceding it. The total
number is 2¢ — 2p + 1, which is an odd number. Therefore, if 7; consists of
the interchange of exactly two elements, then o(m;) = —1.

If the integers 1,...,m and m+ 1,...,n are together in a given permuta-
tion, they can be considered separately:

U(j17 ) 7jn) = 0(j17 B ajm)o(jm+17 B aJn) (317)

Furthermore, we see that the product aq;, - - - ayj, has exactly one factor from
each unique row-column pair. These observations facilitate the derivation of
various properties of the determinant (although the details are sometimes
quite tedious).

We see immediately from the definition that the determinant of an upper
or lower triangular matrix (or a diagonal matrix) is merely the product of the
diagonal elements (because in each term of equation (3.16) there is a 0, except
in the term in which the subscripts on each factor are the same).

Minors, Cofactors, and Adjugate Matrices

Consider the 2 x 2 matrix

A= [Clu a12:| -

a21 422

From the definition, we see |A| = aj1a22 + (—1)agiaia.
Now let A be a 3 x 3 matrix:

a1y @12 13
A= | a2 az as
az1 az2 ass
In the definition of the determinant, consider all of the terms in which the

elements of the first row of A appear. With some manipulation of those terms,
we can express the determinant in terms of determinants of submatrices as

a22 G32
a32 433

[“21 “32H (3.18)

a3y a33

a21 a22
a31 a32

Al = an(-1)"!

+ a12(_1)1+2

+ apz3(—1)1*3
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This exercise in manipulation of the terms in the determinant could be carried
out with other rows of A.

The determinants of the 2 X 2 submatrices in equation (3.18) are called
minors or complementary minors of the associated element. The definition
can be extended to (n — 1) x (n — 1) submatrices of an n X n matrix. We
denote the minor associated with the a;; element as

[A—y()l; (3.19)

in which A_;)(;) denotes the submatrix that is formed from A by removing
the i*" row and the j*" column. The sign associated with the minor corre-
sponding to a;; is (—1)"*J. The minor together with its appropriate sign is
called the cofactor of the associated element; that is, the cofactor of a;; is
(=1)"A_(;)(jy|- We denote the cofactor of a;; as a(;j):

aggy = (1) A_y )l (3.20)

Notice that both minors and cofactors are scalars.

The manipulations leading to equation (3.18), though somewhat tedious,
can be carried out for a square matrix of any size, and minors and cofactors
are defined as above. An expression such as in equation (3.18) is called an
expansion in minors or an expansion in cofactors.

The extension of the expansion (3.18) to an expression involving a sum
of signed products of complementary minors arising from (n — 1) x (n — 1)
submatrices of an n X n matrix A is

A= ai (=)™ A_i))]
j=1

=Y aiagy), (3.21)
j=1
or, over the rows,
n
Al =) aijauy).- (3.22)
i=1

These expressions are called Laplace expansions. Each determinant |A_ ;)|
can likewise be expressed recursively in a similar expansion.

Expressions (3.21) and (3.22) are special cases of a more general Laplace
expansion based on an extension of the concept of a complementary minor
of an element to that of a complementary minor of a minor. The derivation
of the general Laplace expansion is straightforward but rather tedious (see
Harville, 1997, for example, for the details).

Laplace expansions could be used to compute the determinant, but the
main value of these expansions is in proving properties of determinants. For
example, from the special Laplace expansion (3.21) or (3.22), we can quickly
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see that the determinant of a matrix with two rows that are the same is zero.
We see this by recursively expanding all of the minors until we have only 2 x 2
matrices consisting of a duplicated row. The determinant of such a matrix is
0, so the expansion is 0.

The expansion in equation (3.21) has an interesting property: if instead of
the elements a;; from the i*? row we use elements from a different row, say
the k'™ row, the sum is zero. That is, for k # i,

Z D™ Ayl = Z%am)

j=1
=0. (3.23)

This is true because such an expansion is exactly the same as an expansion for
the determinant of a matrix whose k' row has been replaced by its i*" row;
that is, a matrix with two identical rows. The determinant of such a matrix
is 0, as we saw above.

A certain matrix formed from the cofactors has some interesting properties.
We define the matrix here but defer further discussion. The adjugate of the
n X n matrix A is defined as

adj(A) = (ai), (3.24)

which is an n X n matrix of the cofactors of the elements of the transposed
matrix. (The adjugate is also called the adjoint, but as we noted above, the
term adjoint may also mean the conjugate transpose. To distinguish it from
the conjugate transpose, the adjugate is also sometimes called the “classical
adjoint”. We will generally avoid using the term “adjoint”.) Note the reversal
of the subscripts; that is,

adj(A4) = (ag;)"
The adjugate has an interesting property:
Aadj(A) = adj(A)A = |A|L. (3.25)

To see this, consider the (ij)T element of Aadj(A), Y, air(adj(A))k;. Now,
noting the reversal of the subscripts in adj(A) in equation (3.24), and using
equations (3.21) and (3.23), we have

|Alif i = j
Zalk (adj(A {O if i # j5;
that is, Aadj(A) = |A|I.

The adjugate has a number of useful properties, some of which we will
encounter later, as in equation (3.131).
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The Determinant of the Transpose of Square Matrices

One important property we see immediately from a manipulation of the defi-
nition of the determinant is

|A| = |AT). (3.26)

The Determinant of Scalar Products of Square Matrices
For a scalar ¢ and an n x n matrix A,
|cA| = c"|A]. (3.27)

This follows immediately from the definition because, for |cA[, each factor in
each term of equation (3.16) is multiplied by c.

The Determinant of an Upper (or Lower) Triangular Matrix

If Ais an n x n upper (or lower) triangular matrix, then
n
Al =] ai- (3.28)
i=1

This follows immediately from the definition. It can be generalized, as in the
next section.

The Determinant of Certain Partitioned Square Matrices

Determinants of square partitioned matrices that are block diagonal or upper
or lower block triangular depend only on the diagonal partitions:

1A = A 0 _ A 0 _ A Arg
0 Ag Azp Aso 0 As

= |A11] | Ass. (3.29)

We can see this by considering the individual terms in the determinant, equa-
tion (3.16). Suppose the full matrix is n x n, and A;; is m x m. Then Agy
is (n—m) x (n—m), Ag is (n —m) xm, and A is m x (n —m). In
equation (3.16), any addend for which (ji, ..., jm) is not a permutation of the
integers 1,...,m contains a factor a;; that is in a 0 diagonal block, and hence
the addend is 0. The determinant consists only of those addends for which
(J1,- -+, Jm) Is a permutation of the integers 1, ..., m, and hence (jmt1,---,Jjn)
is a permutation of the integers m +1,...,n,

|A| = § § U(]la cees Jmy JmAly - - a]n)aljl e amjmam,+1,jn Tt anjn;
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where the first sum is taken over all permutations that keep the first m integers
together while maintaining a fixed ordering for the integers m + 1 through n,
and the second sum is taken over all permutations of the integers from m + 1
through n while maintaining a fixed ordering of the integers from 1 to m.
Now, using equation (3.17), we therefore have for A of this special form

|A| = Z ZU(jh s Jma Jmats -+ Jn) Gy Qg Gt 1 gy * 7 Ongn,

= ZU(JL ey Jm)atgy Qg Zo(jm+1a s In) A s O,
= [An[| Az,

which is equation (3.29). We use this result to give an expression for the
determinant of more general partitioned matrices in Section 3.4.2.
Another useful partitioned matrix of the form of equation (3.13) has A;; =

0 and Ay = —1I:
_ O A12
A_ |:—IA22:|.

In this case, using equation (3.21), we get

Al = (=) H(=1))"| Axz
= (—=1)"") | Apy|
= |Ai2]. (3.30)

The Determinant of the Sum of Square Matrices

Occasionally it is of interest to consider the determinant of the sum of square
matrices. We note in general that

|A+ B| # Al + B,

which we can see easily by an example. (Consider matrices in IR**?, for ex-
-1
ample, and let A =1 and B = [ 0 8} 2
In some cases, however, simplified expressions for the determinant of a
sum can be developed. We consider one in the next section.

A Diagonal Expansion of the Determinant

A particular sum of matrices whose determinant is of interest is one in which
a diagonal matrix D is added to a square matrix A, that is, |A + D|. (Such a
determinant arises in eigenanalysis, for example, as we see in Section 3.8.2.)
For evaluating the determinant |A + D|, we can develop another expan-
sion of the determinant by restricting our choice of minors to determinants of
matrices formed by deleting the same rows and columns and then continuing
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to delete rows and columns recursively from the resulting matrices. The ex-
pansion is a polynomial in the elements of D; and for our purposes later, that
is the most useful form.

Before considering the details, let us develop some additional notation.
The matrix formed by deleting the same row and column of A is denoted
A_(iy() as above (following equation (3.19)). In the current context, however,
it is more convenient to adopt the notation A, . ;) to represent the matrix
formed from rows ii,...,4; and columns i1,...,7; from a given matrix A.
That is, the notation A, . ;. indicates the rows and columns kept rather
than those deleted; and furthermore, in this notation, the indexes of the rows
and columns are the same. We denote the determinant of this £ x k matrix in
the obvious way, |A, . .| Because the principal diagonal elements of this
matrix are principal diagonal elements of A, we call [Aq, . ;)| a principal
minor of A.

Now consider |A + D] for the 2 x 2 case:

Han +di a2 ”

azi  ag +d
Expanding this, we have

|A+ D| = (a11 + d1)(ag2 + d2) — a12a21

_ || @11 @12
a21 G22

] ‘ + dyidg + azedy + aiidy

= [A(1,2)| + dida + azady + a1 da.

Of course, |A(1 2)| = |A|, but we are writing it this way to develop the pattern.
Now, for the 3 x 3 case, we have

|A+ D| = [An,23)]
+[A,3)|di + [Aqs)|d2 + [Aq2)|d3
+aszdida + agedids + ayidads
+dydads. (3.31)

In the applications of interest, the elements of the diagonal matrix D may be
a single variable: d, say. In this case, the expression simplifies to

|A+ D] = [Aq |+ Y |Aapld+ D aiid® +d°. (3.32)
i#j i

Carefully continuing in this way for an nxn matrix, either as in equation (3.31)
for n variables or as in equation (3.32) for a single variable, we can make use
of a Laplace expansion to evaluate the determinant.
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Consider the expansion in a single variable because that will prove most
useful. The pattern persists; the constant term is |A|, the coefficient of the
first-degree term is the sum of the (n — 1)-order principal minors, and, at
the other end, the coefficient of the (n — 1)*-degree term is the sum of the
first-order principal minors (that is, just the diagonal elements), and finally
the coefficient of the n*P-degree term is 1.

This kind of representation is called a diagonal expansion of the determi-
nant because the coefficients are principal minors. It has occasional use for
matrices with large patterns of zeros, but its main application is in analysis
of eigenvalues, which we consider in Section 3.8.2.

Computing the Determinant

For an arbitrary matrix, the determinant is rather difficult to compute. The
method for computing a determinant is not the one that would arise directly
from the definition or even from a Laplace expansion. The more efficient meth-
ods involve first factoring the matrix, as we discuss in later sections.

The determinant is not very often directly useful, but although it may
not be obvious from its definition, the determinant, along with minors, co-
factors, and adjoint matrices, is very useful in discovering and proving prop-
erties of matrices. The determinant is used extensively in eigenanalysis (see
Section 3.8).

A Geometrical Perspective of the Determinant

In Section 2.2, we discussed a useful geometric interpretation of vectors in
a linear space with a Cartesian coordinate system. The elements of a vec-
tor correspond to measurements along the respective axes of the coordinate
system. When working with several vectors, or with a matrix in which the
columns (or rows) are associated with vectors, we may designate a vector
i as x; = (T41,-..,%:q)- A set of d linearly independent d-vectors define a
parallelotope in d dimensions. For example, in a two-dimensional space, the
linearly independent 2-vectors x1 and xo define a parallelogram, as shown in
Figure 3.1.

The area of this parallelogram is the base times the height, bh, where, in
this case, b is the length of the vector x1, and & is the length of zo times the
sine of the angle . Thus, making use of equation (2.32) on page 26 for the
cosine of the angle, we have
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X2
€3

€4

Fig. 3.1. Volume (Area) of Region Determined by z1 and x2

area = bh

= [z [z sin(®

56‘1 .Z'2> 2
— a2l ’ )
||x sl

= Vla1lPllz2]? - ({21, 22))?

= \/(95?1 +a1y)(23) +a35) — (F11221 — T12722)°
= \IMIQQ - 33123321|

= |det(X)], (3.33)

where z1 = (211, Z12), 2 = (%21, T22), and

X = [21 | z2]
_ | P11 P21
Ti2 Tog |

Although we will not go through the details here, this equivalence of a
volume of a parallelotope that has a vertex at the origin and the absolute
value of the determinant of a square matrix whose columns correspond to the
vectors that form the sides of the parallelotope extends to higher dimensions.
In making a change of variables in integrals, as in equation (4.37) on
page 165, we use the absolute value of the determinant of the Jacobian as a

volume element. Another instance of the interpretation of the determinant as
a volume is in the generalized variance, discussed on page 296.



3.2 Multiplication of Matrices 59

3.2 Multiplication of Matrices and
Multiplication of Vectors and Matrices

The elements of a vector or matrix are elements of a field, and most matrix
and vector operations are defined in terms of the two operations of the field.
Of course, in this book, the field of most interest is the field of real numbers.

3.2.1 Matrix Multiplication (Cayley)

There are various kinds of multiplication of matrices that may be useful. The
most common kind of multiplication is Cayley multiplication. If the number
of columns of the matrix A, with elements a;;, and the number of rows of the
matrix B, with elements b;;, are equal, then the (Cayley) product of A and B
is defined as the matrix C' with elements

Cij = Zaikbkj- (3.34)
k

This is the most common type of matrix product, and we refer to it by the
unqualified phrase “matrix multiplication”.

Cayley matrix multiplication is indicated by juxtaposition, with no inter-
vening symbol for the operation: C = AB.

If the matrix A is n X m and the matrix B is m X p, the product C = AB
isn x p:

C = A B

| pr ] .

Cayley matrix multiplication is a mapping,

]Rnxm X ]RmXp — ]Rnxp.

The multiplication of an n X m matrix and an m X p matrix requires
nmp scalar multiplications and np(m — 1) scalar additions. Here, as always
in numerical analysis, we must remember that the definition of an operation,
such as matrix multiplication, does not necessarily define a good algorithm
for evaluating the operation.

It is obvious that while the product AB may be well-defined, the product
BA is defined only if n = p; that is, if the matrices AB and BA are square.
We assume throughout that writing a product of matrices AB implies that
the number of columns of the first matrix is the same as the number of rows of
the second; that is, they are conformable for multiplication in the order given.

It is easy to see from the definition of matrix multiplication (3.34) that
in general, even for square matrices, AB # BA. It is also obvious that if AB
exists, then BT AT exists and, in fact,
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BTAT = (AB)". (3.35)

The product of symmetric matrices is not, in general, symmetric. If (but not
only if) A and B are symmetric, then AB = (BA)T.

Various matrix shapes are preserved under matrix multiplication. Assume
A and B are square matrices of the same number of rows. If A and B are
diagonal, AB is diagonal; if A and B are upper triangular, AB is upper
triangular; and if A and B are lower triangular, AB is lower triangular.

Because matrix multiplication is not commutative, we often use the terms
“premultiply” and “postmultiply” and the corresponding nominal forms of
these terms. Thus, in the product AB, we may say B is premultiplied by A,
or, equivalently, A is postmultiplied by B.

Although matrix multiplication is not commutative, it is associative; that
is, if the matrices are conformable,

A(BC) = (AB)C. (3.36)
It is also distributive over addition; that is,
A(B+C)=AB+ AC (3.37)
and
(B+C)A=BA+ CA. (3.38)

These properties are obvious from the definition of matrix multiplication.
(Note that left-sided distribution is not the same as right-sided distribution
because the multiplication is not commutative.)

An nxn matrix consisting of 1s along the diagonal and Os everywhere else is
a multiplicative identity for the set of n xn matrices and Cayley multiplication.
Such a matrix is called the identity matriz of order n, and is denoted by I,
or just by I. The columns of the identity matrix are unit vectors.

The identity matrix is a multiplicative identity for any matrix so long as
the matrices are conformable for the multiplication. If A is n x m, then

I,A = Al,, = A.

Powers of Square Matrices

For a square matrix A, its product with itself is defined, and so we will use the
notation A? to mean the Cayley product AA, with similar meanings for A"
for a positive integer k. As with the analogous scalar case, A¥ for a negative
integer may or may not exist, and when it exists, it has a meaning for Cayley
multiplication similar to the meaning in ordinary scalar multiplication. We
will consider these issues later (in Section 3.3.3).

For an n x n matrix A, if A* exists for negative integers, we define A° by

A =1,. (3.39)
For a diagonal matrix D = diag ((dy,...,d,)), we have
D* = diag ((df,...,dF)). (3.40)
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Matrix Polynomials

Polynomials in square matrices are similar to the more familiar polynomials
in scalars. We may consider

p(A) = bol + b A+ b A

The value of this polynomial is a matrix.
The theory of polynomials in general holds, and in particular, we have the
useful factorizations of monomials: for any positive integer k,

IT—AF = (T - AT +A+-- A, (3.41)
and for an odd positive integer k,

T+ AR =(T+ AT —-A+-- A, (3.42)

3.2.2 Multiplication of Partitioned Matrices

Multiplication and other operations with partitioned matrices are carried out
with their submatrices in the obvious way. Thus, assuming the submatrices
are conformable for multiplication,

Ay Avg | | Bur Biz | _ | AuiBin + A12Boy A1 Bia + A13Bo
Ag1 Aso | | Ba1 Bao A1 B11 + A22Bay A2 Bia + A2aBao |-

Sometimes a matrix may be partitioned such that one partition is just a
single column or row, that is, a vector or the transpose of a vector. In that
case, we may use a notation such as

(X y]
(X |yl

where X is a matrix and y is a vector. We develop the notation in the obvious
fashion; for example,

T T
XXX y] (3.43)

XTI = g e

3.2.3 Elementary Operations on Matrices

Many common computations involving matrices can be performed as a se-
quence of three simple types of operations on either the rows or the columns
of the matrix:

. the interchange of two rows (columns),
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a scalar multiplication of a given row (column), and

the replacement of a given row (column) by the sum of that row
(columns) and a scalar multiple of another row (column); that is, an
axpy operation.

Such an operation on the rows of a matrix can be performed by premultipli-
cation by a matrix in a standard form, and an operation on the columns of
a matrix can be performed by postmultiplication by a matrix in a standard
form. To repeat:

° premultiplication: operation on rows;
° postmultiplication: operation on columns.

The matrix used to perform the operation is called an elementary trans-
formation matriz or elementary operator matriz. Such a matrix is the identity
matrix transformed by the corresponding operation performed on its unit
rows, eg, or columns, ey,.

In actual computations, we do not form the elementary transformation
matrices explicitly, but their formulation allows us to discuss the operations
in a systematic way and better understand the properties of the operations.
Products of any of these elementary operator matrices can be used to effect
more complicated transformations.

Operations on the rows are more common, and that is what we will dis-
cuss here, although operations on columns are completely analogous. These
transformations of rows are called elementary row operations.

Interchange of Rows or Columns; Permutation Matrices

By first interchanging the rows or columns of a matrix, it may be possible
to partition the matrix in such a way that the partitions have interesting
or desirable properties. Also, in the course of performing computations on a
matrix, it is often desirable to interchange the rows or columns of the matrix.
(This is an instance of “pivoting”, which will be discussed later, especially
in Chapter 6.) In matrix computations, we almost never actually move data
from one row or column to another; rather, the interchanges are effected by
changing the indexes to the data.

Interchanging two rows of a matrix can be accomplished by premultiply-
ing the matrix by a matrix that is the identity with those same two rows
interchanged; for example,

1000 |a11 a1z a13 ai1 a1z ai3
0010/ | a2 az a3 | _ | as as ass
0100 |as1 asz ass as1 G2z (23
0001 ] |a41 aq2 aqs (41 (42 G43

The first matrix in the expression above is called an elementary permutation
matriz. It is the identity matrix with its second and third rows (or columns)
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interchanged. An elementary permutation matrix, which is the identity with
the p'" and ¢'® rows interchanged, is denoted by E,,. That is, FE,, is the
identity, except the p*™ row is eqT and the ¢ row is eg. Note that E,; = Eqp.
Thus, for example, if the given matrix is 4 X m, to interchange the second and
third rows, we use

1000

0010

0100

0001

Ea3 = E3p =

It is easy to see from the definition that an elementary permutation matrix
is symmetric. Note that the notation E,,; does not indicate the order of the
elementary permutation matrix; that must be specified in the context.

Premultiplying a matrix A by a (conformable) E,, results in an inter-
change of the p™ and ¢*™® rows of A as we see above. Any permutation of rows
of A can be accomplished by successive premultiplications by elementary per-
mutation matrices. Note that the order of multiplication matters. Although
a given permutation can be accomplished by different elementary permuta-
tions, the number of elementary permutations that effect a given permutation
is always either even or odd; that is, if an odd number of elementary per-
mutations results in a given permutation, any other sequence of elementary
permutations to yield the given permutation is also odd in number. Any given
permutation can be effected by successive interchanges of adjacent rows.

Postmultiplying a matrix A by a (conformable) E,, results in an inter-
change of the p'" and ¢*" columns of A:

a11 @12 413 100 a1l @13 @12
a21 G22 G23 001] = a21 23 @22
a3y a32 433 010 a31 433 a32
G471 Q42 Q43 A41 @43 Q42
Note that
A= EpgEpgA = AEp Epg; (3.44)

that is, as an operator, an elementary permutation matrix is its own inverse
operator: Ep B, = 1.

Because all of the elements of a permutation matrix are 0 or 1, the trace
of an n X n elementary permutation matrix is n — 2.

The product of elementary permutation matrices is also a permutation
matriz in the sense that it permutes several rows or columns. For example,
premultiplying A by the matrix @ = E,qEy, will yield a matrix whose ™ row
is the " row of the original A, whose ¢ row is the p*® row of A, and whose
r* row is the ¢'" row of A. We often use the notation E, to denote a more
general permutation matrix. This expression will usually be used generically,
but sometimes we will specify the permutation, 7.
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A general permutation matrix (that is, a product of elementary permuta-
tion matrices) is not necessarily symmetric, but its transpose is also a per-
mutation matrix. It is not necessarily its own inverse, but its permutations
can be reversed by a permutation matrix formed by products of elementary
permutation matrices in the opposite order; that is,

ETE, =1

As a prelude to other matrix operations, we often permute both rows and
columns, so we often have a representation such as

B = E,, AE,,, (3.45)

where I, is a permutation matrix to permute the rows and E, is a permu-
tation matrix to permute the columns. We use these kinds of operations to
arrive at the important equation (3.99) on page 80, and combine these oper-
ations with others to yield equation (3.113) on page 86. These equations are
used to determine the number of linearly independent rows and columns and
to represent the matrix in a form with a maximal set of linearly independent
rows and columns clearly identified.

The Vec-Permutation Matrix

A special permutation matrix is the matrix that transforms the vector vec(A)
into vec(AT). If A is n x m, the matrix K,,, that does this is nm x nm. We
have

vec(AT) = K, ,vec(A). (3.46)

The matrix K., is called the nm vec-permutation matriz.

Scalar Row or Column Multiplication

Often, numerical computations with matrices are more accurate if the rows
have roughly equal norms. For this and other reasons, we often transform a
matrix by multiplying one of its rows by a scalar. This transformation can also
be performed by premultiplication by an elementary transformation matrix.
For multiplication of the pt" row by the scalar, the elementary transformation
matrix, which is denoted by E,(a), is the identity matrix in which the p*
diagonal element has been replaced by a. Thus, for example, if the given
matrix is 4 X m, to multiply the second row by a, we use

1000
0a00
0010
0001

E2 (CL) =
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Postmultiplication of a given matrix by the multiplier matrix E,(a) results
in the multiplication of the p*™® column by the scalar. For this, E,(a) is a square
matrix of order equal to the number of columns of the given matrix.

Note that the notation E,(a) does not indicate the number of rows and
columns. This must be specified in the context.

Note that, if a # 0,

A=E,(1/a)E,(a)A, (3.47)

that is, as an operator, the inverse operator is a row multiplication matrix on
the same row and with the reciprocal as the multiplier.

Axpy Row or Column Transformations

The other elementary operation is an axpy on two rows and a replacement of
one of those rows with the result

Qp < GGq + yp.

This operation also can be effected by premultiplication by a matrix formed
from the identity matrix by inserting the scalar in the (p, q) position. Such a
matrix is denoted by E,q(a). Thus, for example, if the given matrix is 4 x m,
to add a times the third row to the second row, we use

1000

01la0O
Eas(a) = 14010

0001
Premultiplication of a matrix A by such a matrix,
Epq(a)4, (3.48)

yields a matrix whose pt® row is a times the ¢'" row plus the original row.
Given the 4 x 3 matrix A = (a;5), we have

a11 a2 a13
E A— |92 + aas1 a2 + aagz az3 + aazs
23(a)A =
asi a32 ass
41 Q42 43

Postmultiplication of a matrix A by an axpy operator matrix,
AEpq(a),

yields a matrix whose ¢** column is a times the p'" column plus the original
column. For this, E,,(a) is a square matrix of order equal to the number of
columns of the given matrix. Note that the column that is changed corresponds
to the second subscript in E,q(a).
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Note that
A= Ep(—a)Ep(a)A; (3.49)

that is, as an operator, the inverse operator is the same axpy elementary
operator matrix with the negative of the multiplier.

A common use of axpy operator matrices is to form a matrix with zeros
in all positions of a given column below a given position in the column. These
operations usually follow an operation by a scalar row multiplier matrix that
puts a 1 in the position of interest. For example, given an n x m matrix A
with a;; # 0, to put a 1 in the (i, j) position and Os in all positions of the j'I
column below the " row, we form the product

Emi(—amj) tee Ei+1’i(—ai+1’j)E7;(1/aij)A. (350)

This process is called Gaussian elimination.

Gaussian elimination is often performed sequentially down the diagonal
elements of a matrix. If at some point a;; = 0, the operations of equation (3.50)
cannot be performed. In that case, we may first interchange the i** row with
the k*™® row, where k > i and ay; # 0. Such an interchange is called pivoting.
We will discuss pivoting in more detail on page 209 in Chapter 6.

To form a matrix with zeros in all positions of a given column except one,
we use additional matrices for the rows above the given element:

Emi(—amj) - Eiy1,i(—aiz1,) - Eic1i(—ai—15) - - - Eri(—a1;) Ei(1/aq;) A.

We can likewise zero out all elements in the i*" row except the one in the
(i7)th position by similar postmultiplications.

These elementary transformations are the basic operations in Gaussian
elimination, which is discussed in Sections 5.6 and 6.2.1.

Determinants of Elementary Operator Matrices

The determinant of an elementary permutation matrix E,, has only one term
in the sum that defines the determinant (equation (3.16), page 50), and that
term is 1 times o evaluated at the permutation that exchanges p and q. As
we have seen (page 51), this is an odd permutation; hence, for an elementary
permutation matrix F,,,

|Epg| = —1. (3.51)

Because all terms in |Ep,,A| are exactly the same terms as in |A| but with
one different permutation in each term, we have

‘quA| = _‘A|~

More generally, if A and E, are n X n matrices, and E, is any permutation
matrix (that is, any product of E,, matrices), then |E;A| is either |A] or
—|A] because all terms in |E, A| are exactly the same as the terms in |A| but
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possibly with different signs because the permutations are different. In fact,
the differences in the permutations are exactly the same as the permutation
of 1,...,n in E ; hence,

|ExAl = |Ex| |A].

(In equation (3.57) below, we will see that this equation holds more generally.)
The determinant of an elementary row multiplication matrix E,(a) is

|Ep(a)] = a. (3.52)
If A and E,(a) are n x n matrices, then
|Ep(a)A| = alAl,

as we see from the definition of the determinant, equation (3.16).
The determinant of an elementary axpy matrix Epq(a) is 1,

|Epq(a)] =1, (3.53)

because the term consisting of the product of the diagonals is the only term
in the determinant.

Now consider |E,q(a)A| for an n x n matrix A. Expansion in the minors
(equation (3.21)) along the p'" row yields

|Epg(a) Al = Z(am‘ + aaqj)(_l)pH‘A(ijﬂ

<.
Il
—

[
NE

ap (1P| Agij| + @ agi(=1)PH | Ay
j=1

<.
Il
Ja

From equation (3.23) on page 53, we see that the second term is 0, and since
the first term is just the determinant of A, we have

[Bpg(@)A] = |A]. (3.54)

3.2.4 Traces and Determinants of Square
Cayley Products

The Trace

A useful property of the trace for the matrices A and B that are conformable
for the multiplications AB and BA is

tr(AB) = tr(BA). (3.55)

This is obvious from the definitions of matrix multiplication and the trace.
Because of the associativity of matrix multiplication, this relation can be
extended as
tr(ABC) = tr(BCA) = tr(CAB) (3.56)

for matrices A, B, and C that are conformable for the multiplications indi-
cated. Notice that the individual matrices need not be square.
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The Determinant
An important property of the determinant is
|AB| = |A| |B| (3.57)

if A and B are square matrices conformable for multiplication. We see this by

first forming
TA||AO 0 AB
o7] 23] 11577 639

and then observing from equation (3.30) that the right-hand side is |AB|. Now
consider the left-hand side. The matrix that is the first factor is a product
of elementary axpy transformation matrices; that is, it is a matrix that when
postmultiplied by another matrix merely adds multiples of rows in the lower
part of the matrix to rows in the upper part of the matrix. If A and B are
n x n (and so the identities are likewise n x n), the full matrix is the product:
1A
[O I] = E1n+1(a11) - E12n(a1n) Eapnt1(a21) - - Eoon(a2.,) - - - Enon(Gnn)-

Hence, applying equation (3.54) recursively, we have
1A A0l _|[ADO0
OI||-IB|| ||-IB

and from equation (3.29) we have

HAO

9

and so finally we have equation (3.57).

3.2.5 Multiplication of Matrices and Vectors

It is often convenient to think of a vector as a matrix with only one element
in one of its dimensions. This provides for an immediate extension of the de-
finitions of transpose and matrix multiplication to include vectors as either
or both factors. In this scheme, we follow the convention that a vector corre-
sponds to a column; that is, if x is a vector and A is a matrix, Az or T A may
be well-defined, but neither A nor AzT would represent anything, except in
the case when all dimensions are 1. (In some computer systems for matrix
algebra, these conventions are not enforced; see, for example the R code in
Figure 12.4 on page 468.) The alternative notation 2Ty we introduced earlier
for the dot product or inner product, (x,y), of the vectors x and y is consis-
tent with this paradigm. We will continue to write vectors as x = (z1, ..., %),
however. This does not imply that the vector is a row vector. We would repre-
sent a matrix with one row as Y = [y11 . .. y1,] and a matrix with one column
as Z = [z11 ... 2m1| T
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The Matrix/Vector Product as a Linear Combination

If we represent the vectors formed by the columns of an n X m matrix A
as ajy, ..., am, the matrix/vector product Az is a linear combination of these

columns of A:
m

Az = inai. (3.59)
i=1

(Here, each z; is a scalar, and each «a; is a vector.)
Given the equation Az = b, we have b € span(A); that is, the n-vector b
is in the k-dimensional column space of A, where k < m.

3.2.6 Outer Products
The outer product of the vectors x and y is the matrix
zy’. (3.60)

Note that the definition of the outer product does not require the vectors to
be of equal length. Note also that while the inner product is commutative,
the outer product is not commutative (although it does have the property
ay’ = (y2h)").

A very common outer product is of a vector with itself:

zaT,

The outer product of a vector with itself is obviously a symmetric matrix.

We should again note some subtleties of differences in the types of objects
that result from operations. If A and B are matrices conformable for the
operation, the product ATB is a matriz even if both A and B are n x 1 and
so the result is 1 x 1. For the vectors = and y and matrix C, however, Ty and
2TCy are scalars; hence, the dot product and a quadratic form are not the
same as the result of a matrix multiplication. The dot product is a scalar, and
the result of a matrix multiplication is a matrix. The outer product of vectors
is a matrix, even if both vectors have only one element. Nevertheless, as we
have mentioned before, in the following, we will treat a one by one matriz or
a vector with only one element as a scalar whenever it is convenient to do so.

3.2.7 Bilinear and Quadratic Forms; Definiteness

A variation of the vector dot product, zT Ay, is called a bilinear form, and

the special bilinear form 2 Az is called a quadratic form. Although in the

definition of quadratic form we do not require A to be symmetric— because

for a given value of « and a given value of the quadratic form T Az there is a

unique symmetric matrix A, such that 27 A,z = 2T Az — we generally work

only with symmetric matrices in dealing with quadratic forms. (The matrix
1

Agis 5(A+ A™); see Exercise 3.3.) Quadratic forms correspond to sums of

squares and hence play an important role in statistical applications.
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Nonnegative Definite and Positive Definite Matrices

A symmetric matrix A such that for any (conformable and real) vector z the
quadratic form =T Az is nonnegative, that is,

T Az >0, (3.61)

is called a nonnegative definite matriz. We denote the fact that A is nonneg-
ative definite by
A*x 0.

(Note that we consider 0, x5, to be nonnegative definite.)
A symmetric matrix A such that for any (conformable) vector x # 0 the

quadratic form
T Az >0 (3.62)

is called a positive definite matriz. We denote the fact that A is positive
definite by
A= 0.

(Recall that A > 0 and A > 0 mean, respectively, that all elements of A are
nonnegative and positive.) When A and B are symmetric matrices of the same
order, we write A = B tomean A — B > 0 and A = B to mean A — B = 0.
Nonnegative and positive definite matrices are very important in applications.
We will encounter them from time to time in this chapter, and then we will
discuss more of their properties in Section 8.3.

In this book we use the terms “nonnegative definite” and “positive defi-
nite” only for symmetric matrices. In other literature, these terms may be used
more generally; that is, for any (square) matrix that satisfies (3.61) or (3.62).

The Trace of Inner and Outer Products

The invariance of the trace to permutations of the factors in a product (equa-
tion (3.55)) is particularly useful in working with quadratic forms. Because
the quadratic form itself is a scalar (or a 1 x 1 matrix), and because of the
invariance, we have the very useful fact

T Az = tr(z" Ax)
= tr(Azz™m). (3.63)

Furthermore, for any scalar a, n-vector x, and n x n matrix A, we have
(x —a)TA(z — a) = tr(Azczl) + nla — 7)tr(A). (3.64)

(Compare this with equation (2.48) on page 34.)
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3.2.8 Anisometric Spaces

In Section 2.1, we considered various properties of vectors that depend on
the inner product, such as orthogonality of two vectors, norms of a vector,
angles between two vectors, and distances between two vectors. All of these
properties and measures are invariant to the orientation of the vectors; the
space is isometric with respect to a Cartesian coordinate system. Noting that
the inner product is the bilinear form T I'y, we have a heuristic generalization
to an anisometric space. Suppose, for example, that the scales of the coordi-
nates differ; say, a given distance along one axis in the natural units of the
axis is equivalent (in some sense depending on the application) to twice that
distance along another axis, again measured in the natural units of the axis.
The properties derived from the inner product, such as a norm and a metric,
may correspond to the application better if we use a bilinear form in which
the matrix reflects the different effective distances along the coordinate axes.
A diagonal matrix whose entries have relative values corresponding to the
inverses of the relative scales of the axes may be more useful. Instead of Ty,
we may use z ' Dy, where D is this diagonal matrix.

Rather than differences in scales being just in the directions of the co-
ordinate axes, more generally we may think of anisometries being measured
by general (but perhaps symmetric) matrices. (The covariance and correlation
matrices defined on page 294 come to mind. Any such matrix to be used in this
context should be positive definite because we will generalize the dot prod-
uct, which is necessarily nonnegative, in terms of a quadratic form.) A bilinear
form 2T Ay may correspond more closely to the properties of the application
than the standard inner product.

We define orthogonality of two vectors z and y with respect to A by

T Ay = 0. (3.65)

In this case, we say = and y are A-conjugate.

The Ly norm of a vector is the square root of the quadratic form of the
vector with respect to the identity matrix. A generalization of the Lo vector
norm, called an elliptic norm or a conjugate norm, is defined for the vector
x as the square root of the quadratic form 2™ Az for any symmetric positive
definite matrix A. It is sometimes denoted by ||z :

|z]|a = VaTAx. (3.66)

It is easy to see that
[l ]|.a

satisfies the definition of a norm given on page 16. If A is a diagonal matrix
with elements w; > 0, the elliptic norm is the weighted Ly norm of equa-
tion (2.15).

The elliptic norm yields an elliptic metric in the usual way of defining a
metric in terms of a norm. The distance between the vectors x and y with
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respect to A is \/(z — y)TA(z —y). It is easy to see that this satisfies the
definition of a metric given on page 22.

A metric that is widely useful in statistical applications is the Mahalanobis
distance, which uses a covariance matrix as the scale for a given space. (The
sample covariance matrix is defined in equation (8.70) on page 294.) If S is
the covariance matrix, the Mahalanobis distance, with respect to that matrix,
between the vectors x and y is

V@ -y @ -y (3.67)

3.2.9 Other Kinds of Matrix Multiplication

The most common kind of product of two matrices is the Cayley product,
and when we speak of matrix multiplication without qualification, we mean
the Cayley product. Three other types of matrix multiplication that are use-
ful are Hadamard multiplication, Kronecker multiplication, and dot product
multiplication.

The Hadamard Product

Hadamard multiplication is defined for matrices of the same shape as the mul-
tiplication of each element of one matrix by the corresponding element of the
other matrix. Hadamard multiplication immediately inherits the commutativ-
ity, associativity, and distribution over addition of the ordinary multiplication
of the underlying field of scalars. Hadamard multiplication is also called array
multiplication and element-wise multiplication. Hadamard matrix multiplica-
tion is a mapping
]Rnxm X R”Xm —s IRnXm.

The identity for Hadamard multiplication is the matrix of appropriate
shape whose elements are all 1s.

The Kronecker Product

Kronecker multiplication, denoted by ®, is defined for any two matrices A, xm
and By as
&113 . almB
A ® B = . DR .
amB ... apmB
The Kronecker product of A and B is np X mg; that is, Kronecker matrix
multiplication is a mapping

RHXTTL X IRqu — RanTqu.
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The Kronecker product is also called the “right direct product” or just
direct product. (A left direct product is a Kronecker product with the factors
reversed.)

Kronecker multiplication is not commutative, but it is associative and it
is distributive over addition, as we will see below.

The identity for Kronecker multiplication is the 1 x 1 matrix with the
element 1; that is, it is the same as the scalar 1.

The determinant of the Kronecker product of two square matrices A, «n
and B,,x., has a simple relationship to the determinants of the individual
matrices:

|A® B| = |A|™|B|". (3.68)

The proof of this, like many facts about determinants, is straightforward but
involves tedious manipulation of cofactors. The manipulations in this case can
be facilitated by using the vec-permutation matrix. See Harville (1997) for a
detailed formal proof.

We can understand the properties of the Kronecker product by expressing
the (i,7) element of A ® B in terms of the elements of A and B,

(A® B)ij = Aji/pl+1, li/a+1Bi—pli/p), j—ali/a)> (3.69)

where [] is the greatest integer function.

Some additional properties of Kronecker products that are immediate re-
sults of the definition are, assuming the matrices are conformable for the
indicated operations,

(aA) ® (bB) = ab(A ® B)

— (abA) ® B
= A ® (abB), for scalars a, b, (3.70)
(A+B)®(C)=A®C+B®C, (3.71)
(A9 B)®C=A® (B®C(C), (3.72)
(A2 B)T = AT ® BT, (3.73)

(A® B)(C ® D) = AC ® BD. (3.74)

These properties are all easy to see by using equation (3.69) to express the
(i, 4) element of the matrix on either side of the equation, taking into account
the size of the matrices involved. For example, in the first equation, if A is
n x m and B is p X g, the (i,7) element on the left-hand side is

aAli/p+1, /g1 +10Bipli/pl, i—qli/d]
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and that on the right-hand side is

abAfi/p)41, [j/q+1Bi-pli/p), j—ali/a)-

They are all this easy! Hence, they are Exercise 3.6.
Another property of the Kronecker product of square matrices is

tr(A® B) = tr(A)tr(B). (3.75)

This is true because the trace of the product is merely the sum of all possible
products of the diagonal elements of the individual matrices.

The Kronecker product and the vec function often find uses in the same
application. For example, an n X m normal random matrix X with parameters
M, ¥, and ¥ can be expressed in terms of an ordinary np-variate normal
random variable Y = vec(X) with parameters vec(M) and X @W¥. (We discuss
matrix random variables briefly on page 168. For a fuller discussion, the reader
is referred to a text on matrix random variables such as Carmeli, 1983.)

A relationship between the vec function and Kronecker multiplication is

vec(ABC) = (C" @ A)vec(B) (3.76)

for matrices A, B, and C' that are conformable for the multiplication indicated.

The Dot Product or the Inner Product of Matrices

Another product of two matrices of the same shape is defined as the sum of
the dot products of the vectors formed from the columns of one matrix with
vectors formed from the corresponding columns of the other matrix; that is,
if ay,...,a,, are the columns of A and b4,...,b,, are the columns of B, then
the dot product of A and B, denoted (A, B), is

(A,B) = Em: a; b;. (3.77)
j=1

For conformable matrices A, B, and C, we can easily confirm that this
product satisfies the general properties of an inner product listed on page 15:

If A#0, (A, A) >0, and (0,4) = (4,0) = (0,0) = 0.
(A,B) = (B, A).

(sA, B) = s(A, B), for a scalar s.

(A+B),C) = (A,C) + (B, C).

We also call this inner product of matrices the dot product of the matrices. (As
in the case of the dot product of vectors, the dot product of matrices defined
over the complex field is not an inner product because the first property listed
above does not hold.)
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As with any inner product (restricted to objects in the field of the reals),
its value is a real number. Thus the matrix dot product is a mapping

R™™ x R — TR.

The dot product of the matrices A and B with the same shape is denoted by
A - B, or (A, B), just like the dot product of vectors.
We see from the definition above that the dot product of matrices satisfies

(A,B) = tr(ATB), (3.78)

which could alternatively be taken as the definition.
Rewriting the definition of (4, B) as 37" >7i, aijbi;, we see that

<A7B> = <AT’BT>' (379)

Like any inner product, dot products of matrices obey the Cauchy-Schwarz
inequality (see inequality (2.10), page 16),

(A,B) < (A, A)*(B,B)?, (3.80)

with equality holding only if A =0 or B = sA for some scalar s.

In Section 2.1.8, we defined orthogonality and orthonormality of two or
more vectors in terms of dot products. We can likewise define an orthogonal
binary relationship between two matrices in terms of dot products of matrices.
We say the matrices A and B of the same shape are orthogonal to each other
if

(A,B) =0. (3.81)
From equations (3.78) and (3.79) we see that the matrices A and B are or-
thogonal to each other if and only if ATB and BT A are hollow (that is, they
have Os in all diagonal positions). We also use the term “orthonormal” to refer
to matrices that are orthogonal to each other and for which each has a dot
product with itself of 1. In Section 3.7, we will define orthogonality as a unary
property of matrices. The term “orthogonal”, when applied to matrices, gen-
erally refers to that property rather than the binary property we have defined
here.

On page 48 we identified a vector space of matrices and defined a basis
for the space R™*™. If {Uy,...,Uy} is a basis set for M C R™*™, with the
property that (U;,U;) = 0 for ¢ # j and (U;,U;) = 1, and A is an n x m
matrix, with the Fourier expansion

k
A= "aU;, (3.82)
=1

we have, analogous to equation (2.37) on page 29,
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The ¢; have the same properties (such as the Parseval identity, equation (2.38),
for example) as the Fourier coefficients in any orthonormal expansion. Best
approximations within M can also be expressed as truncations of the sum
in equation (3.82) as in equation (2.41). The objective of course is to reduce
the truncation error. (The norms in Parseval’s identity and in measuring the
goodness of an approximation are matrix norms in this case. We discuss matrix
norms in Section 3.9 beginning on page 128.)

3.3 Matrix Rank and the Inverse of a
Full Rank Matrix

The linear dependence or independence of the vectors forming the rows or
columns of a matrix is an important characteristic of the matrix.

The maximum number of linearly independent vectors (those forming ei-
ther the rows or the columns) is called the rank of the matrix. We use the
notation

rank(A)

to denote the rank of the matrix A. (We have used the term “rank” before to
denote dimensionality of an array. “Rank” as we have just defined it applies
only to a matrix or to a set of vectors, and this is by far the more common
meaning of the word. The meaning is clear from the context, however.)

Because multiplication by a nonzero scalar does not change the linear
independence of vectors, for the scalar a with a # 0, we have

rank(aA) = rank(A). (3.84)

From results developed in Section 2.1, we see that for the n x m matrix
A

)

rank(A) < min(n,m). (3.85)

Row Rank and Column Rank

We have defined matrix rank in terms of numbers of linearly independent rows
or columns. This is because the number of linearly independent rows is the
same as the number of linearly independent columns. Although we may use
the terms “row rank” or “column rank”, the single word “rank” is sufficient
because they are the same. To see this, assume we have an n X m matrix A
and that there are exactly p linearly independent rows and exactly ¢ linearly
independent columns. We can permute the rows and columns of the matrix
so that the first p rows are linearly independent rows and the first g columns
are linearly independent and the remaining rows or columns are linearly de-
pendent on the first ones. (Recall that applying the same permutation to all
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of the elements of each vector in a set of vectors does not change the linear
dependencies over the set.) After these permutations, we have a matrix B
with submatrices W, X, Y, and Z,

B:[}Vypxq )Z(pxm—q , (3.86)
n—pXq n—pxm—q

where the rows of R = [W|X] correspond to p linearly independent m-vectors

and the columns of C' = [‘;‘;} correspond to ¢ linearly independent n-vectors.

Without loss of generality, we can assume p < q. Now, if p < ¢, it must be
the case that the columns of W are linearly dependent because there are g of
them, but they have only p elements. Therefore, there is some g-vector a such
that Wa = 0. Now, since the rows of R are the full set of linearly independent
rows, any row in [Y|Z] can be expressed as a linear combination of the rows
of R, and any row in Y can be expressed as a linear combination of the rows
of W. This means, for some n—p X p matrix T, that Y = TW. In this case,
however, Ca = 0. But this contradicts the assumption that the columns of
C are linearly independent; therefore it cannot be the case that p < ¢. We
conclude therefore that p = ¢; that is, that the maximum number of linearly
independent rows is the same as the maximum number of linearly independent
columns.

Because the row rank, the column rank, and the rank of A are all the
same, we have

rank(A) = dim(V(A4)), (3.87)
rank(AT) = rank(A), (3.88)
dim(V(AT)) = dim(V(A)). (3.89)

(Note, of course, that in general V(AT) # V(A); the orders of the vector spaces
are possibly different.)

Full Rank Matrices

If the rank of a matrix is the same as its smaller dimension, we say the matrix
is of full rank. In the case of a nonsquare matrix, we may say the matrix is
of full row rank or full column rank just to emphasize which is the smaller
number.

If a matrix is not of full rank, we say it is rank deficient and define the
rank deficiency as the difference between its smaller dimension and its rank.

A full rank matrix that is square is called nonsingular, and one that is not
nonsingular is called singular.
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A square matrix that is either row or column diagonally dominant is non-
singular. The proof of this is Exercise 3.8. (It’s easy!)
A positive definite matrix is nonsingular. The proof of this is Exercise 3.9.

Later in this section, we will identify additional properties of square full
rank matrices. (For example, they have inverses and their determinants are
nonzero.)

Rank of Elementary Operator Matrices and Matrix Products
Involving Them

Because within any set of rows of an elementary operator matrix (see Sec-
tion 3.2.3), for some given column, only one of those rows contains a nonzero
element, the elementary operator matrices are all obviously of full rank (with
the proviso that a # 0 in E,(a)).

Furthermore, the rank of the product of any given matrix with an elemen-
tary operator matrix is the same as the rank of the given matrix. To see this,
consider each type of elementary operator matrix in turn. For a given matrix
A, the set of rows of E,,A is the same as the set of rows of A; hence, the rank
of EpgA is the same as the rank of A. Likewise, the set of columns of AE,,
is the same as the set of columns of A; hence, again, the rank of AE,, is the
same as the rank of A.

The set of rows of E,(a)A for a # 0 is the same as the set of rows of A,
except for one, which is a nonzero scalar multiple of the corresponding row
of A; therefore, the rank of Ej,(a)A is the same as the rank of A. Likewise,
the set of columns of AE,(a) is the same as the set of columns of A, except
for one, which is a nonzero scalar multiple of the corresponding row of A;
therefore, again, the rank of AE,(a) is the same as the rank of A.

Finally, the set of rows of Ep,(a)A for a # 0 is the same as the set of
rows of A, except for one, which is a nonzero scalar multiple of some row of
A added to the corresponding row of A; therefore, the rank of Epq(a)A is the
same as the rank of A. Likewise, we conclude that the rank of AE,,(a) is the
same as the rank of A.

We therefore have that if P and @ are the products of elementary operator
matrices,

rank(PAQ) = rank(A). (3.90)

On page 88, we will extend this result to products by any full rank matrices.

3.3.1 The Rank of Partitioned Matrices, Products
of Matrices, and Sums of Matrices

The partitioning in equation (3.86) leads us to consider partitioned matrices
in more detail.
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Rank of Partitioned Matrices and Submatrices

Let the matrix A be partitioned as

A Az
A =
[A21 Azz] ’

where any pair of submatrices in a column or row may be null (that is, where
for example, it may be the case that A = [A;11|A12]). Then the number of
linearly independent rows of A must be at least as great as the number of
linearly independent rows of [A411]|A12] and the number of linearly independent
rows of [Ag1]|Aas]. By the properties of subvectors in Section 2.1.1, the number
of linearly independent rows of [A11|A12] must be at least as great as the
number of linearly independent rows of A1 or As;. We could go through a
similar argument relating to the number of linearly independent columns and

arrive at the inequality
rank(A;;) < rank(A). (3.91)

Furthermore, we see that
rank(A) < rank([A11]|A12]) + rank([Ag21]|A22]) (3.92)

because rank(A) is the number of linearly independent columns of A, which
is less than or equal to the number of linearly independent rows of [A11]|A412]
plus the number of linearly independent rows of [A13]|A2s]. Likewise, we have

rank(A) < rank (b‘;ﬂ) + rank ({22]) . (3.93)

In a similar manner, by merely counting the number of independent rows,

we see that, if
V ([A11]A12]") LV ([A21]A2]"),

then
I‘&Ilk(A) = rank([A11|A12]) + I‘&Ilk([AQﬂAQQ]); (394)
and, if
All A12
1
YD ()
then

rank(A) = rank (mib + rank ({’:ZD : (3.95)
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An Upper Bound on the Rank of Products of Matrices

The rank of the product of two matrices is less than or equal to the lesser of
the ranks of the two:

rank(AB) < min(rank(A),rank(B)). (3.96)

We can show this by separately considering two cases for the n x k matrix A
and the k x m matrix B. In one case, we assume k is at least as large as n
and n < m, and in the other case we assume k£ < n < m. In both cases, we
represent the rows of AB as k linear combinations of the rows of B.

From equation (3.96), we see that the rank of an outer product matrix
(that is, a matrix formed as the outer product of two vectors) is 1.

Equation (3.96) provides a useful upper bound on rank(AB). In Sec-
tion 3.3.8, we will develop a lower bound on rank(AB).

An Upper and a Lower Bound on the Rank of Sums of Matrices

The rank of the sum of two matrices is less than or equal to the sum of their
ranks; that is,
rank(A + B) < rank(A) + rank(B). (3.97)

We can see this by observing that

A+ B =[AB] H ,
and so rank(A + B) < rank([A|B]) by equation (3.96), which in turn is <
rank(A) 4 rank(B) by equation (3.92).

Using inequality (3.97) and the fact that rank(—B) = rank(B), we write
rank(A — B) < rank(A) +rank(B), and so, replacing A in (3.97) by A+ B, we
have rank(A) < rank(A+ B)+rank(B), or rank(A+ B) > rank(A) —rank(B).
By a similar procedure, we get rank(A + B) > rank(B) — rank(A), or

rank(A 4+ B) > |rank(A) — rank(B)|. (3.98)

3.3.2 Full Rank Partitioning

As we saw above, the matrix W in the partitioned B in equation (3.86) is
square; in fact, it is r X r, where r is the rank of B:

WT‘XT XT‘X”L—?"

Y’I’L—T’XT Z’IL—T’Xm—’I"

B = (3.99)
This is called a full rank partitioning of B.

The matrix B in equation (3.99) has a very special property: the full set
of linearly independent rows are the first r rows, and the full set of linearly
independent columns are the first  columns.
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Any rank r matrix can be put in the form of equation (3.99) by using
permutation matrices as in equation (3.45), assuming that r > 1. That is, if
A is a nonzero matrix, there is a matrix of the form of B above that has the

same rank. For some permutation matrices E., and E.,,

B=E, AE,,. (3.100)

The inverses of these permutations coupled with the full rank partitioning of
B form a full rank partitioning of the original matrix A.

For a square matrix of rank r, this kind of partitioning implies that there
is a full rank r X r principal submatrix, and the principal submatrix formed
by including any of the remaining diagonal elements is singular. The princi-
pal minor formed from the full rank principal submatrix is nonzero, but if
the order of the matrix is greater than r, a principal minor formed from a
submatrix larger than r x r is zero.

The partitioning in equation (3.99) is of general interest, and we will use
this type of partitioning often. We express an equivalent partitioning of a
transformed matrix in equation (3.113) below.

The same methods as above can be used to form a full rank square subma-
trix of any order less than or equal to the rank. That is, if the n x m matrix
A is of rank r and ¢ < r, we can form

E, AE, = Saxa Toxm—q , (3.101)
Un—qxr Vn—qu—q

where S is of rank gq.

It is obvious that the rank of a matrix can never exceed its smaller dimen-
sion (see the discussion of linear independence on page 10). Whether or not
a matrix has more rows than columns, the rank of the matrix is the same as
the dimension of the column space of the matrix. (As we have just seen, the
dimension of the column space is necessarily the same as the dimension of the
row space, but the order of the column space is different from the order of the
row space unless the matrix is square.)

3.3.3 Full Rank Matrices and Matrix Inverses

We have already seen that full rank matrices have some important properties.
In this section, we consider full rank matrices and matrices that are their
Cayley multiplicative inverses.

Solutions of Linear Equations

Important applications of vectors and matrices involve systems of linear equa-
tions:
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a11x1 +- -+ a1mTm, - by
(3.102)

?
ap1T1 + -+ CpmTm = bn
or

Az Zb. (3.103)

In this system, A is called the coefficient matrix. An z that satisfies this
system of equations is called a solution to the system. For given A and b, a
solution may or may not exist. From equation (3.59), a solution exists if and
only if the n-vector b is in the k-dimensional column space of A, where k < m.
A system for which a solution exists is said to be consistent; otherwise, it is
tnconsistent.

We note that if Az = b, for any conformable y,

y Az =0 <= yTb=0. (3.104)

Consistent Systems

A linear system A, x,x = b is consistent if and only if
rank([A|b]) = rank(A). (3.105)

We can see this by recognizing that the space spanned by the columns of A
is the same as that spanned by the columns of A and the vector b; therefore
b must be a linear combination of the columns of A. Furthermore, the linear
combination is the solution to the system Az = b. (Note, of course, that it is
not necessary that it be a unique linear combination.)

Equation (3.105) is equivalent to the condition

[A|bly =0 < Ay = 0. (3.106)
A special case that yields equation (3.105) for any b is
rank (A, xm) = n, (3.107)

and so if A is of full row rank, the system is consistent regardless of the value
of b. In this case, of course, the number of rows of A must be no greater than
the number of columns (by inequality (3.85)). A square system in which A is
nonsingular is clearly consistent.

A generalization of the linear system Ax = b is AX = B, where B is an
n X k matrix. This is the same as k systems Axy = by,..., Axy = by, where
the x; and the b; are the columns of the respective matrices. Such a system
is consistent if each of the Ax; = b; systems is consistent. Consistency of
AX = B, as above, is the condition for a solution in X to exist.

We discuss methods for solving linear systems in Section 3.5 and in Chap-
ter 6. In the next section, we consider a special case of n x n (square) A when
equation (3.107) is satisfied (that is, when A is nonsingular).
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Matrix Inverses
Let A be an n x n nonsingular matrix, and consider the linear systems
Azx; = e;,

where e; is the " unit vector. For each e;, this is a consistent system by
equation (3.105).
We can represent all n such systems as

Azl fea] = [er] -+ fen]

or
AX = I,

and this full system must have a solution; that is, there must be an X such
that AX = I,,. Because AX = I, we call X a “right inverse” of A. The matrix
X must be n X n and nonsingular (because I is); hence, it also has a right
inverse, say Y, and XY = I. From AX = I, we have AXY =Y ,s0 A=Y,
and so finally X A = I; that is, the right inverse of A is also the “left inverse”.
We will therefore just call it the inverse of A and denote it as A~'. This is
the Cayley multiplicative inverse. Hence, for an n X n nonsingular matrix A,
we have a matrix A~! such that

ATTA= 2471 =1,. (3.108)

We have already encountered the idea of a matrix inverse in our discussions
of elementary transformation matrices. The matrix that performs the inverse
of the elementary operation is the inverse matrix.

From the definitions of the inverse and the transpose, we see that

(A HT = Aam)~1, (3.109)

and because in applications we often encounter the inverse of a transpose of
a matrix, we adopt the notation

AfT

to denote the inverse of the transpose.
In the linear system (3.103), if n = m and A is nonsingular, the solution
is
r= A" (3.110)
For scalars, the combined operations of inversion and multiplication are
equivalent to the single operation of division. From the analogy with scalar op-
erations, we sometimes denote AB~! by A/B. Because matrix multiplication
is not commutative, we often use the notation “\” to indicate the combined
operations of inversion and multiplication on the left; that is, B\ A is the same



84 3 Basic Properties of Matrices

as B~1A. The solution given in equation (3.110) is also sometimes represented
as A\b.

We discuss the solution of systems of equations in Chapter 6, but here we
will point out that when we write an expression that involves computations to
evaluate it, such as A~'b or A\b, the form of the expression does not specify
how to do the computations. This is an instance of a principle that we will
encounter repeatedly: the form of a mathematical expression and the way the
expression should be evaluated in actual practice may be quite different.

Nonsquare Full Rank Matrices; Right and Left Inverses

Suppose A is n x m and rank(A) = n; that is, n < m and A is of full row
rank. Then rank([A | e;]) = rank(A), where e; is the i*" unit vector of length
n; hence the system

ALCZ' = €;

is consistent for each e;, and ,as before, we can represent all n such systems as
A [x1|...|xn] = [61|~~-\en]

or

AX = 1,.

As above, there must be an X such that AX = I,, and we call X a right
inverse of A. The matrix X must be m X n and it must be of rank n (because
I is). This matrix is not necessarily the inverse of A, however, because A and
X may not be square. We denote the right inverse of A as

AR,

Furthermore, we could only have solved the system AX if A was of full row
rank because n < m and n = rank(/) = rank(AX) < rank(A). To summarize,
A has a right inverse if and only if A is of full row rank.

Now, suppose A is n x m and rank(A) = m; that is, m < n and A is of full
column row rank. Writing YA = I,,, and reversing the roles of the coefficient
matrix and the solution matrix in the argument above, we have that Y exists
and is a left inverse of A. We denote the left inverse of A as

AL

Also, using a similar argument as above, we see that the matrix A has a left
inverse if and only if A is of full column rank.

We also note that if AAT is of full rank, the right inverse of A is
AT(AAT)~!. Likewise, if ATA is of full rank, the left inverse of A is (AT A)~1AT.
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3.3.4 Full Rank Factorization

The partitioning of an n x m matrix as in equation (3.99) on page 80 leads to
an interesting factorization of a matrix. Recall that we had an n x m matrix
B partitioned as
B — {W’I‘XT X’I‘me’f :|
Y'ﬂ—TXT Zn—er—T' ’

where r is the rank of B, W is of full rank, the rows of R = [W|X] span the
full row space of B, and the columns of C' = [V;} span the full column space

of B.

Therefore, for some T, we have [Y|Z] = TR, and for some S, we have
[)Z(] = (CS. From this, we have Y =TW, Z=TX, X =WS,and Z2=Y S,
so Z = TWS. Since W is nonsingular, we have T = YW ~! and S = W~1X,
so Z=YW~1X.

We can therefore write the partitions as

B w X
TlYy ywlx

= [YV[I/I] W wx]. (3.111)

From this, we can form two equivalent factorizations of B:

W _ 1
B= [Y] [IIWlX] = [le] (W X].

The matrix B has a very special property: the full set of linearly indepen-
dent rows are the first » rows, and the full set of linearly independent columns
are the first r columns. We have seen, however, that any matrix A of rank r
can be put in this form, and A = E,, BE,, for an n x n permutation matrix
E., and an m x m permutation matrix Er, .

We therefore have, for the n x m matrix A with rank r, two equivalent
factorizations,

QW -1

A= {QY [P|W'XP]
QYW1

both of which are in the general form

Apxm = Lpxr Ry xm, (3112)

—{ @ } (WP|XP],

where L is of full column rank and R is of row column rank. This is called a
full rank factorization of the matrix A. We will use a full rank factorization in
proving various properties of matrices. We will consider other factorizations
in Chapter 5 that have more practical uses in computations.
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3.3.5 Equivalent Matrices

Matrices of the same order that have the same rank are said to be equivalent
matrices.

Equivalent Canonical Forms

For any nxm matrix A with rank(A) = r > 0, by combining the permutations
that yield equation (3.99) with other operations, we have, for some matrices
P and @ that are products of various elementary operator matrices,

PAQ = [é 8] . (3.113)

This is called an equivalent canonical form of A, and it exists for any matrix
A that has at least one nonzero element (which is the same as requiring
rank(A4) > 0).

We can see by construction that an equivalent canonical form exists for
any n X m matrix A that has a nonzero element. First, assume a;; # 0. By
two successive permutations, we move a;; to the (1,1) position; specifically,
(EinAE4;)11 = a;j. We then divide the first row by a;;; that is, we form
E1(1/ai;)Ei1AE1;. We then proceed with a sequence of n — 1 premultipli-
cations by axpy matrices to zero out the first column of the matrix, as in
expression (3.50), followed by a sequence of (m — 1) postmultiplications by
axpy matrices to zero out the first row. We then have a matrix of the form

(3.114)

If X =0, we are finished; otherwise, we perform the same kinds of operations
on the (n — 1) x (m — 1) matrix X and continue until we have the form of
equation (3.113).

The matrices P and @ in equation (3.113) are not unique. The order in
which they are built from elementary operator matrices can be very important
in preserving the accuracy of the computations.

Although the matrices P and @ in equation (3.113) are not unique, the
equivalent canonical form itself (the right-hand side) is obviously unique be-
cause the only thing that determines it, aside from the shape, is the r in I,
and that is just the rank of the matrix. There are two other, more general,
equivalent forms that are often of interest. These equivalent forms, row eche-
lon form and Hermite form, are not unique. A matrix R is said to be in row
echelon form, or just echelon form, if

° r;; = 0 for i > j, and
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° if k is such that 73, # 0 and 75 = 0 for [ < k, then r;41; = 0 for j < k.

A matrix in echelon form is upper triangular. An upper triangular matrix H
is said to be in Hermite form if

hii =0or 1,
if h;; = 0, then h;; = 0 for all j, and
if hii = 1, then hk‘i =0 for all k£ 7& 1.

If H is in Hermite form, then H? = H, as is easily verified. (A matrix H
such that H? = H is said to be idempotent. We discuss idempotent matrices
beginning on page 280.) Another, more specific, equivalent form, called the
Jordan form, is a special row echelon form based on eigenvalues.

Any of these equivalent forms is useful in determining the rank of a ma-
trix. Each form may have special uses in proving properties of matrices. We
will often make use of the equivalent canonical form in other sections of this
chapter.

Products with a Nonsingular Matrix

Tt is easy to see that if A is a square full rank matrix (that is, A is nonsingular),
and if B and C' are conformable matrices for the multiplications AB and C A,
respectively, then

rank(AB) = rank(B) (3.115)

and
rank(CA) = rank(C). (3.116)

This is true because, for a given conformable matrix B, by the inequal-
ity (3.96), we have rank(AB) < rank(B). Forming B = A~!AB, and again
applying the inequality, we have rank(B) < rank(AB); hence, rank(AB) =
rank(B). Likewise, for a square full rank matrix A, we have rank(CA) =
rank(C'). (Here, we should recall that all matrices are real.)

On page 88, we give a more general result for products with general full
rank matrices.

A Factorization Based on an Equivalent Canonical Form

Elementary operator matrices and products of them are of full rank and thus
have inverses. When we introduced the matrix operations that led to the
definitions of the elementary operator matrices in Section 3.2.3, we mentioned
the inverse operations, which would then define the inverses of the matrices.

The matrices P and @ in the equivalent canonical form of the matrix
A, PAQ in equation (3.113), have inverses. From an equivalent canonical
form of a matrix A with rank r, we therefore have the equivalent canonical
factorization of A:

A=p! [é 8] Q. (3.117)
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A factorization based on an equivalent canonical form is also a full rank fac-
torization and could be written in the same form as equation (3.112).

Equivalent Forms of Symmetric Matrices

If A is symmetric, the equivalent form in equation (3.113) can be written
as PAPT = diag(I,,0) and the equivalent canonical factorization of A in
equation (3.117) can be written as

_ p—1 IrO —-T
A=P {0 ol P (3.118)

These facts follow from the same process that yielded equation (3.113) for a
general matrix.
Also a full rank factorization for a symmetric matrix, as in equation (3.112),
can be given as
A=LL". (3.119)

3.3.6 Multiplication by Full Rank Matrices

We have seen that a matrix has an inverse if it is square and of full rank.
Conversely, it has an inverse only if it is square and of full rank. We see that a
matrix that has an inverse must be square because A™1A = AA™!, and we see
that it must be full rank by the inequality (3.96). In this section, we consider
other properties of full rank matrices. In some cases, we require the matrices
to be square, but in other cases, these properties hold whether or not they
are square.

Using matrix inverses allows us to establish important properties of prod-
ucts of matrices in which at least one factor is a full rank matrix.

Products with a General Full Rank Matrix

If Ais a full column rank matrix and if B is a matrix conformable for the
multiplication AB, then

rank(AB) = rank(B). (3.120)

If A is a full row rank matrix and if C' is a matrix conformable for the multi-
plication C'A, then
rank(CA) = rank(C). (3.121)

Consider a full rank nxm matrix A with rank(A4) = m (that is, m < n) and
let B be conformable for the multiplication AB. Because A is of full column
rank, it has a left inverse (see page 84); call it A~", and so A=A = I,,,. From
inequality (3.96), we have rank(AB) < rank(B), and applying the inequality
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again, we have rank(B) = rank(A~"AB) < rank(AB); hence rank(AB) =
rank(B).
Now consider a full rank n x m matrix A with rank(A) = n (that is,
n < m) and let C' be conformable for the multiplication C'A. Because A is of
full row rank, it has a right inverse; call it A™®, and so AA™® = I,,. From
inequality (3.96), we have rank(C' A) < rank(C), and applying the inequality
again, we have rank(C) = rank(CAA~L) < rank(CA); hence rank(CA) =
rank(C').
To state this more simply:
° Premultiplication of a given matrix by a full column rank matrix does
not change the rank of the given matrix, and postmultiplication of a

given matrix by a full row rank matrix does not change the rank of the
given matrix.

From this we see that AT A is of full rank if (and only if) A is of full column
rank, and AAT is of full rank if (and only if) A is of full row rank. We will
develop a stronger form of these statements in Section 3.3.7.

Preservation of Positive Definiteness

A certain type of product of a full rank matrix and a positive definite matrix
preserves not only the rank, but also the positive definiteness: if C is n x n
and positive definite, and A is n x m and of rank m (hence, m < n), then
ATC A is positive definite. (Recall from inequality (3.62) that a matrix C is
positive definite if it is symmetric and for any = # 0, 2TCx > 0.)

To see this, assume matrices C' and A as described. Let z be any m-vector
such that x # 0, and let y = Ax. Because A is of full column rank, y # 0. We
have

tT(ATCA)x = (zA)TC(Ax)
=y Cy
> 0. (3.122)
Therefore, since ATC A is symmetric,

° if C is positive definite and A is of full column rank, then ATCA is
positive definite.

Furthermore, we have the converse:
. if ATC A is positive definite, then A is of full column rank,
for otherwise there exists an z # 0 such that Az = 0, and so zT (ATCA)z = 0.
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The General Linear Group

Consider the set of all square n x n full rank matrices together with the usual
(Cayley) multiplication. As we have seen, this set is closed under multiplica-
tion. (The product of two square matrices of full rank is of full rank, and of
course the product is also square.) Furthermore, the (multiplicative) identity
is a member of this set, and each matrix in the set has a (multiplicative)
inverse in the set; therefore, the set together with the usual multiplication is
a mathematical structure called a group. (See any text on modern algebra.)
This group is called the general linear group and is denoted by GL(n). General
group-theoretic properties can be used in the derivation of properties of these
full-rank matrices. Note that this group is not commutative.

As we mentioned earlier (before we had considered inverses in general), if
A is an n x n matrix and if A~ exists, we define A° to be I,,.

The n x n elementary operator matrices are members of the general linear
group GL(n).

The elements in the general linear group are matrices and, hence, can be
viewed as transformations or operators on n-vectors. Another set of linear
operators on n-vectors are the doubletons (A,v), where A is an n x n full-
rank matrix and v is an n-vector. As an operator on z € R", (A,v) is the
transformation Az + v, which preserves affine spaces. Two such operators,
(A,v) and (B, w), are combined by composition: (A, v)((B,w)(z)) = ABx +
Aw +wv. The set of such doubletons together with composition forms a group,
called the affine group. It is denoted by AL(n).

3.3.7 Products of the Form AT A

Given a real matrix A, an important matrix product is AT A. (This is called a
Gramian matrix. We will discuss this kind of matrix in more detail beginning
on page 287.)

Matrices of this form have several interesting properties. First, for any
n X m matrix A, we have the fact that AT A = 0 if and only if A = 0. We see
this by noting that if A = 0, then tr(ATA) = 0. Conversely, if tr(ATA) = 0,
then afj = 0 for all 4, j, and so a;; = 0, that is, A = 0. Summarizing, we have

tr(ATA) =0 & A=0 (3.123)
and
ATA=0 e A=0. (3.124)

Another useful fact about AT A is that it is nonnegative definite. This is
because for any y, yT (AT A)y = (yA)T(Ay) > 0. In addition, we see that AT A
is positive definite if and only if A is of full column rank. This follows from
(3.124), and if A is of full column rank, Ay =0 =y = 0.
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Now consider a generalization of the equation AT A = 0:
ATAB-C)=0.
Multiplying by BT — CT and factoring (BT — CT)ATA(B — C), we have
(AB — AC)T(AB - AC) = 0;

hence, from (3.124), we have AB — AC' = 0. Furthermore, if AB — AC = 0,
then clearly ATA(B — C') = 0. We therefore conclude that

ATAB = AYAC < AB= AC. (3.125)
By the same argument, we have
BATA=CATA & BA" =CA".

Now, let us consider rank(A™ A). We have seen that (AT A) is of full rank if
and only if A is of full column rank. Next, preparatory to our main objective,
we note from above that

rank(AT A) = rank(AAT). (3.126)

Let A be an n x m matrix, and let r = rank(A). If r = 0, then A = 0 (hence,
ATA = 0) and rank(AT A) = 0. If r > 0, interchange columns of A if necessary
to obtain a partitioning similar to equation (3.99),

A =[A A,

where A; is an n x r matrix of rank r. (Here, we are ignoring the fact that the
columns might have been permuted. All properties of the rank are unaffected
by these interchanges.) Now, because A; is of full column rank, there is an
r x m — r matrix B such that Ay = A;B; hence we have A = A;[I,.B] and

I

ATA = B’:f] AT A [I.B].

Because A; is of full rank, rank(AT A;) = r. Now let

[ I, 0]

=1-B71,_,

It is clear that T is of full rank, and so
rank(ATA) = rank(TATATT)

B AT A, 0
= rank ({ 0 O})

= rank(A] A;)
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that is,
rank(AT A) = rank(A). (3.127)

From this equation, we have a useful fact for Gramian matrices. The system
AT Az = A" (3.128)

is consistent for any A and b.

3.3.8 A Lower Bound on the Rank of a Matrix Product

Equation (3.96) gives an upper bound on the rank of the product of two
matrices; the rank cannot be greater than the rank of either of the factors.
Now, using equation (3.117), we develop a lower bound on the rank of the
product of two matrices if one of them is square.

If Aisn xn (that is, square) and B is a matrix with n rows, then

rank(AB) > rank(A) + rank(B) — n. (3.129)

We see this by first letting r» = rank(A), letting P and @ be matrices that form
an equivalent canonical form of A (see equation (3.117)), and then forming

so that A+ C = P71Q~!. Because P! and Q! are of full rank, rank(C) =
rank(I,,—,) = n — rank(A4). We now develop an upper bound on rank(B),

rank(B) = rank(P~'Q"'B)
= rank(AB + CB)
< rank(AB) + rank(C'B), by equation (3.97)
< rank(AB) + rank(C'), by equation (3.96)
= rank(AB) + n — rank(A),

yielding (3.129), a lower bound on rank(AB).
The inequality (3.129) is called Sylvester’s law of nullity. It provides a

lower bound on rank(AB) to go with the upper bound of inequality (3.96),
min(rank(A), rank(B)).

3.3.9 Determinants of Inverses

From the relationship |AB| = |A||B| for square matrices mentioned earlier,
it is easy to see that for nonsingular square A,

Al =1/]147", (3.130)

and so
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. |A| = 0 if and only if A is singular.

(From the definition of the determinant in equation (3.16), we see that the
determinant of any finite-dimensional matrix with finite elements is finite, and
we implicitly assume that the elements are finite.)

For a matrix whose determinant is nonzero, from equation (3.25) we have

A7l = —adj(A). (3.131)

3.3.10 Inverses of Products and Sums of Matrices

The inverse of the Cayley product of two nonsingular matrices of the same
size is particularly easy to form. If A and B are square full rank matrices of
the same size,

(AB)"'=pB7tAa™l. (3.132)

We can see this by multiplying B~'A~! and (AB).

Often in linear regression analysis we need inverses of various sums of
matrices. This may be because we wish to update regression estimates based
on additional data or because we wish to delete some observations. If A and
B are full rank matrices of the same size, the following relationships are easy
to show (and are easily proven if taken in the order given; see Exercise 3.12):

AT+ AP =(T+A1H1 (3.133)

(A+ BBT)'B=A"'B(I+BTA"'B)!, (3.134)
(A7t 4+ B YY) =AA+B) !B, (3.135)
A—A(A+B)'A=B-B(A+B)'B, (3.136)
A4+ Bt =A4"YA+B)B Y, (3.137)
(I+AB)'=1—- A(I + BA)™'B, (3.138)
(I+AB)™'A= A(I+BA)~" (3.139)

When A and/or B are not of full rank, the inverses may not exist, but in that
case these equations hold for a generalized inverse, which we will discuss in
Section 3.6.
There is also an analogue to the expansion of the inverse of (1 — a) for a
scalar a:
(1-a)t=1+a+a*+a*+---, ifla <1
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This comes from a factorization of the binomial 1 — @, similar to equa-

tion (3.41), and the fact that a* — 0 if |a| < 1. In Section 3.9 on page 128, we
will discuss conditions that ensure the convergence of A for a square matrix
A. We will define a norm ||A| on A and show that if ||A] < 1, then A* — 0.
Then, analogous to the scalar series, using equation (3.41) for a square matrix
A, we have

(I-A) ' =T+A+A2+ A%+, if|4] <1 (3.140)

We include this equation here because of its relation to equations (3.133)
through (3.139). We will discuss it further on page 134, after we have intro-
duced and discussed ||A|| and other conditions that ensure convergence. This
expression and the condition that determines it are very important in the
analysis of time series and other stochastic processes.

Also, looking ahead, we have another expression similar to equations (3.133)
through (3.139) and (3.140) for a special type of matrix. If A2 = A, for any

a# —1,

a

I+aA) ™t =1-
(I +ad) ]

(see page 282).

3.3.11 Inverses of Matrices with Special Forms

Matrices with various special patterns may have relatively simple inverses.
For example, the inverse of a diagonal matrix with nonzero entries is a diag-
onal matrix consisting of the reciprocals of those elements. Likewise, a block
diagonal matrix consisting of full-rank submatrices along the diagonal has an
inverse that is merely the block diagonal matrix consisting of the inverses of
the submatrices. We discuss inverses of various special matrices in Chapter 8.

Inverses of Kronecker Products of Matrices
If A and B are square full rank matrices, then
(AeB)'=A"1e B (3.141)

We can see this by multiplying A~' @ B~! and A ® B.

3.3.12 Determining the Rank of a Matrix

Although the equivalent canonical form (3.113) immediately gives the rank
of a matrix, in practice the numerical determination of the rank of a matrix
is not an easy task. The problem is that rank is a mapping R™*™ +— Z,
where Z, represents the positive integers. Such a function is often difficult
to compute because the domain is relatively dense and the range is sparse.
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Small changes in the domain may result in large discontinuous changes in the
function value.

It is not even always clear whether a matrix is nonsingular. Because of
rounding on the computer, a matrix that is mathematically nonsingular may
appear to be singular. We sometimes use the phrase “nearly singular” or
“algorithmically singular” to describe such a matrix. In Sections 6.1 and 11.4,
we consider this kind of problem in more detail.

3.4 More on Partitioned Square Matrices:
The Schur Complement

A square matrix A that can be partitioned as

All A12
A= 3.142
[Azl A22] ! (3:.142)

where A1, is nonsingular, has interesting properties that depend on the matrix
Z = Ay — Ayt Aj Ao, (3.143)

which is called the Schur complement of A1 in A.
We first observe from equation (3.111) that if equation (3.142) represents

a full rank partitioning (that is, if the rank of A;; is the same as the rank of

A), then

_ | An Aqz

A= - ;
Agy Agi AT Ars

(3.144)

and Z = 0.

There are other useful properties, which we mention below. There are also
some interesting properties of certain important random matrices partitioned
in this way. For example, suppose Ags is k X k and A is an m x m Wishart
matrix with parameters n and X partitioned like A in equation (3.142). (This
of course means A is symmetrical, and so A;2 = AJ;.) Then Z has a Wishart
distribution with parameters n — m + k and Yoy — Yoy 21_11212, and is inde-
pendent of Ay and Aj;. (See Exercise 4.8 on page 171 for the probability
density function for a Wishart distribution.)

3.4.1 Inverses of Partitioned Matrices

Suppose A is nonsingular and can be partitioned as above with both A;; and
Ass nonsingular. It is easy to see (Exercise 3.13, page 141) that the inverse of
A is given by

AT+ AT ARZ VA A — AT AL Z Y
ATt = , (3.145)

—ZﬁlAglAlill z-1
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where Z is the Schur complement of Aq;.
If
A=[Xy"[Xy]
and is partitioned as in equation (3.43) on page 61 and X is of full column
rank, then the Schur complement of XTX in [X y|T [X y] is

yTy —yTX(XTX)"1XTy. (3.146)

This particular partitioning is useful in linear regression analysis, where this
Schur complement is the residual sum of squares and the more general Wishart
distribution mentioned above reduces to a chi-squared one. (Although the
expression is useful, this is an instance of a principle that we will encounter
repeatedly: the form of a mathematical expression and the way the expression
should be evaluated in actual practice may be quite different.)

3.4.2 Determinants of Partitioned Matrices

If the square matrix A is partitioned as

A Aro
A=
[Am AQQ] '

and A1 is square and nonsingular, then
|A| = |An1] |A22 — A21Af11A12‘ ; (3.147)

that is, the determinant is the product of the determinant of the principal
submatrix and the determinant of its Schur complement.

This result is obtained by using equation (3.29) on page 54 and the fac-
torization

A11 A12 All 0 I "41_11"412
= _ . 3.148
[Am A22] [Am Azy — A21A111A12] [0 I ( :

The factorization in equation (3.148) is often useful in other contexts as well.

3.5 Linear Systems of Equations

Some of the most important applications of matrices are in representing and
solving systems of n linear equations in m unknowns,

Ax =0,

where A is an m X m matrix, x is an m-vector, and b is an n-vector. As
we observed in equation (3.59), the product Az in the linear system is a
linear combination of the columns of A; that is, if a; is the 4t column of A,
Az =300 @50

If b = 0, the system is said to be homogeneous. In this case, unless x = 0,
the columns of A must be linearly dependent.
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3.5.1 Solutions of Linear Systems

When in the linear system Ax = b, A is square and nonsingular, the solution is
obviously = A~1b. We will not discuss this simple but common case further
here. Rather, we will discuss it in detail in Chapter 6 after we have discussed
matrix factorizations later in this chapter and in Chapter 5.

When A is not square or is singular, the system may not have a solution or
may have more than one solution. A consistent system (see equation (3.105))
has a solution. For consistent systems that are singular or not square, the
generalized tnverse is an important concept. We introduce it in this section
but defer its discussion to Section 3.6.

Underdetermined Systems

A consistent system in which rank(A) < m is said to be underdetermined.
An underdetermined system may have fewer equations than variables, or the
coefficient matrix may just not be of full rank. For such a system there is
more than one solution. In fact, there are infinitely many solutions because if
the vectors z1 and x5 are solutions, the vector wzy + (1 — w)xs is likewise a
solution for any scalar w.

Underdetermined systems arise in analysis of variance in statistics, and it
is useful to have a compact method of representing the solution to the system.
It is also desirable to identify a unique solution that has some kind of optimal
properties. Below, we will discuss types of solutions and the number of linearly
independent solutions and then describe a unique solution of a particular type.

Overdetermined Systems

Often in mathematical modeling applications, the number of equations in the
system Ax = b is not equal to the number of variables; that is the coefficient
matrix A is nxm and n # m. If n > m and rank([A | b]) > rank(A), the system
is said to be overdetermined. There is no x that satisfies such a system, but
approximate solutions are useful. We discuss approximate solutions of such
systems in Section 6.7 on page 222 and in Section 9.2.2 on page 330.

Generalized Inverses

A matrix G such that AGA = A is called a generalized inverse and is denoted
by A™:
AATA = A (3.149)

Note that if A is n X m, then A~ is m x n. If A is nonsingular (square and of
full rank), then obviously A= = A1,

Without additional restrictions on A, the generalized inverse is not unique.
Various types of generalized inverses can be defined by adding restrictions to
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the definition of the inverse. In Section 3.6, we will discuss various types of
generalized inverses and show that A~ exists for any n x m matrix A. Here
we will consider some properties of any generalized inverse.

From equation (3.149), we see that

AT(Af)TAT _ AT;

thus, if A~ is a generalized inverse of A, then (A7)T is a generalized inverse
of AT,

The m x m square matrices A~ A and (I — A~ A) are often of interest. By
using the definition (3.149), we see that

(A= A) (A~ A) = A A. (3.150)

(Such a matrix is said to be idempotent. We discuss idempotent matrices
beginning on page 280.) From equation (3.96) together with the fact that
AA~A = A, we see that

rank(A~A) = rank(A). (3.151)
By multiplication as above, we see that
A(I — A= A) =0, (3.152)

that
(I-A"A)(AA) =0, (3.153)

and that (I — A~ A) is also idempotent:
(I-AA)(I-A"A)=(I-AA). (3.154)
The fact that (A~A)(A~A) = A~ A yields the useful fact that
rank(l — A~ A) = m — rank(A). (3.155)

This follows from equations (3.153), (3.129), and (3.151), which yield 0 >
rank(I — A~ A) + rank(A) — m, and from equation (3.97), which gives m =
rank(]) < rank(I— A~ A)+rank(A). The two inequalities result in the equality
of equation (3.155).

Multiple Solutions in Consistent Systems

Suppose the system Ax = b is consistent and A~ is a generalized inverse of
A; that is, it is any matrix such that AA~A = A. Then

x=A"b (3.156)

is a solution to the system because if AA~A = A, then AA~ Az = Ax and
since Ax = b,
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AA™b =1b; (3.157)

that is, A~b is a solution. Furthermore, if = Gb is any solution, then AGA =
A; that is, G is a generalized inverse of A. This can be seen by the following
argument. Let a; be the j*' column of A. The m systems of n equations,
Ax = aj;, j = 1,...,m, all have solutions. (Each solution is a vector with Os
in all positions except the j*" position, which is a 1.) Now, if Gb is a solution
to the original system, then Ga; is a solution to the system Az = a;. So
AGaj = a; for all j; hence AGA = A.
If Az = b is consistent, not only is A~b a solution but also, for any z,

Ab+(I— A A)z (3.158)

is a solution because A(A"b+ (I — A= A)z) = AA b+ (A— AA"A)z =b.
Furthermore, any solution to Az = b can be represented as A~b+ (I — A~ A)z
for some z. This is because if y is any solution (that is, if Ay = b), we have

y=Ab— A Ay+y=Ab— (A" A-IDy=A"b+ (I - A" Az

The number of linearly independent solutions arising from (I — A~ A)z is
just the rank of (I — A~ A), which from equation (3.155) is rank(l — A~ A) =
m — rank(A).

3.5.2 Null Space: The Orthogonal Complement

The solutions of a consistent system Ax = b, which we characterized in equa-
tion (3.158) as A~b+ (I — A~ A)z for any z, are formed as a given solution to
Az = b plus all solutions to Az = 0.
For an n x m matrix A, the set of vectors generated by all solutions, z, of
the homogeneous system
Az=0 (3.159)

is called the null space of A. We denote the null space of A by
N(A).

The null space is either the single 0 vector (in which case we say the null
space is empty or null) or it is a vector space.

We see that the null space of A is a vector space if it is not empty because
the zero vector is in A(A4), and if z and y are in N (A) and a is any scalar,
az + 1y is also a solution of Az = 0. We call the dimension of N(A4) the nullity
of A. The nullity of A is

dim(N(A)) = rank(I — A~ A)
= m — rank(A) (3.160)

from equation (3.155).
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The order of N'(A) is m. (Recall that the order of V(A) is n. The order of

V(AT) is m.)
If A is square, we have
N(A) Cc N(A?) c N(A3) C - (3.161)
and
V(A) D V(A D V(A3 D -, (3.162)

(We see this easily from the inequality (3.96).)

If Az = b is consistent, any solution can be represented as A~b + z, for
some z in the null space of A, because if y is some solution, Ay = b= AA~b
from equation (3.157), and so A(y — A~b) = 0; that is, z = y — A~ b is in the
null space of A. If A is nonsingular, then there is no such z, and the solution is
unique. The number of linearly independent solutions to Az = 0, is the same
as the nullity of A.

If a is in V(AT) and b is in N'(A), we have bTa = bT ATz = 0. In other
words, the null space of A is orthogonal to the row space of A; that is, N'(A) L
V(AT). This is because ATz = a for some z, and Ab = 0 or bT AT = 0. For
any matrix B whose columns are in N'(A4), ATB =0, and BTA = 0.

Because dim(N'(A)) + dim(V(AT)) = m and N(A) L V(AT), by equa-
tion (2.24) we have

N(A) & V(AT) =R™; (3.163)
that is, the null space of A is the orthogonal complement of V(AT). All vectors
in the null space of the matrix A are orthogonal to all vectors in the column
space of A.

3.6 Generalized Inverses

On page 97, we defined a generalized inverse of a matrix A as a matrix A~ such
that AA~ A = A, and we observed several interesting properties of generalized
inverses.

Immediate Properties of Generalized Inverses

The properties of a generalized inverse A~ derived in equations (3.150)
through (3.158) include:

(A7)7T is a generalized inverse of AT.

rank(A~A) = rank(A).

A~ A is idempotent.

I — A~ A is idempotent.

rank(] — A~ A) = m —rank(A).
In this section, we will first consider some more properties of “general”
generalized inverses, which are analogous to properties of inverses, and then
we will discuss some additional requirements on the generalized inverse that
make it unique.
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3.6.1 Generalized Inverses of Sums of Matrices

Often we need generalized inverses of various sums of matrices. On page 93,
we gave a number of relationships that hold for inverses of sums of matrices.
All of the equations (3.133) through (3.139) hold for generalized inverses. For
example,

AT+A)~" =T+ A7)".

(Again, these relationships are easily proven if taken in the order given on
page 93.)

3.6.2 Generalized Inverses of Partitioned Matrices

If A is partitioned as

A Az
A= 3.164
[Am Azz] ’ ( )

then, similar to equation (3.145), a generalized inverse of A is given by

Afl + AI1A12Z_A21A;1 —AflAng_
A= , (3.165)
7Z7A21A1_1 Z~

where Z = Ay — Agy A7; A12 (see Exercise 3.14, page 141).
If the partitioning in (3.164) happens to be such that Ay is of full rank
and of the same rank as A, a generalized inverse of A is given by

A0
A = , (3.166)
0 0

where 0 represents matrices of the appropriate shapes. This is not necessarily
the same generalized inverse as in equation (3.165). The fact that it is a
generalized inverse is easy to establish by using the definition of generalized
inverse and equation (3.144).

3.6.3 Pseudoinverse or Moore-Penrose Inverse

A generalized inverse is not unique in general. As we have seen, a generalized
inverse determines a set of linearly independent solutions to a linear system
Ax = b. We may impose other conditions on the generalized inverse to arrive
at a unique matrix that yields a solution that has some desirable properties.
If we impose three more conditions, we have a unique matrix, denoted by A™,
that yields a solution ATb that has the minimum length of any solution to
Az = b. We define this matrix and discuss some of its properties below, and
in Section 6.7 we discuss properties of the solution ATb.
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Definition and Terminology

To the general requirement AA~A = A, we successively add three require-
ments that define special generalized inverses, sometimes called respectively
g2 OT g12, g3 O g123, and g4 or gio34 inverses. The “general” generalized inverse
is sometimes called a g; inverse. The g4 inverse is called the Moore-Penrose
inverse. As we will see below, it is unique. The terminology distinguishing the
various types of generalized inverses is not used consistently in the literature.
I will indicate some alternative terms in the definition below.

For a matrix A, a Moore-Penrose inverse, denoted by AT, is a matrix that
has the following four properties.

1. AATA = A. Any matrix that satisfies this condition is called a gener-
alized inverse, and as we have seen above is denoted by A~. For many
applications, this is the only condition necessary. Such a matrix is also
called a g1 inverse, an inner pseudoinverse, or a conditional inverse.

2. ATAAT = AT. A matrix A" that satisfies this condition is called an
outer pseudoinverse. A gy inverse that also satisfies this condition is
called a gy inverse or reflerive generalized inverse, and is denoted by
A*.

3. AT A is symmetric.

4. AAT is symmetric.

The Moore-Penrose inverse is also called the pseudoinverse, the p-inverse,
and the normalized generalized inverse. (My current preferred term is “Moore-
Penrose inverse”, but out of habit, I often use the term “pseudoinverse” for this
special generalized inverse. I generally avoid using any of the other alternative
terms introduced above. I use the term “generalized inverse” to mean the
“general generalized inverse”, the g;.) The name Moore-Penrose derives from
the preliminary work of Moore (1920) and the more thorough later work of
Penrose (1955), who laid out the conditions above and proved existence and
uniqueness.

Existence

We can see by construction that the Moore-Penrose inverse exists for any
matrix A. First, if A = 0, note that AT = 0. If A # 0, it has a full rank
factorization, A = LR, as in equation (3.112), so LTART = LTLRRT. Be-
cause the n x r matrix L is of full column rank and the r x m matrix R is of
row column rank, LTL and RR™T are both of full rank, and hence LT LRR™
is of full rank. Furthermore, LTART = LTLRRT, so it is of full rank, and
(LTART)~! exists. Now, form RT(LTARY)=!L™. By checking properties 1
through 4 above, we see that

At =RY(LTART)'LT (3.167)
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is a Moore-Penrose inverse of A. This expression for the Moore-Penrose inverse
based on a full rank decomposition of A is not as useful as another expres-
sion we will consider later, based on QR decomposition (equation (5.38) on
page 190).

Uniqueness

We can see that the Moore-Penrose inverse is unique by considering any matrix
G that satisfies the properties 1 through 4 for A # 0. (The Moore-Penrose
inverse of A = 0 (that is, AT = 0) is clearly unique, as there could be no other
matrix satisfying property 2.) By applying the properties and using A™ given
above, we have the following sequence of equations:

G =
GAG = (GA)TG = ATGTG = (AATA)TGTG = (ATA)TATGTG =
ATAATGTG = ATA(GA)TG = ATAGAG = ATAG = AT AATAG =
AT(AANT(AG)T = AT(AT)TATGTAT = AT(AT)T(AGA)T =
A+(A+)TAT — A+(AA+)T = AT AAT
= AT

Other Properties

If A is nonsingular, then obviously AT = A~!, just as for any generalized
inverse.

Because A* is a generalized inverse, all of the properties for a generalized
inverse A~ discussed above hold; in particular, A*b is a solution to the linear
system Az = b (see equation (3.156)). In Section 6.7, we will show that this
unique solution has a kind of optimality.

If the inverses on the right-hand side of equation (3.165) are pseudoin-
verses, then the result is the pseudoinverse of A.

The generalized inverse given in equation (3.166) is the same as the
pseudoinverse given in equation (3.167).

Pseudoinverses also have a few additional interesting properties not shared
by generalized inverses; for example

(I — AT A)AT =0. (3.168)

3.7 Orthogonality

In Section 2.1.8, we defined orthogonality and orthonormality of two or more
vectors in terms of dot products. On page 75, in equation (3.81), we also
defined the orthogonal binary relationship between two matrices. Now we
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define the orthogonal unary property of a matrix. This is the more important
property and is what is commonly meant when we speak of orthogonality of
matrices. We use the orthonormality property of vectors, which is a binary
relationship, to define orthogonality of a single matrix.

Orthogonal Matrices; Definition and Simple Properties

A matrix whose rows or columns constitute a set of orthonormal vectors is
said to be an orthogonal matrix. If @ is an n X m orthogonal matrix, then
QQT =1, if n <m, and QTQ = I, if n > m. If Q is a square orthogonal
matrix, then QQT = QTQ = I. An orthogonal matrix is also called a unitary
matriz. (For matrices whose elements are complex numbers, a matrix is said
to be unitary if the matrix times its conjugate transpose is the identity; that
is, if QQ™ =1.)

The determinant of a square orthogonal matrix is £1 (because the deter-
minant of the product is the product of the determinants and the determinant
of I'is 1).

The matrix dot product of an n x m orthogonal matrix @ with itself is its
number of columns:

(@, Q) =m. (3.169)

This is because QTQ = I,,,. Recalling the definition of the orthogonal binary
relationship from page 75, we note that if @) is an orthogonal matrix, then @
is not orthogonal to itself.

A permutation matrix (see page 62) is orthogonal. We can see this by
building the permutation matrix as a product of elementary permutation ma-
trices, and it is easy to see that they are all orthogonal.

One further property we see by simple multiplication is that if A and B
are orthogonal, then A ® B is orthogonal.

The definition of orthogonality is sometimes made more restrictive to re-
quire that the matrix be square.

Orthogonal and Orthonormal Columns

The definition given above for orthogonal matrices is sometimes relaxed to
require only that the columns or rows be orthogonal (rather than orthonor-
mal). If orthonormality is not required, the determinant is not necessarily 1.
If @ is a matrix that is “orthogonal” in this weaker sense of the definition,
and Q has more rows than columns, then

X0--- 0
QQ=

Unless stated otherwise, I use the term “orthogonal matrix” to refer to a
matrix whose columns are orthonormal; that is, for which QTQ = I.
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The Orthogonal Group

The set of nxm orthogonal matrices for which n > m is called an (n, m) Stiefel
manifold, and an (n,n) Stiefel manifold together with Cayley multiplication
is a group, sometimes called the orthogonal group and denoted as O(n). The
orthogonal group O(n) is a subgroup of the general linear group GL(n), defined
on page 90. The orthogonal group is useful in multivariate analysis because of
the invariance of the so-called Haar measure over this group (see Section 4.5.1).

Because the Euclidean norm of any column of an orthogonal matrix is 1,
no element in the matrix can be greater than 1 in absolute value. We therefore
have an analogue of the Bolzano-Weierstrass theorem for sequences of orthog-
onal matrices. The standard Bolzano-Weierstrass theorem for real numbers
states that if a sequence a; is bounded, then there exists a subsequence a;;
that converges. (See any text on real analysis.) From this, we conclude that

if Q1,Q2,... is a sequence of n X n orthogonal matrices, then there exists a
subsequence Q;,, @i,, - - ., such that
lim Q;; =@, (3.170)
J—00

where @ is some fixed matrix. The limiting matrix () must also be orthogonal
because Q}; Qi; = I, and so, taking limits, we have QTQ =1I.Theset of nxn
orthogonal matrices is therefore compact.

Conjugate Vectors

Instead of defining orthogonality of vectors in terms of dot products as in
Section 2.1.8, we could define it more generally in terms of a bilinear form as
in Section 3.2.8. If the bilinear form zT Ay = 0, we say = and y are orthogonal
with respect to the matrix A. We also often use a different term and say
that the vectors are conjugate with respect to A, as in equation (3.65). The
usual definition of orthogonality in terms of a dot product is equivalent to the
definition in terms of a bilinear form in the identity matrix.

Likewise, but less often, orthogonality of matrices is generalized to conju-
gacy of two matrices with respect to a third matrix: QTAQ = I.

3.8 Eigenanalysis; Canonical Factorizations

Multiplication of a given vector by a square matrix may result in a scalar
multiple of the vector. Stating this more formally, and giving names to such
a special vector and scalar, if A is an n x n (square) matrix, v is a vector not
equal to 0, and c is a scalar such that

Av = cv, (3.171)
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we say v is an eigenvector of the matrix A, and c is an eigenvalue of the
matrix A. We refer to the pair ¢ and v as an associated eigenvector and
eigenvalue or as an eigenpair. While we restrict an eigenvector to be nonzero
(or else we would have 0 as an eigenvector associated with any number being
an eigenvalue), an eigenvalue can be 0; in that case, of course, the matrix
must be singular. (Some authors restrict the definition of an eigenvalue to
real values that satisfy (3.171), and there is an important class of matrices
for which it is known that all eigenvalues are real. In this book, we do not
want to restrict ourselves to that class; hence, we do not require ¢ or v in
equation (3.171) to be real.)

We use the term “eigenanalysis” or “eigenproblem” to refer to the gen-
eral theory, applications, or computations related to either eigenvectors or
eigenvalues.

There are various other terms used for eigenvalues and eigenvectors. An
eigenvalue is also called a characteristic value (that is why I use a “¢” to
represent an eigenvalue), a latent root, or a proper value, and similar synonyms
exist for an eigenvector. An eigenvalue is also sometimes called a singular
value, but the latter term has a different meaning that we will use in this
book (see page 127; the absolute value of an eigenvalue is a singular value,
and singular values are also defined for nonsquare matrices).

Although generally throughout this chapter we have assumed that vectors
and matrices are real, in eigenanalysis, even if A is real, it may be the case
that ¢ and v are complex. Therefore, in this section, we must be careful about
the nature of the eigenpairs, even though we will continue to assume the basic
matrices are real.

Before proceeding to consider properties of eigenvalues and eigenvectors,
we should note how remarkable the relationship Av = cv is: the effect of a
matrix multiplication of an eigenvector is the same as a scalar multiplication
of the eigenvector. The eigenvector is an invariant of the transformation in
the sense that its direction does not change. This would seem to indicate that
the eigenvalue and eigenvector depend on some kind of deep properties of the
matrix, and indeed this is the case, as we will see. Of course, the first question
is whether such special vectors and scalars exist. The answer is yes, but before
considering that and other more complicated issues, we will state some simple
properties of any scalar and vector that satisfy Av = cv and introduce some
additional terminology.

Left Eigenvectors

In the following, when we speak of an eigenvector or eigenpair without qualifi-
cation, we will mean the objects defined by equation (3.171). There is another
type of eigenvector for A, however, a left eigenvector, defined as a nonzero w
in

wT A = cw?. (3.172)
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For emphasis, we sometimes refer to the eigenvector of equation (3.171), Av =
cv, as a right eigenvector.

We see from the definition of a left eigenvector, that if a matrix is sym-
metric, each left eigenvector is an eigenvector (a right eigenvector).

If v is an eigenvector of A and w is a left eigenvector of A with a different
associated eigenvalue, then v and w are orthogonal; that is, if Av = ¢y,
wTA = cow?, and ¢; # ¢y, then wTv = 0. We see this by multiplying both
sides of wTA = cowT by v to get wT Av = cowTv and multiplying both sides
of Av = cyv by wT to get wT Av = c;wTv. Hence, we have ciwTv = cowTv,
and because ¢; # co, we have wTv = 0.

3.8.1 Basic Properties of Eigenvalues and Eigenvectors

If ¢ is an eigenvalue and v is a corresponding eigenvector for a real matrix
A, we see immediately from the definition of eigenvector and eigenvalue in
equation (3.171) the following properties. (In Exercise 3.16, you are asked to
supply the simple proofs for these properties, or you can see a text such as
Harville, 1997, for example.)

Assume that Av = cv and that all elements of A are real.

1. bv is an eigenvector of A, where b is any nonzero scalar.

It is often desirable to scale an eigenvector v so that vTv = 1. Such a
normalized eigenvector is also called a unit eigenvector.

For a given eigenvector, there is always a particular eigenvalue associ-
ated with it, but for a given eigenvalue there is a space of associated
eigenvectors. (The space is a vector space if we consider the zero vec-
tor to be a member.) It is therefore not appropriate to speak of “the”
eigenvector associated with a given eigenvalue — although we do use this
term occasionally. (We could interpret it as referring to the normalized
eigenvector.) There is, however, another sense in which an eigenvalue
does not determine a unique eigenvector, as we discuss below.

2. bc is an eigenvalue of bA, where b is any nonzero scalar.

1/c and v are an eigenpair of A~! (if A is nonsingular).

4. 1/c and v are an eigenpair of A" if A (and hence A™) is square and ¢
is nonzero.

5. If A is diagonal or triangular with elements a;;, the eigenvalues are the
a;; with corresponding eigenvectors e; (the unit vectors).

6. ¢ and v are an eigenpair of A2. More generally, c* and v are an eigenpair
of AF for k=1,2,....

7. If A and B are conformable for the multiplications AB and BA, the
nonzero eigenvalues of AB are the same as the nonzero eigenvalues of
BA. (Note that A and B are not necessarily square.) The set of eigen-
values is the same if A and B are square. (Note, however, that if A
and B are square and d is an eigenvalue of B, cd is not necessarily an
eigenvalue of AB.)

@
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8. If A and B are square and of the same order and if B~! exists, then
the eigenvalues of BAB~! are the same as the eigenvalues of A. (This
is called a similarity transformation; see page 114.)

3.8.2 The Characteristic Polynomial

From the equation (A — c¢I)v = 0 that defines eigenvalues and eigenvectors,
we see that in order for v to be nonnull, (A — ¢I) must be singular, and hence

|A—cl|=|cI —A|=0. (3.173)

Equation (3.173) is sometimes taken as the definition of an eigenvalue c. It is
definitely a fundamental relation, and, as we will see, allows us to identify a
number of useful properties.

The determinant is a polynomial of degree n in ¢, pa(c), called the charac-
teristic polynomial, and when it is equated to 0, it is called the characteristic
equation:

palc) =sg+ s1¢+ -+ s,c" = 0. (3.174)

From the expansion of the determinant |cI — A[, as in equation (3.32)
on page 56, we see that so = (—1)"|4| and s, = 1, and, in general, s =
(—1)"7F times the sums of all principal minors of A of order n — k. (Often,
we equivalently define the characteristic polynomial as the determinant of
(A — ¢I). The difference would just be changes of signs of the coefficients in
the polynomial.)

An eigenvalue of A is a root of the characteristic polynomial. The exis-
tence of n roots of the polynomial (by the Fundamental Theorem of Algebra)
establishes the existence of n eigenvalues, some of which may be complex and
some may be zero. We can write the characteristic polynomial in factored
form as

palc) =(=1)"(c—c1) - (c—cp)- (3.175)

The “number of eigenvalues” must be distinguished from the cardinality of
the spectrum, which is the number of unique values.

A real matrix may have complex eigenvalues (and, hence, eigenvectors),
just as a polynomial with real coefficients can have complex roots. Clearly,
the eigenvalues of a real matrix must occur in conjugate pairs just as in the
case of roots of polynomials. (As mentioned above, some authors restrict the
definition of an eigenvalue to real values that satisfy (3.171). As we have seen,
the eigenvalues of a symmetric matrix are always real, and this is a case that
we will emphasize, but in this book we do not restrict the definition.)

The characteristic polynomial has many interesting properties that we will
not discuss here. One, stated by the Cayley-Hamilton theorem, is that the
matrix itself is a root of the matrix polynomial formed by the characteristic
polynomial; that is,

pa(A) =sol + 514+ + 5, A" = 0p,.
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We see this by using equation (3.25) to write the matrix in equation (3.173)

(A —cladj(A—clI) =pa(c)l. (3.176)

Hence adj(A — ¢I) is a polynomial in ¢ of degree less than or equal to n — 1,
so we can write it as

adj(A —cI) = By + Bic+ -+ + B, _1c" 1,

where the B; are n X n matrices. Now, equating the coefficients of ¢ on the
two sides of equation (3.176), we have

ABO = 80[
ABl - BO = 81[

Aanl —Bp_g2 =sp_11
Bn—l = SnI.

Now, multiply the second equation by A, the third equation by A2, and the "
equation by A°~! and add all equations. We get the desired result: p4(A) = 0.
See also Exercise 3.17.

Another interesting fact is that any given n'"-degree polynomial, p, is the
characteristic polynomial of an n X n matrix, A, of particularly simple form.
Consider the polynomial

plc) =so+s1c+ -+ sp1c" "+ "

and the matrix

o 1 0 - 0
0 0 1 0
A= . (3.177)
o o0 0 -- 1
—S0 —S1 =82+ —Sp—1

The matrix A is called the companion matriz of the polynomial p, and it is
easy to see (by a tedious expansion) that the characteristic polynomial of A
is p. This, of course, shows that a characteristic polynomial does not uniquely
determine a matrix, although the converse is true (within signs).

Eigenvalues and the Trace and Determinant

If the eigenvalues of the matrix A are cy,...,c,, because they are the roots
of the characteristic polynomial, we can readily form that polynomial as

palc) = (c—c1)---(c—cn)

= (D" [Jeit -+ (D" e (3.178)
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Because this is the same polynomial as obtained by the expansion of the
determinant in equation (3.174), the coefficients must be equal. In particular,
by simply equating the corresponding coefficients of the constant terms and
(n — 1)th-degree terms, we have the two very important facts:

Al =]]e (3.179)

and

tr(Ad) = a. (3.180)

Additional Properties of Eigenvalues and Eigenvectors

Using the characteristic polynomial yields the following properties. This is a
continuation of the list that began on page 107. We assume A is a real matrix
with eigenpair (c,v).

10. c is an eigenvalue of AT (because |AT — cI| = |A — cI| for any c). The
eigenvectors of AT, which are left eigenvectors of A, are not necessarily
the same as the eigenvectors of A, however.

11. There is a left eigenvector such that c is the associated eigenvalue.

12. (¢,7) is an eigenpair of A, where ¢ and ¥ are the complex conjugates
and A, as usual, consists of real elements. (If ¢ and v are real, this is a
tautology.)

13. cc is an eigenvalue of AT A.

14. cis real if A is symmetric.

In Exercise 3.18, you are asked to supply the simple proofs for these properties,
or you can see a text such as Harville (1997), for example.

3.8.3 The Spectrum

Although, for an n X n matrix, from the characteristic polynomial we have
n roots, and hence n eigenvalues, some of these roots may be the same. It
may also be the case that more than one eigenvector corresponds to a given
eigenvalue. The set of all the distinct eigenvalues of a matrix is often of interest.
This set is called the spectrum of the matrix.

Notation

Sometimes it is convenient to refer to the distinct eigenvalues and sometimes
we wish to refer to all eigenvalues, as in referring to the number of roots of the
characteristic polynomial. To refer to the distinct eigenvalues in a way that
allows us to be consistent in the subscripts, we will call the distinct eigenvalues
A1, ..., Ag. The set of these constitutes the spectrum.

We denote the spectrum of the matrix A by o(A):



3.8 Eigenanalysis; Canonical Factorizations 111
a(A) ={A\,.. ., A} (3.181)

In terms of the spectrum, equation (3.175) becomes
pale) = (=1)"(c—=A1)™ - (c — Ap)™", (3.182)

for m; > 1.
We label the ¢; and v; so that

e > - > el (3.183)

We likewise label the \; so that

|)\1‘ > > |)\k‘- (3.184)
With this notation, we have
[A1] = e
and
Akl = leal,

but we cannot say anything about the other As and cs.

The Spectral Radius

For the matrix A with these eigenvalues, |c;| is called the spectral radius and
is denoted by p(A):
p(A) = max |¢;]. (3.185)

The set of complex numbers
{z : |z[ = p(A)} (3.186)

is called the spectral circle of A.

An eigenvalue corresponding to max|c;| (that is, ¢1) is called a dominant
eigenvalue. We are more often interested in the absolute value (or modulus)
of a dominant eigenvalue rather than the eigenvalue itself; that is, p(A4) (that
is, |c1]) is more often of interest than just c;.)

Interestingly, we have for all 4

¢;| < ma Qi 3.187
o] < g 3 | (3.157)

and
lei] < mgxz lag;]. (3.188)
J

The inequalities of course also hold for p(A) on the left-hand side. Rather
than proving this here, we show this fact in a more general setting relating to
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matrix norms in inequality (3.243) on page 134. (These bounds relate to the
L; and Ly, matrix norms, respectively.)

A matrix may have all eigenvalues equal to 0 but yet the matrix itself
may not be 0. Any upper triangular matrix with all Os on the diagonal is an
example.

Because, as we saw on page 107, if ¢ is an eigenvalue of A, then bc is an
eigenvalue of bA where b is any nonzero scalar, we can scale a matrix with a

nonzero eigenvalue so that its spectral radius is 1. The scaled matrix is simply
Alleq|.

Linear Independence of Eigenvectors Associated
with Distinct Eigenvalues

Suppose that {A1,...,Ax} is a set of distinct eigenvalues of the matrix A
and {x1,...,2} is a set of eigenvectors such that (A;,z;) is an eigenpair.
Then x1,...,x; are linearly independent; that is, eigenvectors associated with
distinct eigenvalues are linearly independent.

We can see that this must be the case by assuming that the eigenvectors
are not linearly independent. In that case, let {y1,...,y;} C {z1,...,xx}, for
some j < k, be a maximal linearly independent subset. Let the corresponding
eigenvalues be {u1,...,1;} C {A1,..., Ax}. Then, for some eigenvector y;41,

we have _
j
Yj+1 = Ztiyi
i=1

for some t;. Now, multiplying both sides of the equation by A — i 11, where
ftj+1 is the eigenvalue corresponding to y;41, we have

J
0="> tilps — Hjs1)ys-

i=1

If the eigenvalues are unique (that is, for each i < j), we have p; # 1541, then
the assumption that the eigenvalues are not linearly independent is contra-
dicted because otherwise we would have a linear combination with nonzero
coefficients equal to zero.

The Eigenspace and Geometric Multiplicity

Rewriting the definition (3.171) for the i*" eigenvalue and associated eigen-
vector of the n x n matrix A as

(A - CiI)’Ui = O, (3189)

we see that the eigenvector v; is in N (A — ¢;1), the null space of (4 — ¢;I).
For such a nonnull vector to exist, of course, (A — ¢;I) must be singular; that
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is, rank (A — ¢;I) must be less than n. This null space is called the eigenspace
of the eigenvalue c;.

It is possible that a given eigenvalue may have more than one associated
eigenvector that are linearly independent of each other. For example, we eas-
ily see that the identity matrix has only one unique eigenvalue, namely 1,
but any vector is an eigenvector, and so the number of linearly independent
eigenvectors is equal to the number of rows or columns of the identity. If u
and v are eigenvectors corresponding to the same eigenvalue ¢, then any lin-
ear combination of v and v is an eigenvector corresponding to c¢; that is, if
Au = cu and Av = cv, for any scalars a and b,

A(au + bv) = c(au + bv).

The dimension of the eigenspace corresponding to the eigenvalue c¢; is
called the geometric multiplicity of ¢;; that is, the geometric multiplicity
of ¢; is the nullity of A — ¢;I. If g; is the geometric multiplicity of ¢;, an
eigenvalue of the n X n matrix A, then we can see from equation (3.160) that
rank(A — ¢;I) + g; = n.

The multiplicity of 0 as an eigenvalue is just the nullity of A. If A is of full
rank, the multiplicity of O will be 0, but, in this case, we do not consider 0 to
be an eigenvalue. If A is singular, however, we consider 0 to be an eigenvalue,
and the multiplicity of the 0 eigenvalue is the rank deficiency of A.

Multiple linearly independent eigenvectors corresponding to the same
eigenvalue can be chosen to be orthogonal to each other using, for example,
the Gram-Schmidt transformations, as in equation (2.34) on page 27. These
orthogonal eigenvectors span the same eigenspace. They are not unique, of
course, as any sequence of Gram-Schmidt transformations could be applied.

Algebraic Multiplicity

A single value that occurs as a root of the characteristic equation m times
is said to have algebraic multiplicity m. Although we sometimes refer to this
as just the multiplicity, algebraic multiplicity should be distinguished from
geometric multiplicity, defined above. These are not the same, as we will see
in an example later. An eigenvalue whose algebraic multiplicity and geometric
multiplicity are the same is called a semisimple eigenvalue. An eigenvalue with
algebraic multiplicity 1 is called a simple eigenvalue.

Because the determinant that defines the eigenvalues of an n X n matrix is
an n'-degree polynomial, we see that the sum of the multiplicities of distinct
eigenvalues is n.

Because most of the matrices in statistical applications are real, in the
following we will generally restrict our attention to real matrices. It is impor-
tant to note that the eigenvalues and eigenvectors of a real matrix are not
necessarily real, but as we have observed, the eigenvalues of a symmetric real
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matrix are real. (The proof, which was stated as an exercise, follows by not-
ing that if A is symmetric, the eigenvalues of AT A are the eigenvalues of A2,
which from the definition are obviously nonnegative.)

3.8.4 Similarity Transformations

Two nxn matrices, A and B, are said to be similar if there exists a nonsingular
matrix P such that
B=P AP (3.190)

The transformation in equation (3.190) is called a similarity transformation.
(Compare this with equivalent matrices on page 86. The matrices A and B in
equation (3.190) are equivalent, as we see using equations (3.115) and (3.116).)
It is clear from the definition that the similarity relationship is both com-
mutative and transitive.
If A and B are similar, as in equation (3.190), then for any scalar ¢

|A—cI| = |P7Y|A - cI||P|
= |P7'AP —cP7'IP|
= |B —cl|,

and, hence, A and B have the same eigenvalues. (This simple fact was stated
as property 8 on page 108.)

Orthogonally Similar Transformations

An important type of similarity transformation is based on an orthogonal
matrix in equation (3.190). If @ is orthogonal and

B =QTAQ, (3.191)

A and B are said to be orthogonally similar.

If B in the equation B = QTAQ is a diagonal matrix, A is said to be
orthogonally diagonalizable, and QBQ" is called the orthogonally diagonal
factorization or orthogonally similar factorization of A. We will discuss char-
acteristics of orthogonally diagonalizable matrices in Sections 3.8.5 and 3.8.6
below.

Schur Factorization

If B in equation (3.191) is an upper triangular matrix, QBQ7 is called the
Schur factorization of A.

For any square matrix, the Schur factorization exists; hence, it is one of the
most useful similarity transformations. The Schur factorization clearly exists
in the degenerate case of a 1 X 1 matrix.
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To see that it exists for any n x n matrix A, let (c,v) be an arbitrary
eigenpair of A with v normalized, and form an orthogonal matrix U with v
as its first column. Let Us be the matrix consisting of the remaining columns;
that is, U is partitioned as [v | Us).

UTAU — vT Av 'UTAUQ:|

UF Av UL AU,

e vT AU,
T 0 UL AU,

where U} AU; is an (n — 1) x (n — 1) matrix. Now the eigenvalues of UT AU
are the same as those of A; hence, if n = 2, then Uy AUs is a scalar and must
equal the other eigenvalue, and so the statement is proven.

We now use induction on n to establish the general case. Assume that the
factorization exists for any (n — 1) x (n — 1) matrix, and let A be any n X n
matrix. We let (¢, v) be an arbitrary eigenpair of A (with v normalized), follow
the same procedure as in the preceding paragraph, and get

¢ vT AU, }

T _
vrAU = [0 US AU,

Now, since Uy AU, is an (n— 1) x (n— 1) matrix, by the induction hypothesis
there exists an (n—1) x (n—1) orthogonal matrix V such that VT (UL AU,)V =
T, where T is upper triangular. Now let

10
Q=U [ ! V} |
By multiplication, we see that QTQ = I (that is, Q is orthogonal). Now form

T T
T e v AUV | cvr AUV |
@ AQ= [0 VTUQTAUQV] = [0 T | TP

We see that B is upper triangular because T is, and so by induction the Schur
factorization exists for any n X n matrix.

Note that the Schur factorization is also based on orthogonally similar
transformations, but the term “orthogonally similar factorization” is generally
used only to refer to the diagonal factorization.

Uses of Similarity Transformations

Similarity transformations are very useful in establishing properties of
matrices, such as convergence properties of sequences (see, for example, Sec-
tion 3.9.5). Similarity transformations are also used in algorithms for comput-
ing eigenvalues (see, for example, Section 7.3). In an orthogonally similar fac-
torization, the elements of the diagonal matrix are the eigenvalues. Although
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the diagonals in the upper triangular matrix of the Schur factorization are the
eigenvalues, that particular factorization is rarely used in computations.
Although similar matrices have the same eigenvalues, they do not neces-
sarily have the same eigenvectors. If A and B are similar, for some nonzero
vector v and some scalar ¢, Av = cv implies that there exists a nonzero vector
u such that Bu = cu, but it does not imply that u = v (see Exercise 3.19b).

3.8.5 Similar Canonical Factorization; Diagonalizable Matrices

If V' is a matrix whose columns correspond to the eigenvectors of A, and C'
is a diagonal matrix whose entries are the eigenvalues corresponding to the
columns of V', using the definition (equation (3.171)) we can write

AV =VC. (3.192)
Now, if V' is nonsingular, we have
A=Vvov—1, (3.193)

Expression (3.193) represents a diagonal factorization of the matrix A. We see
that a matrix A with eigenvalues c1,...,c, that can be factorized this way
is similar to the matrix diag(cy,...,cy), and this representation is sometimes
called the similar canonical form of A or the similar canonical factorization
of A.

Not all matrices can be factored as in equation (3.193). It obviously de-
pends on V' being nonsingular; that is, that the eigenvectors are linearly inde-
pendent. If a matrix can be factored as in (3.193), it is called a diagonalizable
matriz, a simple matriz, or a reqular matriz (the terms are synonymous, and
we will generally use the term “diagonalizable”); a matrix that cannot be fac-
tored in that way is called a deficient matriz or a defective matriz (the terms
are synonymous).

Any matrix all of whose eigenvalues are unique is diagonalizable (because,
as we saw on page 112, in that case the eigenvectors are linearly independent),
but uniqueness of the eigenvalues is not a necessary condition. A necessary
and sufficient condition for a matrix to be diagonalizable can be stated in
terms of the unique eigenvalues and their multiplicities: suppose for the n x n

matrix A that the distinct eigenvalues A1, ..., A\; have algebraic multiplicities
my,...,mg. If, for {=1,... k,
rank(A — NI) =n—my (3.194)

(that is, if all eigenvalues are semisimple), then A is diagonalizable, and this
condition is also necessary for A to be diagonalizable. This fact is called the
“diagonalizability theorem”. Recall that A being diagonalizable is equivalent
to V in AV = VC (equation (3.192)) being nonsingular.

To see that the condition is sufficient, assume, for each i, rank(A — ¢;I) =
n —my, and so the equation (A — ¢;I)xz = 0 has exactly n — (n — m;) linearly
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independent solutions, which are by definition eigenvectors of A associated
with ¢;. (Note the somewhat complicated notation. Each ¢; is the same as
some A;, and for each \;, we have \; = ¢, = Clyn, for 1<y < - <lpm <n.)
Let wy, ..., wp, be a set of linearly independent eigenvectors associated with
¢i, and let u be an eigenvector associated with ¢; and ¢; # ¢;. (The vectors
Wi, ..., Wy, and u are columns of V.) Now if u is not linearly independent of
Wi,y Wiy, We write u = Y bpwy, and so Au = A> bywy = ¢; > bywy =
c;u, contradicting the assumption that u is not an eigenvector associated with
¢;. Therefore, the eigenvectors associated with different eigenvalues are linearly
independent, and so V' is nonsingular.

Now, to see that the condition is necessary, assume V is nonsingular; that
is, V! exists. Because C is a diagonal matrix of all n eigenvalues, the matrix
(C — ¢;I) has exactly m; zeros on the diagonal, and hence, rank(C' — ¢;I) =
n—m;. Because V(C —¢; 1)V~ = (A—¢;I), and multiplication by a full rank
matrix does not change the rank (see page 88), we have rank(A—c¢;I) = n—m,;.

Symmetric Matrices

A symmetric matrix is a diagonalizable matrix. We see this by first letting A
be any n X n symmetric matrix with eigenvalue ¢ of multiplicity m. We need
to show that rank(A — c¢I) = n — m. Let B = A — ¢I, which is symmetric
because A and I are. First, we note that c is real, and therefore B is real. Let
r = rank(B). From equation (3.127), we have

rank (BQ) = rank (BTB) =rank(B) = r.

In the full rank partitioning of B, there is at least one r X r principal submatrix
of full rank. The r-order principal minor in B? corresponding to any full rank
7 X r principal submatrix of B is therefore positive. Furthermore, any j-order
principal minor in B? for j > r is zero. Now, rewriting the characteristic
polynomial in equation (3.174) slightly by attaching the sign to the variable
w, we have

PB2 (’U]) = tn—r(_w)n_r +--+ tn—l(_w)n_l + (_w)n = 07

where t,,_; is the sum of all j-order principal minors. Because t,,—, # 0, w = 0
is a root of multiplicity n—r. It is likewise an eigenvalue of B with multiplicity
n—r. Because A = B+cl, 0+ c is an eigenvalue of A with multiplicity n — r;
hence, m = n — r. Therefore n — m = r = rank(A — ¢I).

A Defective Matrix

Although most matrices encountered in statistics applications are diagonal-
izable, it may be of interest to consider an example of a matrix that is not
diagonalizable. Searle (1982) gives an example of a small matrix:
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012
A=1230
045

The three strategically placed Os make this matrix easy to work with, and the
determinant of (¢I — A) yields the characteristic polynomial equation

¢ —82%+13¢—6=0.

This can be factored as (¢ —6)(c— 1), hence, we have eigenvalues ¢; = 6 with
algebraic multiplicity m; = 1, and ¢ = 1 with algebraic multiplicity ms = 2.
Now, consider A — co1:
—-112
A-T= 220
044

This is clearly of rank 2; hence the rank of the null space of A—coI (that is, the
geometric multiplicity of ¢g) is 3 —2 = 1. The matrix A is not diagonalizable.

3.8.6 Properties of Diagonalizable Matrices

If the matrix A has the similar canonical factorization VCV~! of equa-
tion (3.193), some important properties are immediately apparent. First of
all, this factorization implies that the eigenvectors of a diagonalizable matrix
are linearly independent.

Other properties are easy to derive or to show because of this factorization.
For example, the general equations (3.179) and (3.180) concerning the product
and the sum of eigenvalues follow easily from

Al =|vevTl = v]Icl VT = |C]

and
tr(A) = tr(VOV ™) = tr(V1VO) = tx(C).

One important fact is that the number of nonzero eigenvalues of a diago-
nalizable matrix A is equal to the rank of A. This must be the case because
the rank of the diagonal matrix C' is its number of nonzero elements and the
rank of A must be the same as the rank of C'. Another way of saying this is
that the sum of the multiplicities of the unique nonzero eigenvalues is equal
to the rank of the matrix; that is, Zle m,; = rank(A), for the matrix A with
k distinct eigenvalues with multiplicities m;.

Matrix Functions

We use the diagonal factorization (3.193) of the matrix A = VCV ! to define
a function of the matrix that corresponds to a function of a scalar, f(x),
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f(A) = Vdiag(f(ci),..., flea))V L, (3.195)

if f(+) is defined for each eigenvalue ¢;. (Notice the relationship of this defini-
tion to the Cayley-Hamilton theorem and to Exercise 3.17.)

Another useful feature of the diagonal factorization of the matrix A in
equation (3.193) is that it allows us to study functions of powers of A because
AF = VC*V~1. In particular, we may assess the convergence of a function of
a power of A,

lim g(k, A).
k—o0

Functions of scalars that have power series expansions may be defined
for matrices in terms of power series expansions in A, which are effectively
power series in the diagonal elements of C. For example, using the power

series expansion of e” = Y 12 77> we can define the matriz exponential for
the square matrix A as the matrix

A — Ak
et =" R (3.196)
k=0

where AY/0! is defined as I. (Recall that we did not define A° if A is singular.)
If A is represented as VC'V ~!, this expansion becomes

OOCk
A,V ~ -1
¢ = kzk!

=0

= Vdiag ((e™,...,e)) VL

3.8.7 Eigenanalysis of Symmetric Matrices

The eigenvalues and eigenvectors of symmetric matrices have some interesting
properties. First of all, as we have already observed, for a real symmetric
matrix, the eigenvalues are all real. We have also seen that symmetric matrices
are diagonalizable; therefore all of the properties of diagonalizable matrices
carry over to symmetric matrices.

Orthogonality of Eigenvectors

In the case of a symmetric matrix A, any eigenvectors corresponding to dis-
tinct eigenvalues are orthogonal. This is easily seen by assuming that ¢; and
co are unequal eigenvalues with corresponding eigenvectors v, and vs. Now
consider v{vy. Multiplying this by co, we get

czv?vg = v;FAvg = U2TA’U1 = clvgvl = clv?vg.
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Because ¢q # ¢, we have vlTvg = 0.

Now, consider two eigenvalues c; = c;, that is, an eigenvalue of multiplicity
greater than 1 and distinct associated eigenvectors v; and v;. By what we
just saw, an eigenvector associated with ¢ # ¢; is orthogonal to the space
spanned by v; and v;. Assume v; is normalized and apply a Gram-Schmidt
transformation to form

1

vy = (v, v5)vill

vj (v = (i, vj)vi),
as in equation (2.34) on page 27, yielding a vector orthogonal to v;. Now, we
have

1
Avj = (Av; — (v;,v;) Av;
R T T
1
= ——— (cjv; — (v3,v5) ;)
lv; = (vi, vp)oill ~7 !
1

=—Cci————————— (v: — {(v;.V:)V;
oy = ooy 13 (i)

= ¢;05;
hence, ¥; is an eigenvector of A associated with c;. We conclude therefore that
the eigenvectors of a symmetric matrix can be chosen to be orthogonal.

A symmetric matrix is orthogonally diagonalizable, because the V' in equa-
tion (3.193) can be chosen to be orthogonal, and can be written as

A=vevVT, (3.197)
where VVT = VTV = I, and so we also have
VvTAV =C. (3.198)

Such a matrix is orthogonally similar to a diagonal matrix formed from its
eigenvalues.

Spectral Decomposition

When A is symmetric and the eigenvectors v; are chosen to be orthonormal,
I=> v, (3.199)
i

SO

A= szﬂ);r
= Z AvivF
= cvy. (3.200)
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This representation is called the spectral decomposition of the symmetric ma-
trix A. It is essentially the same as equation (3.197), so A = VCVT is also
called the spectral decomposition.

The representation is unique except for the ordering and the choice of
eigenvectors for eigenvalues with multiplicities greater than 1. If the rank of
the matrix is r, we have |¢1| > -+ > |¢,| > 0, and if r < n, then ¢4y =+ =
cn, = 0.

Note that the matrices in the spectral decomposition are projection matri-
ces that are orthogonal to each other (but they are not orthogonal matrices)
and they sum to the identity. Let

P; = viv} . (3.201)

Then we have
P,P,= P, (3.202)
P;P; = 0 for i # j, (3.203)

Y p=1, (3.204)
and the spectral decomposition,

A= Z e P;. (3.205)

The P; are called spectral projectors.
The spectral decomposition also applies to powers of A,

AR =3 "], (3.206)

where k is an integer. If A is nonsingular, k can be negative in the expression
above.

The spectral decomposition is one of the most important tools in working
with symmetric matrices.

Although we will not prove it here, all diagonalizable matrices have a spec-
tral decomposition in the form of equation (3.205) with projection matrices
that satisfy properties (3.202) through (3.204). These projection matrices can-
not necessarily be expressed as outer products of eigenvectors, however. The
eigenvalues and eigenvectors of a nonsymmetric matrix might not be real, the
left and right eigenvectors might not be the same, and two eigenvectors might
not be mutually orthogonal. In the spectral representation A =}, ¢; P;, how-
ever, if ¢; is a simple eigenvalue with associated left and right eigenvectors y;
and x;, respectively, then the projection matrix P; is :ij? /y?mj (Note that
because the eigenvectors may not be real, we take the conjugate transpose.)
This is Exercise 3.20.



122 3 Basic Properties of Matrices
Quadratic Forms and the Rayleigh Quotient

Equation (3.200) yields important facts about quadratic forms in A. Because
V' is of full rank, an arbitrary vector x can be written as Vb for some vector
b. Therefore, for the quadratic form =T Az we have

2T Ax = 2T Z civiv;-rx
i
= Z bTVTviviTVbci
i
i
This immediately gives the inequality

¥ Az < max{c; }bTb.

(Notice that max{c;} here is not necessarily c; in the important case when
all of the eigenvalues are nonnegative, it is, however.) Furthermore, if  # 0,
bTh = 2Tz, and we have the important inequality

2T Az

=T

< max{c; }. (3.207)

Equality is achieved if z is the eigenvector corresponding to max{c;}, so we
have -
T Az
I;lg(}){ o o max{c; }. (3.208)
If ¢; > 0, this is the spectral radius, p(A).
The expression on the left-hand side in (3.207) as a function of x is called
the Rayleigh quotient of the symmetric matrix A and is denoted by R4(x):

TA
Ra(z) = x- Az

Tz
- <‘<”x ‘?. (3.209)

Because if # # 0, 2Tz > 0, it is clear that the Rayleigh quotient is nonnegative
for all z if and only if A is nonnegative definite and is positive for all z if and
only if A is positive definite.

The Fourier Expansion

The v;v; matrices in equation (3.200) have the property that (v;v}, v;ol) =0
for i # j and (v;vl,v;vf) = 1, and so the spectral decomposition is a Fourier
expansion as in equation (3.82) and the eigenvalues are Fourier coefficients.
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From equation (3.83), we see that the eigenvalues can be represented as the
dot product
ci = (A, vivl). (3.210)

The eigenvalues c¢; have the same properties as the Fourier coefficients
in any orthonormal expansion. In particular, the best approximating matrices
within the subspace of n x n symmetric matrices spanned by {viv{, ..., v,v}}
are partial sums of the form of equation (3.200). In Section 3.10, however, we
will develop a stronger result for approximation of matrices that does not rely
on the restriction to this subspace and which applies to general, nonsquare
matrices.

Powers of a Symmetric Matrix

If (¢,v) is an eigenpair of the symmetric matrix A with vTv = 1, then for any
E=1,2,...
(A— cva)k = AF — cFuoT. (3.211)

This follows from induction on k, for it clearly is true for k = 1, and if for a
given k it is true that for k — 1

(A — cva)k_l = AP — T

then by multiplying both sides by (A — cvvT), we see it is true for k:

k _ _
(A—cov™)" = (A]g Lk too™) (A = coo™)
= AF — F 1T A — cAF 1T + FooT
= AF — FoT — FouT + FooT

= AF — k0T,

There is a similar result for nonsymmetric square matrices, where w and
v are left and right eigenvectors, respectively, associated with the same eigen-
value ¢ that can be scaled so that wTv = 1. (Recall that an eigenvalue of A
is also an eigenvalue of AT, and if w is a left eigenvector associated with the
eigenvalue ¢, then ATw = cw.) The only property of symmetry used above
was that we could scale vTv to be 1; hence, we just need wTv # 0. This is
clearly true for a diagonalizable matrix (from the definition). It is also true
if ¢ is simple (which is somewhat harder to prove). It is thus true for the
dominant eigenvalue, which is simple, in two important classes of matrices
we will consider in Sections 8.7.1 and 8.7.2, positive matrices and irreducible
nonnegative matrices.

If w and v are left and right eigenvectors of A associated with the same
eigenvalue ¢ and wTv = 1, then for k =1,2, ...,

(A- cva)k = A* — FowT. (3.212)

We can prove this by induction as above.
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The Trace and Sums of Eigenvalues

For a general n X n matrix A with eigenvalues ¢y, ...,c,, we have tr(A) =
> ¢. (This is equation (3.180).) This is particularly easy to see for sym-
metric matrices because of equation (3.197), rewritten as VTAV = C, the
diagonal matrix of the eigenvalues. For a symmetric matrix, however, we have
a stronger result.

If A is an n x n symmetric matrix with eigenvalues ¢; > --- > ¢,, and U
is an n X k orthogonal matrix, with k < n, then

k
tr(UTAU) <) e (3.213)

i=1

To see this, we represent U in terms of the columns of V', which span IR", as
U =V X. Hence,

tr(UTAU) = tr(XTVTAV X)
= tr(XTCX)

= Zx?xl Cis (3.214)
i=1

where z] is the i*" row of X.

Now XTX = XTVTVX = UTU = I, so either zlz; = 0 or x}x; = 1,
and Y1 xfz; = k. Because ¢ > - -+ > ¢, therefore Y i alx;¢; < Zle Cis
and so from equation (3.214) we have tr(UTAU) < Zle Ci.

3.8.8 Positive Definite and Nonnegative Definite
Matrices

The factorization of symmetric matrices in equation (3.197) yields some useful
properties of positive definite and nonnegative definite matrices (introduced
on page 70). We will briefly discuss these properties here and then return to
the subject in Section 8.3 and discuss more properties of positive definite and
nonnegative definite matrices.

Eigenvalues of Positive and Nonnegative Definite Matrices

In this book, we use the terms “nonnegative definite” and “positive definite”
only for real symmetric matrices, so the eigenvalues of nonnegative definite or
positive definite matrices are real.

Any real symmetric matrix is positive (nonnegative) definite if and only
if all of its eigenvalues are positive (nonnegative). We can see this using the
factorization (3.197) of a symmetric matrix. One factor is the diagonal matrix
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C of the eigenvalues, and the other factors are orthogonal. Hence, for any x,
we have 2T Az = 2TVCV Tz = yTCy, where y = VTz, and so

2T Az > (>)0

if and only if
y'Cy > (2)0.

This, together with the resulting inequality (3.122) on page 89, implies that
if P is a nonsingular matrix and D is a diagonal matrix, PTDP is positive
(nonnegative) if and only if the elements of D are positive (nonnegative).

A matrix (whether symmetric or not and whether real or not) all of whose
eigenvalues have positive real parts is said to be positive stable. Positive stabil-
ity is an important property in some applications, such as numerical solution
of systems of nonlinear differential equations. Clearly, a positive definite ma-
trix is positive stable.

Inverse of Positive Definite Matrices

If A is positive definite and A = VOVT as in equation (3.197), then A~! =
VC~'VT and A~ is positive definite because the elements of C~! are positive.

Diagonalization of Positive Definite Matrices

If A is positive definite, the elements of the diagonal matrix C in equa-
tion (3.197) are positive, and so their square roots can be absorbed into V
to form a nonsingular matrix P. The diagonalization in equation (3.198),
VTAV = O, can therefore be reexpressed as

PTAP =1 (3.215)

Square Roots of Positive and Nonnegative Definite Matrices

The factorization (3.197) together with the nonnegativity of the eigenvalues
of positive and nonnegative definite matrices allows us to define a square root
of such a matrix.

Let A be a nonnegative definite matrix and let V' and C be as in equa-
tion (3.197): A = VCV™T. Now, let S be a diagonal matrix whose elements
are the square roots of the corresponding elements of C. Then (VSVT)? = A;
hence, we write

Az =VSVT (3.216)
and call this matrix the square root of A. This definition of the square root
of a matrix is an instance of equation (3.195) with f(z) = /z. We also can

similarly define Av for r> 0.
We see immediately that Az is symmetric because A is symmetric.
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If A is positive definite, A~! exists and is positive definite. It therefore has
a square root, which we denote as Az,

The square roots are nonnegative, and so A% is nonnegative definite. Fur-
thermore, A% and A~ are positive definite if A is positive definite.

In Section 5.9.1, we will show that this A% is unique, so our reference to it
as the square root is appropriate. (There is occasionally some ambiguity in the
terms “square root” and “second root” and the symbols used to denote them.
If x is a nonnegative scalar, the usual meaning of its square root, denoted by
\/x, is a nonnegative number, while its second roots, which may be denoted by
22, are usually considered to be either of the numbers £4/z. In our notation
A%, we mean the square root; that is, the nonnegative matrix, if it exists.
Otherwise, we say the square root of the matrix does not exist. For example,

I7 = I, and while if J = [0 L

1 0], J? = I,, we do not consider J to be a square
root of I5.)

3.8.9 The Generalized Eigenvalue Problem

The characterization of an eigenvalue as a root of the determinant equa-
tion (3.173) can be extended to define a generalized eigenvalue of the square
matrices A and B to be a root in ¢ of the equation

|A—¢B| =0 (3.217)

if a root exists.
Equation (3.217) is equivalent to A — ¢B being singular; that is, for some
¢ and some nonzero, finite v,

Av = cBv.

Such a v (if it exists) is called the generalized eigenvector. In contrast to
the existence of eigenvalues of any square matrix with finite elements, the
generalized eigenvalues may not exist; that is, they may be infinite.

If B is nonsingular and A and B are nxn, all n eigenvalues of A and B exist
(and are finite). These generalized eigenvalues are the eigenvalues of AB~?
or B~'A. We see this because |B| # 0, and so if ¢y is any of the n (finite)
eigenvalues of AB™! or B71A, then 0 = |[AB™! — ¢gI| = |[B7'A — ¢ol| =
|A — coB| = 0. Likewise, we see that any eigenvector of AB™! or B~!4 is a
generalized eigenvector of A and B.

In the case of ordinary eigenvalues, we have seen that symmetry of the
matrix induces some simplifications. In the case of generalized eigenvalues,
symmetry together with positive definiteness yields some useful properties,
which we will discuss in Section 7.6.

Generalized eigenvalue problems often arise in multivariate statistical ap-
plications. Roy’s maximum root statistic, for example, is the largest general-
ized eigenvalue of two matrices that result from operations on a partitioned
matrix of sums of squares.
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Matrix Pencils

As ¢ ranges over the reals (or, more generally, the complex numbers), the set
of matrices of the form A — ¢B is called the matriz pencil, or just the pencil,
generated by A and B, denoted as

(A, B).

(In this definition, A and B do not need to be square.) A generalized eigenvalue
of the square matrices A and B is called an eigenvalue of the pencil.

A pencil is said to be regular if | A — ¢B]| is not identically 0 (and, of course,
if |A — ¢B| is defined, meaning A and B are square). An interesting special
case of a regular pencil is when B is nonsingular. As we have seen, in that
case, eigenvalues of the pencil (A, B) exist (and are finite) and are the same
as the ordinary eigenvalues of AB~! or B~'A, and the ordinary eigenvectors
of AB™! or B7!A are eigenvectors of the pencil (A, B).

3.8.10 Singular Values and the Singular Value
Decomposition

An n x m matrix A can be factored as
A=UDVT, (3.218)

where U is an n X n orthogonal matrix, V' is an m x m orthogonal matrix, and
D is an n x m diagonal matrix with nonnegative entries. (An n x m diagonal
matrix has min(n, m) elements on the diagonal, and all other entries are zero.)

The number of positive entries in D is the same as the rank of A. (We
see this by first recognizing that the number of nonzero entries of D is obvi-
ously the rank of D, and multiplication by the full rank matrices U and VT
yields a product with the same rank from equations (3.120) and (3.121).) The
factorization (3.218) is called the singular value decomposition (SVD) or the
canonical singular value factorization of A. The elements on the diagonal of
D, d;, are called the singular values of A.

If the rank of the matrix is r, we have d; > --- > d, > 0, and if r <

min(n,m), then d,1 = - = dyin(n,m) = 0. In this case
D, 0
o= [T

where D, = diag(ds,...,d,).

From the factorization (3.218) defining the singular values, we see that the
singular values of AT are the same as those of A.

For a matrix with more rows than columns, in an alternate definition of the
singular value decomposition, the matrix U is n x m with orthogonal columns,
and D is an m x m diagonal matrix with nonnegative entries. Likewise, for a



128 3 Basic Properties of Matrices

matrix with more columns than rows, the singular value decomposition can be
defined as above but with the matrix V' being m x n with orthogonal columns
and D being m x m and diagonal with nonnegative entries.

If A is symmetric, we see from equations (3.197) and (3.218) that the
singular values are the absolute values of the eigenvalues.

The Fourier Expansion in Terms of the Singular Value
Decomposition

From equation (3.218), we see that the general matrix A with rank r also
has a Fourier expansion, similar to equation (3.200), in terms of the singular
values and outer products of the columns of the U and V matrices:

A= Z du;vf. (3.219)
=1

This is also called a spectral decomposition. The w;vf matrices in equa-

tion (3.219) have the property that (u;v}, ujvJT) =0 fori # j and (w;vl, u;v})
= 1, and so the spectral decomposition is a Fourier expansion as in equa-
tion (3.82), and the singular values are Fourier coefficients.

The singular values d; have the same properties as the Fourier coefficients
in any orthonormal expansion. For example, from equation (3.83), we see that
the singular values can be represented as the dot product

di = <A7 UZU?>

After we have discussed matrix norms in the next section, we will formulate
Parseval’s identity for this Fourier expansion.

3.9 Matrix Norms

Norms on matrices are scalar functions of matrices with the three properties
on page 16 that define a norm in general. Matrix norms are often required
to have another property, called the consistency property, in addition to the
properties listed on page 16, which we repeat here for convenience. Assume A
and B are matrices conformable for the operations shown.

1. Nonnegativity and mapping of the identity:
if A+# 0, then ||A] > 0, and ||0|| = 0.
2. Relation of scalar multiplication to real multiplication:
llaA|| = |a| ||A]|| for real a.
3. Triangle inequality:
|A + Bl < ||A]l + |B].
4. Consistency property:
[AB|| < [IA[[ | B]|-
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Some people do not require the consistency property for a matrix norm. Most
useful matrix norms have the property, however, and we will consider it to be
a requirement in the definition. The consistency property for multiplication is
similar to the triangular inequality for addition.

Any function from IR™*™ to IR that satisfies these four properties is a
matrix norm.

We note that the four properties of a matrix norm do not imply that it
is invariant to transposition of a matrix, and in general, ||AT|| # ||A|. Some
matrix norms are the same for the transpose of a matrix as for the original
matrix. For instance, because of the property of the matrix dot product given
in equation (3.79), we see that a norm defined by that inner product would
be invariant to transposition.

For a square matrix A, the consistency property for a matrix norm yields

IAM] < JlA)”F (3.220)

for any positive integer k.

A matrix norm ||-|| is orthogonally invariant if A and B being orthogonally
similar implies || A|| = || B]|.
3.9.1 Matrix Norms Induced from Vector Norms

Some matrix norms are defined in terms of vector norms. For clarity, we will

denote a vector norm as || - || and a matrix norm as || - ||m. (This notation is
meant to be generic; that is, || - ||y represents any vector norm.) The matrix
norm || - ||m induced by || - ||y is defined by

[Az]ly

| Allm = max (3.221)

w0 |l -
It is easy to see that an induced norm is indeed a matrix norm. The first
three properties of a norm are immediate, and the consistency property can
be verified by applying the definition (3.221) to AB and replacing Bz with y;
that is, using Ay.

We usually drop the v or M subscript, and the notation || - || is overloaded
to mean either a vector or matrix norm. (Overloading of symbols occurs in
many contexts, and we usually do not even recognize that the meaning is
context-dependent. In computer language design, overloading must be recog-
nized explicitly because the language specifications must be explicit.)

The induced norm of A given in equation (3.221) is sometimes called the
mazximum magnification by A. The expression looks very similar to the max-
imum eigenvalue, and indeed it is in some cases.

For any vector norm and its induced matrix norm, we see from equa-
tion (3.221) that

| Az| < [[A]l ] (3.222)

because ||z| > 0.



130 3 Basic Properties of Matrices
L, Matrix Norms

The matrix norms that correspond to the L, vector norms are defined for the

n X m matrix A as
4l = max Al (3223)
llzll,=1
(Notice that the restriction on ||z||, makes this an induced norm as defined
in equation (3.221). Notice also the overloading of the symbols; the norm on
the left that is being defined is a matrix norm, whereas those on the right
of the equation are vector norms.) It is clear that the L, matrix norms satisfy
the consistency property, because they are induced norms.
The Ly and L. norms have interesting simplifications of equation (3.221):

Al = max ) Ja], (3.224)

so the L is also called the column-sum norm; and

14lloo = max D ], (3.225)
J

so the Lo, is also called the row-sum norm. We see these relationships by
considering the L, norm of the vector

v=(al,x, ... 4 x),

where a;, is the i*® row of A, with the restriction that |z|/, = 1. The L,
norm of this vector is based on the absolute values of the elements; that is,
|>°; aijzs| for i = 1,...,n. Because we are free to choose z (subject to the
restriction that ||z||, = 1), for a given ¢, we can choose the sign of each z; to
maximize the overall expression. For example, for a fixed 7, we can choose each
z; to have the same sign as a;;, and so | 3, a;;x;| is the same as > |a;;| |2;]-

For the column-sum norm, the L; norm of v is >, lafx|. The elements
of x are chosen to maximize this under the restriction that )" |z;| = 1. The
maximum of the expression is attained by setting xj = sign(}_, a;x), where k
is such that |3, a;x| > >, a4j], for j=1,...,m,and zg =0 for g =1,...m
and ¢ # k. (If there is no unique k, any choice will yield the same result.)
This yields equation (3.224).

For the row-sum norm, the L., norm of v is

max [a;, x| = mﬁxz |ag;] ||
i

when the sign of x; is chosen appropriately (for a given ¢). The elements of
x must be chosen so that max |z;| = 1; hence, each z; is chosen as £1. The
maximum |a},z| is attained by setting z; = sign(ay;), for j = 1,...m, where k
is such that } . |ax;[ > >°, |ai;|, for i = 1,..., n. This yields equation (3.225).
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From equations (3.224) and (3.225), we see that
1A oo = [1Al]1- (3.226)

Alternative formulations of the Lo norm of a matrix are not so obvious
from equation (3.223). It is related to the eigenvalues (or the singular values)
of the matrix. The Ly matrix norm is related to the spectral radius (page 111):

[All2 = 4/p(ATA), (3.227)

(see Exercise 3.24, page 142). Because of this relationship, the Ly matrix norm
is also called the spectral norm.

From the invariance of the singular values to matrix transposition, we
see that positive eigenvalues of AT A are the same as those of AAT; hence,

[ AT |2 = [|All2-
For @ orthogonal, the Lo vector norm has the important property

Q|2 = [|z[|2 (3.228)

(see Exercise 3.25a, page 142). For this reason, an orthogonal matrix is some-
times called an isometric matriz. By the proper choice of z, it is easy to see
from equation (3.228) that

Q2 = 1. (3.229)

Also from this we see that if A and B are orthogonally similar, then [|A]2 =
||Bl|2; hence, the spectral matrix norm is orthogonally invariant.

The Ly matrix norm is a Euclidean-type norm since it is induced by the
Euclidean vector norm (but it is not called the Euclidean matrix norm; see
below).

Ly, Ly, and Lo, Norms of Symmetric Matrices
For a symmetric matrix A, we have the obvious relationships

JAll = 1Al (3.230)
and, from equation (3.227),

[All2 = p(A). (3.231)

3.9.2 The Frobenius Norm — The “Usual” Norm

The Frobenius norm is defined as

IAle = [ a2 (3.232)
\ i
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It is easy to see that this measure has the consistency property (Exercise 3.27),
as a norm must. The Frobenius norm is sometimes called the Fuclidean matrix
norm and denoted by | - ||g, although the Lo matrix norm is more directly
based on the Euclidean vector norm, as we mentioned above. We will usually
use the notation || - || to denote the Frobenius norm. Occasionally we use
| - || without the subscript to denote the Frobenius norm, but usually the
symbol without the subscript indicates that any norm could be used in the
expression. The Frobenius norm is also often called the “usual norm”, which
emphasizes the fact that it is one of the most useful matrix norms. Other
names sometimes used to refer to the Frobenius norm are Hilbert-Schmidt
norm and Schur norm.

A useful property of the Frobenius norm that is obvious from the defini-
tion is

[Alle = 1/ tr(ATA)

=V (4, A);
that is,
° the Frobenius norm is the norm that arises from the matrix inner prod-
uct (see page 74).

From the commutativity of an inner product, we have ||AT||p = ||A|p. We
have seen that the Lo matrix norm also has this property.

Similar to defining the angle between two vectors in terms of the inner
product and the norm arising from the inner product, we define the angle
between two matrices A and B of the same size and shape as

=cos™! _A4B)
angle(4, B) = (A|F||B||F> . (3.233)

If @Q is an n X m orthogonal matrix, then

1Qllr = vm (3.234)
(see equation (3.169)).
If A and B are orthogonally similar (see equation (3.191)), then
[Alle = 11 Bllr;

that is, the Frobenius norm is an orthogonally invariant norm. To see this, let
A = QTBQ, where Q is an orthogonal matrix. Then
|A]f = tr(ATA)
= tr(Q"BTQQ"BQ)
= tr(BTBQQ")
= tr(BTB)
= || Bl
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(The norms are nonnegative, of course, and so equality of the squares is suf-
ficient.)

Parseval’s Identity

Several important properties result because the Frobenius norm arises from
an inner product. For example, following the Fourier expansion in terms of
the singular value decomposition, equation (3.219), we mentioned that the
singular values have the general properties of Fourier coefficients; for example,
they satisfy Parseval’s identity, equation (2.38), on page 29. This identity
states that the sum of the squares of the Fourier coefficients is equal to the
square of the norm that arises from the inner product used in the Fourier
expansion. Hence, we have the important property of the Frobenius norm
that the square of the norm is the sum of squares of the singular values of the

matrix:
JAIF = d?. (3.235)

3.9.3 Matrix Norm Inequalities

There is an equivalence among any two matrix norms similar to that of expres-
sion (2.17) for vector norms (over finite-dimensional vector spaces). If || - ||,
and || - ||, are matrix norms, then there are positive numbers r and s such
that, for any matrix A,

rllAlle < [[Alla < sl[Allp- (3.236)

We will not prove this result in general but, in Exercise 3.28, ask the reader
to do so for matrix norms induced by vector norms. These induced norms
include the matrix L, norms of course.

If A is an n x m real matrix, we have some specific instances of (3.236):

[Alloe < Vm|lAlp, (3.237)
[Alle < v/min(n, m) | All2, (3.238)
[All2 < Vm || All1, (3.239)
Al < V| Alls, (3.240)
[All2 < | Allr, (3.241)

[Allr < V[l Alloo- (3.242)
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See Exercises 3.29 and 3.30 on page 143. Compare these inequalities with
those for L, vector norms on page 18. Recall specifically that for vector L,
norms we had the useful fact that for a given z and for p > 1, ||z|, is a
nonincreasing function of p; and specifically we had inequality (2.12):

[zlloc < flzll2 < [l]]s.

3.9.4 The Spectral Radius

The spectral radius is the appropriate measure of the condition of a square
matrix for certain iterative algorithms. Except in the case of symmetric ma-
trices, as shown in equation (3.231), the spectral radius is not a norm (see
Exercise 3.31a).

We have for any norm || - | and any square matrix A that

p(A) < [|A]]. (3.243)

To see this, we consider the associated eigenvalue and eigenvector ¢; and wv;
and form the matrix V' = [v;]0] ---|0], so ¢;VV = AV, and by the consistency
property of any matrix norm,

VI = lle:V
= [lAV]]
< [lA[HVAI,
or
leil < [IAll,

(see also Exercise 3.31b).

The inequality (3.243) and the L; and L. norms yield useful bounds on
the eigenvalues and the maximum absolute row and column sums of matrices:
the modulus of any eigenvalue is no greater than the largest sum of absolute
values of the elements in any row or column.

The inequality (3.243) and equation (3.231) also yield a minimum property
of the Ly norm of a symmetric matrix A:

[A]l2 < [|A].-

3.9.5 Convergence of a Matrix Power Series

We define the convergence of a sequence of matrices in terms of the conver-
gence of a sequence of their norms, just as we did for a sequence of vectors (on
page 20). We say that a sequence of matrices Aj, Ao, ... (of the same shape)
converges to the matrix A with respect to the norm || - || if the sequence of
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real numbers ||A; — AJ|, ||[A2 — A]|, ... converges to 0. Because of the equiv-
alence property of norms, the choice of the norm is irrelevant. Also, because
of inequality (3.243), we see that the convergence of the sequence of spectral
radii p(A; — A), p(Az — A), ... to 0 must imply the convergence of A, Ag, ...
to A.

Conditions for Convergence of a Sequence of Powers

For a square matrix A, we have the important fact that
AP =0, if |4] <1, (3.244)

where 0 is the square zero matrix of the same order as A and ||-|| is any matrix
norm. (The consistency property is required.) This convergence follows from
inequality (3.220) because that yields limy . | A*|| < limj_ ||A[*, and so
if |All <1, then limy_ ||A¥|| = 0.

Now consider the spectral radius. Because of the spectral decomposition,
we would expect the spectral radius to be related to the convergence of a
sequence of powers of a matrix. If A* — 0, then for any conformable vector
x, AFz — 0; in particular, for the eigenvector v; # 0 corresponding to the
dominant eigenvalue c;, we have Akyp = c’fvl — 0. For c’fvl to converge to

zero, we must have |c;| < 1; that is, p(4) < 1. We can also show the converse:
AR — 0 if p(A) < 1. (3.245)

We will do this by defining a norm || - |4 in terms of the L; matrix norm in
such a way that p(A) < 1 implies ||A||4 < 1. Then we can use equation (3.244)
to establish the convergence.

Let A = QTQT be the Schur factorization of the n x n matrix A, where
Q is orthogonal and T is upper triangular with the same eigenvalues as A,
c1,...,cn. Now for any d > 0, form the diagonal matrix D = diag(d?, ..., d").
Notice that DT D~! is an upper triangular matrix and its diagonal elements
(which are its eigenvalues) are the same as the eigenvalues of T and A. Con-
sider the column sums of the absolute values of the elements of DT D~!:

j—1
i+ d™ Iy,
i=1

Now, because |¢;| < p(A) for given € > 0, by choosing d large enough, we have

Jj—1

el + > d™ U ]ti;] < p(A) +e,
=1

or

Jj—1
||DTD_1||1 = mjax <|Cj| + Zd_(j_i)|tij|> < p(A) + €.

i=1
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Now define || - |4 for any n x n matrix X, where @ is the orthogonal matrix
in the Schur factorization and D is as defined above, as
IX]la = 1(@D™H) ™' X(@D ™)1 (3.246)
Now || - |4 is @ norm (Exercise 3.32). Furthermore,
[Alla = I(QD™H) ™ A@D ™Y1
= |[DTD™ |
< p(A4) +¢,

and so if p(A) < 1, € and d can be chosen so that ||A|lq < 1, and by equa-
tion (3.244) above, we have A¥ — 0; hence, we conclude that

A* — 0 if and only if p(A) < 1. (3.247)
From inequality (3.243) and the fact that p(A*) = p(A)*, we have p(A4) <
| A¥||*/*. Now, for any e >0, p(A/(p(A) +¢€)) < 1 and so
lim (4/(p(4) + )" =0
from expression (3.247); hence,

LA
. ol A) + oF
There is therefore a positive integer M, such that ||A*|/(p(A) + €)* < 1 for

all k > M., and hence || A*||'/* < (p(A) + ¢) for k > M,. We have therefore,
for any € > 0,

p(A) < A% < p(A) +e for k> M.,

and thus
Jim | A*||1E = p(A). (3.248)

Convergence of a Power Series; Inverse of I — A

Consider the power series in an n x n matrix such as in equation (3.140) on
page 94,
T+A+AZ+ A3 4.,

In the standard fashion for dealing with series, we form the partial sum
Sp=I+A+A*+ A*+ ... AF
and consider limy,_ o, S;. We first note that
(I —A)S, =1 — AFH1

and observe that if A¥** — 0, then Sy — (I —A)~!, which is equation (3.140).
Therefore,

(I-A)'=T+A+A2+A%+... if||A| <1 (3.249)
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Nilpotent Matrices

The condition in equation (3.236) is not necessary; that is, if A¥ — 0, it may
be the case that, for some norm, ||A] > 1. A simple example is

02
A= [ 0 0} .
For this matrix, A2 =0, yet ||Al|1 = [| A2 = || 4]l = | A]|r = 2.

A matrix like A above such that its product with itself is 0 is called nilpo-
tent. More generally, for a square matrix A, if A¥ = 0 for some positive integer
E, but A¥=1 £ 0, A is said to be nilpotent of index k. Strictly speaking, a nilpo-
tent matrix is nilpotent of index 2, but often the term “nilpotent” without

qualification is used to refer to a matrix that is nilpotent of any index. A
simple example of a matrix that is nilpotent of index 3 is

000
A=1100
010

It is easy to see that if A,,«, is nilpotent, then
tr(A) =0, (3.250)
p(A) =0, (3.251)
(that is, all eigenvalues of A are 0), and
rank(A) =n — 1. (3.252)

You are asked to supply the proofs of these statements in Exercise 3.33.

In applications, for example in time series or other stochastic processes,
because of expression (3.247), the spectral radius is often the most useful.
Stochastic processes may be characterized by whether the absolute value of
the dominant eigenvalue (spectral radius) of a certain matrix is less than 1.
Interesting special cases occur when the dominant eigenvalue is equal to 1.

3.10 Approximation of Matrices

In Section 2.2.6, we discussed the problem of approximating a given vector
in terms of vectors from a lower dimensional space. Likewise, it is often of
interest to approximate one matrix by another. In statistical applications, we
may wish to find a matrix of smaller rank that contains a large portion of the
information content of a matrix of larger rank (“dimension reduction”as on
page 345; or variable selection as in Section 9.4.2, for example), or we may
want to impose conditions on an estimate that it have properties known to
be possessed by the estimand (positive definiteness of the correlation matrix,
for example, as in Section 9.4.6). In numerical linear algebra, we may wish
to find a matrix that is easier to compute or that has properties that ensure
more stable computations.
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Metric for the Difference of Two Matrices

A natural way to assess the goodness of the approximation is by a norm of the
difference (that is, by a metric induced by a norm), as discussed on page 22.
If A is an_approximation to A, we measure the quality of the approximation
by ||A — A]| for some norm. In the following, we will measure the goodness
of the approximation using the norm that arises from the inner product (the
Frobenius norm).

Best Approximation with a Matrix of Given Rank

Suppose we want the best approximation to an n x m matrix A of rank r by
a matrix A in IR™*™ but with smaller rank, say k; that is, we want to find A
of rank k such that _

1A - Ay (3.253)

is a minimum for all A € R™ ™ of rank k.

We have an orthogonal basis in terms of the singular value decomposition,
equation (3.219), for some subspace of R™*™, and we know that the Fourier
coefficients provide the best approximation for any subset of k basis matrices,
as in equation (2.43). This Fourier fit would have rank k as required, but it
would be the best only within that set of expansions. (This is the limitation
imposed in equation (2.43).) Another approach to determine the best fit could
be developed by representing the columns of the approximating matrix as
linear combinations of the given matrix A and then expanding ||A — A||3.

Neither the Fourier expansion nor the restriction V(A) C V(A) permit us to
address the question of what is the overall best approximation of rank & within
IR™ ™. As we see below, however, there is a minimum of expression (3.253)
that occurs within V(A), and a minimum is at the truncated Fourier expansion
in the singular values (equation (3.219)).

To state this more precisely, let A be an n x m matrix of rank r with
singular value decomposition

_ DTO T
o[

where D, = diag(di,...,d;), and the singular values are indexed so that
dy > -+ >d, > 0. Then, for all n x m matrices X with rank k < r,

i
A-x2> 3 &, (3.254)
i=k+1

and this minimum occurs for X = A, where

~ Dy 0] 7
A_U{O O]V . (3.255)
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To see this, for any X, let @ be an n X k matrix whose columns are an
orthonormal basis for V(X), and let X = QY, where Y is a k x n matrix, also
of rank k. The minimization problem now is

min[| A — QY e

with the restriction rank(Y') = k.
Now, expanding, completing the Gramian and using its nonnegative defi-
niteness, and permuting the factors within a trace, we have

14— QY|[f =tr ((A-QY)"(4-QY))
=tr(ATA) +tr (Y'Y — ATQY —YTQ" A)
— tr (ATA) +tr (Y — QA" (Y — QT A4)) — tr (ATQQ"A)
> tr (ATA) — tr (QTAATQ).

The squares of the singular values of A are the eigenvalues of AT A, and so
tr(ATA) = Y"1, d?. The eigenvalues of AT A are also the eigenvalues of AAT,

and so, from inequality (3.213), tr(QTAATQ) < °F . @2, and so

i=1 ">

r k
A= X[E>> a2 - a2
=1 =1

hence, we have inequality (3.254). (This technique of “completing the Gramian”
when an orthogonal matrix is present in a sum is somewhat similar to the tech-
nique of completing the square; it results in the difference of two Gramian
matrices, which are defined in Section 3.3.7.)

Direct expansion of ||A — EH% yields

tr (AT4) = 20 (ATA) 4 r (A7) = Z @2 - zk: 2,
=1 =1

and hence A is the best rank k approximation to A under the Frobenius norm.
Equation (3.255) can be stated another way: the best approximation of A
of rank k is

k
A=Y "du]. (3.256)

This result for the best approximation of a given matrix by one of lower
rank was first shown by Eckart and Young (1936). On page 271, we will
discuss a bound on the difference between two symmetric matrices whether
of the same or different ranks.

In applications, the rank k may be stated a priori or we examine a se-
quence k = r — 1, r — 2, ..., and determine the norm of the best fit at
each rank. If s; is the norm of the best approximating matrix, the sequence
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Sr—1,

3 Basic Properties of Matrices

Sr_2, ... may suggest a value of k for which the reduction in rank is

sufficient for our purposes and the loss in closeness of the approximation is
not too great. Principal components analysis is a special case of this process
(see Section 9.3).

Exercises

3.1.

3.2.

3.3.

3.4.

3.5.

3.6.

3.7.

Vector spaces of matrices.

a) Exhibit a basis set for R"*™ for n > m.

b) Does the set of n x m diagonal matrices form a vector space? (The
answer is yes.) Exhibit a basis set for this vector space (assuming
n>m).

c¢) Exhibit a basis set for the vector space of n x n symmetric matrices.

d) Show that the cardinality of any basis set for the vector space of
n X n symmetric matrices is n(n + 1)/2.

By expanding the expression on the left-hand side, derive equation (3.64)

on page 70.

Show that for any quadratic form T Az there is a symmetric matrix

A, such that 2T A 2 = 2T Az. (The proof is by construction, with A, =

1(A+AT), first showing A, is symmetric and then that 2T A,z = 2T Az.)

Give conditions on a, b, and ¢ for the matrix below to be positive definite.

ab
e
Show that the Mahalanobis distance defined in equation (3.67) is a
metric (that is, show that it satisfies the properties listed on page 22).
Verify the relationships for Kronecker products shown in equations (3.70)
through (3.74) on page 73.
Make liberal use of equation (3.69) and previously verified equations.
Cauchy-Schwarz inequalities for matrices.
a) Prove the Cauchy-Schwarz inequality for the dot product of matrices
((3.80), page 75), which can also be written as

(tr(ATB))? < tr(AT A)tr(BTB).

b) Prove the Cauchy-Schwarz inequality for determinants of matrices
A and B of the same shape:

(ATB)? < |ATA||BTB.

Under what conditions is equality achieved?
¢) Let A and B be matrices of the same shape, and define

p(A4,B) = |A"B|.

Is p(-,-) an inner product? Why or why not?



3.8.

3.9.
3.10.

3.11.

3.12.

3.13.

3.14.

3.15.

3.16.

3.17.

3.18.

3.19.
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Prove that a square matrix that is either row or column diagonally

dominant is nonsingular.

Prove that a positive definite matrix is nonsingular.

Let A be an n x m matrix.

a) Under what conditions does A have a Hadamard multiplicative in-
verse?

b) If A has a Hadamard multiplicative inverse, what is it?

The affine group AL(n).

a) What is the identity in AL(n)?

b) Let (A,v) be an element of AL(n). What is the inverse of (A,v)?

Verify the relationships shown in equations (3.133) through (3.139) on

page 93. Do this by multiplying the appropriate matrices. For example,

the first equation is verified by the equations

T+ANAT+ A =(A+ DI+ AT =T+AIT+A) =1

Make liberal use of equation (3.132) and previously verified equations.
Of course it is much more interesting to derive relationships such as these
rather than merely to verify them. The verification, however, often gives
an indication of how the relationship would arise naturally.

By writing AA™! = I, derive the expression for the inverse of a parti-
tioned matrix given in equation (3.145).

Show that the expression given for the generalized inverse in equa-
tion (3.165) on page 101 is correct.

Show that the expression given in equation (3.167) on page 102 is a
Moore-Penrose inverse of A. (Show that properties 1 through 4 hold.)

Write formal proofs of the properties of eigenvalues/vectors listed on
page 107.

Let A be a square matrix with an eigenvalue ¢ and corresponding eigen-
vector v. Consider the matrix polynomial in A

p(A) = bol + b A+ -+ b A",
Show that if (¢,v) is an eigenpair of A, then p(c), that is,
bo + bic+ -+ + byc”,

is an eigenvalue of p(A) with corresponding eigenvector v. (Technically,

the symbol p(-) is overloaded in these two instances.)

Write formal proofs of the properties of eigenvalues/vectors listed on

page 110.

a) Show that the unit vectors are eigenvectors of a diagonal matrix.

b) Give an example of two similar matrices whose eigenvectors are not
the same.

Hint: In equation (3.190), let A be a 2 x 2 diagonal matrix (so you
know its eigenvalues and eigenvectors) with unequal values along
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3.20.

3.21.

3.22.

3.23.

3.24.

3.25.

3.26.

3.27.
3.28.

3.29.
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the diagonal, and let P be a 2 x 2 upper triangular matrix, so that
you can invert it. Form B and check the eigenvectors.
Let A be a diagonalizable matrix (not necessarily symmetric) with a
spectral decomposition of the form of equation (3.205), A = >, ¢; P;.
Let c; be a simple eigenvalue with associated left and right eigenvectors
y; and z;, respectively. (Note that because A is not symmetric, it may
have nonreal eigenvalues and eigenvectors.)
a) Show that y;-{xj #0.
b) Show that the projection matrix P; is a:jyjH/y?xj
If A is nonsingular, show that for any (conformable) vector

(zTAz)(zTA7 z) > (2Tx)2

Hint: Use the square roots and the Cauchy-Schwarz inequality.

Prove that the induced norm (page 129) is a matrix norm; that is, prove
that it satisfies the consistency property.

Prove the inequality (3.222) for an induced matrix norm on page 129:

[Az|| < Al |-
Prove that, for the square matrix A,
|A]13 = p(AT A).

Hint: Show that ||A||2 = max 2T AT Az for any normalized vector z.
Let @Q be an n x n orthogonal matrix, and let = be an n-vector.
a) Prove equation (3.228):

1Q[l2 = [|l2]]2-
Hint: Write ||Qx]|2 as v/ (Qz)TQx.

b) Give examples to show that this does not hold for other norms.
The triangle inequality for matrix norms: ||A + B| < || A|| + || B]|-

a) Prove the triangle inequality for the matrix L; norm.

b) Prove the triangle inequality for the matrix Lo, norm.

c¢) Prove the triangle inequality for the matrix Frobenius norm.

Prove that the Frobenius norm satisfies the consistency property.

If | - ||o and || - ||p are matrix norms induced respectively by the vector
norms || - ||y, and || - ||y, prove inequality (3.236); that is, show that
there are positive numbers r and s such that, for any A,

rllAlle < [[Alla < sl|Alls-

Use the Cauchy-Schwarz inequality to prove that for any square matrix
A with real elements,
[All2 < [|Alr-
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3.31.

3.32.

3.33.
3.34.
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Prove inequalities (3.237) through (3.242), and show that the bounds

are sharp by exhibiting instances of equality.

The spectral radius, p(A4).

a) We have seen by an example that p(A) = 0 does not imply A = 0.
What about other properties of a matrix norm? For each, either
show that the property holds for the spectral radius or, by means
of an example, that it does not hold.

b) Use the outer product of an eigenvector and the one vector to show
that for any norm || - || and any matrix A, p(A4) < || 4]

Show that the function || - |4 defined in equation (3.246) is a norm.

Hint: Just verify the properties on page 128 that define a norm.
Prove equations (3.250) through (3.252).

Prove equations (3.254) and (3.255) under the restriction that V(X) C
V(A); that is, where X = BL for a matrix B whose columns span V(A).
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Vector /Matrix Derivatives and Integrals

The operations of differentiation and integration of vectors and matrices are
logical extensions of the corresponding operations on scalars. There are three
objects involved in this operation:

° the variable of the operation;
° the operand (the function being differentiated or integrated); and
° the result of the operation.

In the simplest case, all three of these objects are of the same type, and
they are scalars. If either the variable or the operand is a vector or a matrix,
however, the structure of the result may be more complicated. This statement
will become clearer as we proceed to consider specific cases.

In this chapter, we state or show the form that the derivative takes in
terms of simpler derivatives. We state high-level rules for the nature of the
differentiation in terms of simple partial differentiation of a scalar with respect
to a scalar. We do not consider whether or not the derivatives exist. In gen-
eral, if the simpler derivatives we write that comprise the more complicated
object exist, then the derivative of that more complicated object exists. Once
a shape of the derivative is determined, definitions or derivations in e-0 terms
could be given, but we will refrain from that kind of formal exercise. The
purpose of this chapter is not to develop a calculus for vectors and matrices
but rather to consider some cases that find wide applications in statistics.
For a more careful treatment of differentiation of vectors and matrices, the
reader is referred to Rogers (1980) or to Magnus and Neudecker (1999). An-
derson (2003), Muirhead (1982), and Nachbin (1965) cover various aspects of
integration with respect to vector or matrix differentials.

4.1 Basics of Differentiation

It is useful to recall the heuristic interpretation of a derivative. A derivative
of a function is the infinitesimal rate of change of the function with respect
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to the variable with which the differentiation is taken. If both the function
and the variable are scalars, this interpretation is unambiguous. If, however,
the operand of the differentiation, @, is a more complicated function, say a
vector or a matrix, and/or the variable of the differentiation, =, is a more
complicated object, the changes are more difficult to measure. Change in the

value both of the function,
0P = gzsnow - gzs01d7

and of the variable,

—

= = Znew — <old,

could be measured in various ways; for example, by using various norms, as
discussed in Sections 2.1.5 and 3.9. (Note that the subtraction is not neces-
sarily ordinary scalar subtraction.)

Furthermore, we cannot just divide the function values by 6=. We do not
have a definition for division by that kind of object. We need a mapping,
possibly a norm, that assigns a positive real number to §=. We can define
the change in the function value as just the simple difference of the function
evaluated at the two points. This yields

im (= + 5:2 —P(5) .
1620 6=l

(4.1)

So long as we remember the complexity of §=, however, we can adopt a
simpler approach. Since for both vectors and matrices, we have definitions of
multiplication by a scalar and of addition, we can simplify the limit in the
usual definition of a derivative, 6= — 0. Instead of using d=" as the element
of change, we will use t1°, where t is a scalar and 7 is an element to be added
to =. The limit then will be taken in terms of ¢ — 0. This leads to

im S(E+1T)—P(5)
t—0 t

(4.2)

as a formula for the derivative of @ with respect to =.

The expression (4.2) may be a useful formula for evaluating a derivative,
but we must remember that it is not the derivative. The type of object of
this formula is the same as the type of object of the function, @; it does not
accommodate the type of object of the argument, =, unless = is a scalar. As
we will see below, for example, if = is a vector and @ is a scalar, the derivative
must be a vector, yet in that case the expression (4.2) is a scalar.

The expression (4.1) is rarely directly useful in evaluating a derivative, but
it serves to remind us of both the generality and the complexity of the concept.
Both @ and its arguments could be functions, for example. (In functional
analysis, various kinds of functional derivatives are defined, such as a Gateaux
derivative. These derivatives find applications in developing robust statistical
methods; see Shao, 2003, for example.) In this chapter, we are interested in the
combinations of three possibilities for @, namely scalar, vector, and matrix,
and the same three possibilities for = and 7.
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Continuity

It is clear from the definition of continuity that for the derivative of a function
to exist at a point, the function must be continuous at that point. A function
of a vector or a matrix is continuous if it is continuous for each element
of the vector or matrix. Just as scalar sums and products are continuous,
vector/matrix sums and all of the types of vector/matrix products we have
discussed are continuous. A continuous function of a continuous function is
continuous.

Many of the vector/matrix functions we have discussed are clearly con-
tinuous. For example, the L, vector norms in equation (2.11) are continuous
over the nonnegative reals but not over the reals unless p is an even (posi-
tive) integer. The determinant of a matrix is continuous, as we see from the
definition of the determinant and the fact that sums and scalar products are
continuous. The fact that the determinant is a continuous function immedi-
ately yields the result that cofactors and hence the adjugate are continuous.
From the relationship between an inverse and the adjugate (equation (3.131)),
we see that the inverse is a continuous function.

Notation and Properties

We write the differential operator with respect to the dummy variable z as
d/0z or 0/0xT. We usually denote differentiation using the symbol for “par-
tial” differentiation, 0, whether the operator is written dz; for differentiation
with respect to a specific scalar variable or Oz for differentiation with respect
to the array = that contains all of the individual elements. Sometimes, how-
ever, if the differentiation is being taken with respect to the whole array (the
vector or the matrix), we use the notation d/dz.

The operand of the differential operator 9/0z is a function of x. (If it
is not a function of x—that is, if it is a constant function with respect to
x—then the operator evaluates to 0.) The result of the operation, written
0f /0x, is also a function of x, with the same domain as f, and we sometimes
write 0f(x)/0z to emphasize this fact. The value of this function at the fixed
point zg is written as 9f(xo)/0x. (The derivative of the constant f(z¢) is
identically 0, but it is not necessary to write 9f(z)/0z|,, because df(xo)/0x
is interpreted as the value of the function df(z)/0x at the fixed point xg.)

If 0/0x operates on f, and f : S — T, then 9/0x : S — U. The nature
of S, or more directly the nature of z, whether it is a scalar, a vector, or
a matrix, and the nature of T" determine the structure of the result U. For
example, if x is an n-vector and f(x) = 2Tz, then

f-R"—=R

and

df /0x : R" — R",
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as we will see. The outer product, h(z) = x2T, is a mapping to a higher rank

array, but the derivative of the outer product is a mapping to an array of the
same rank; that is,
h . ]Rn — IRan

and
Oh/0z : R" — IR".

(Note that “rank” here means the number of dimensions; see page 5.)
As another example, consider g(-) = det(-), so

g: R™" — R.

In this case,
8g/0X : R™ "™ — R

that is, the derivative of the determinant of a square matrix is a square matrix,
as we will see later.

Higher-order differentiation is a composition of the 9/0x operator with
itself or of the &/0x operator and the 9/0xT operator. For example, consider
the familiar function in linear least squares

f(b) = (y— Xb)T(y — Xb).

This is a mapping from IR™ to IR. The first derivative with respect to the m-
vector b is a mapping from IR™ to IR, namely 2XTXb — 2X Ty. The second
derivative with respect to bT is a mapping from IR to R™*™, namely, 2X T X.
(Many readers will already be familiar with these facts. We will discuss the
general case of differentiation with respect to a vector in Section 4.2.2.)

We see from expression (4.1) that differentiation is a linear operator; that
is, if D(P) represents the operation defined in expression (4.1), ¥ is another
function in the class of functions over which D is defined, and a is a scalar
that does not depend on the variable =, then D(a® + ¥) = aD(P) + D(¥).
This yields the familiar rules of differential calculus for derivatives of sums or
constant scalar products. Other usual rules of differential calculus apply, such
as for differentiation of products and composition (the chain rule). We can
use expression (4.2) to work these out. For example, for the derivative of the
product @V, after some rewriting of terms, we have the numerator

D(E)(P(E+tT)-w(Z
+¥(2)(P(E+1T) — D(2))
+(P(E+1T) —D(2)) (P (E+1T) —W(T)).

Now, dividing by ¢ and taking the limit, assuming that as
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we have

D(W) = D(P)¥ + PD(¥), (4.3)

where again D represents the differentiation operation.

Differentials

For a differentiable scalar function of a scalar variable, f(x), the differential
of f at ¢ with increment w is ud f /dzx|.. This is the linear term in a truncated
Taylor series expansion:

Fle+u) = £(e) +us f(e) + (e, u). (14)
Technically, the differential is a function of both x and w, but the notation
df is used in a generic sense to mean the differential of f. For vector/matrix
functions of vector/matrix variables, the differential is defined in a similar
way. The structure of the differential is the same as that of the function; that
is, for example, the differential of a matrix-valued function is a matrix.

4.2 Types of Differentiation

In the following sections we consider differentiation with respect to different
types of objects first, and we consider differentiation of different types of
objects.

4.2.1 Differentiation with Respect to a Scalar

Differentiation of a structure (vector or matrix, for example) with respect to
a scalar is quite simple; it just yields the ordinary derivative of each element
of the structure in the same structure. Thus, the derivative of a vector or a
matrix with respect to a scalar variable is a vector or a matrix, respectively,
of the derivatives of the individual elements.

Differentiation with respect to a vector or matrix, which we will consider
below, is often best approached by considering differentiation with respect to
the individual elements of the vector or matrix, that is, with respect to scalars.

Derivatives of Vectors with Respect to Scalars

The derivative of the vector y(x) = (y1,...,yn) with respect to the scalar x
is the vector

By /dx = (By1 /O, . .., dyp/O). (4.5)

The second or higher derivative of a vector with respect to a scalar is
likewise a vector of the derivatives of the individual elements; that is, it is an
array of higher rank.
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Derivatives of Matrices with Respect to Scalars

The derivative of the matrix Y (z) = (y;;) with respect to the scalar z is the
matrix

0Y (z)/0x = (0yi;/0x). (4.6)

The second or higher derivative of a matrix with respect to a scalar is
likewise a matrix of the derivatives of the individual elements.

Derivatives of Functions with Respect to Scalars

Differentiation of a function of a vector or matrix that is linear in the elements
of the vector or matrix involves just the differentiation of the elements, fol-
lowed by application of the function. For example, the derivative of a trace of
a matrix is just the trace of the derivative of the matrix. On the other hand,
the derivative of the determinant of a matrix is not the determinant of the
derivative of the matrix (see below).

Higher-Order Derivatives with Respect to Scalars

Because differentiation with respect to a scalar does not change the rank
of the object (“rank” here means rank of an array or “shape”), higher-order
derivatives 0% /0x* with respect to scalars are merely objects of the same rank
whose elements are the higher-order derivatives of the individual elements.

4.2.2 Differentiation with Respect to a Vector

Differentiation of a given object with respect to an n-vector yields a vector
for each element of the given object. The basic expression for the derivative,
from formula (4.2), is

d ty) — @
lim 2 1) = #() (4.7)
t—0 t
for an arbitrary conformable vector y. The arbitrary y indicates that the
derivative is omnidirectional; it is the rate of change of a function of the

vector in any direction.

Derivatives of Scalars with Respect to Vectors; The Gradient

The derivative of a scalar-valued function with respect to a vector is a vector
of the partial derivatives of the function with respect to the elements of the
vector. If f(z) is a scalar function of the vector x = (z1,...,2,),

o _(of  of
&p_<8x1""’8xn>’ (48)
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if those derivatives exist. This vector is called the gradient of the scalar-valued
function, and is sometimes denoted by g¢(x) or V f(x), or sometimes just g
or Vf: of

gr=Vf=45" (4.9)
The notation g¢ or V f implies differentiation with respect to “all” arguments
of f, hence, if f is a scalar-valued function of a vector argument, they represent
a vector.

This derivative is useful in finding the maximum or minimum of a func-
tion. Such applications arise throughout statistical and numerical analysis. In
Section 6.3.2, we will discuss a method of solving linear systems of equations
by formulating the problem as a minimization problem.

Inner products, bilinear forms, norms, and variances are interesting scalar-
valued functions of vectors. In these cases, the function @ in equation (4.7) is
scalar-valued and the numerator is merely @(x + ty) — @(z). Consider, for ex-
ample, the quadratic form 2™ Az. Using equation (4.7) to evaluate 0z™ Az /O,
we have

(x+ty)TA(x + ty) — 2™ Ax

lim

t—0 t

1 2T Az +tyT Az + tyTA T2 + 12yT Ay — 2T Az (4.10)
o tg% t

=yT(A+ AT,

for an arbitrary y (that is, “in any direction”), and so dzT Az /0z = (A+AT)z.

This immediately yields the derivative of the square of the Euclidean norm
of a vector, ||z||3, and the derivative of the Euclidean norm itself by using
the chain rule. Other L, vector norms may not be differentiable everywhere
because of the presence of the absolute value in their definitions. The fact that
the Euclidean norm is differentiable everywhere is one of its most important
properties.

The derivative of the quadratic form also immediately yields the derivative
of the variance. The derivative of the correlation, however, is slightly more
difficult because it is a ratio (see Exercise 4.2).

The operator 9/0xT applied to the scalar function f results in g?.

The second derivative of a scalar-valued function with respect to a vector
is a derivative of the first derivative, which is a vector. We will now consider
derivatives of vectors with respect to vectors.

Derivatives of Vectors with Respect to Vectors; The Jacobian

The derivative of an m-vector-valued function of an n-vector argument con-
sists of nm scalar derivatives. These derivatives could be put into various
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structures. Two obvious structures are an n X m matrix and an m X n matrix.
For a function f : S C IR" — IR™, we define fT/dz to be the n x m ma-
trix, which is the natural extension of 9/dz applied to a scalar function, and
0f /0™ to be its transpose, the m x n matrix. Although the notation dfT /0z
is more precise because it indicates that the elements of f correspond to the
columns of the result, we often drop the transpose in the notation. We have

or _ort b ti
—_— = convention
Ox ox Y
_ |9 Ofm
| 0z " Ox
[ 0fr Of2 ... Ofm
81?1 81?1 E)zl
_ | 9fr Of Ofm
= |98 9 ... O (4.11)
Ofr Ofas .. Ofm
L Ozp, Oxp, Oxn

if those derivatives exist. This derivative is called the matriz gradient and
is denoted by Gy or Vf for the vector-valued function f. (Note that the V
symbol can denote either a vector or a matrix, depending on whether the
function being differentiated is scalar-valued or vector-valued.)

The m x n matrix df/0zT = (Vf)T is called the Jacobian of f and is
denoted by J:

Jp=G} =(VH . (4.12)

The absolute value of the determinant of the Jacobian appears in integrals
involving a change of variables. (Occasionally, the term “Jacobian” is used
to refer to the absolute value of the determinant rather than to the matrix
itself.)

To emphasize that the quantities are functions of x, we sometimes write

Of(x)/0x, Js(x), Gy(x), or Vf(z).

Derivatives of Matrices with Respect to Vectors

The derivative of a matrix with respect to a vector is a three-dimensional
object that results from applying equation (4.8) to each of the elements of the
matrix. For this reason, it is simpler to consider only the partial derivatives
of the matrix Y with respect to the individual elements of the vector x; that
is, Y/Ox;. The expressions involving the partial derivatives can be thought
of as defining one two-dimensional layer of a three-dimensional object.

Using the rules for differentiation of powers that result directly from the
definitions, we can write the partial derivatives of the inverse of the matrix Y

as
Q -1 _ -1 2 -1
axY =-Y <8xy> Y (4.13)
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(see Exercise 4.3).

Beyond the basics of differentiation of constant multiples or powers of a
variable, the two most important properties of derivatives of expressions are
the linearity of the operation and the chaining of the operation. These yield
rules that correspond to the familiar rules of the differential calculus. A simple
result of the linearity of the operation is the rule for differentiation of the trace:

0 0

Higher-Order Derivatives with Respect to Vectors; The Hessian

Higher-order derivatives are derivatives of lower-order derivatives. As we have
seen, a derivative of a given function with respect to a vector is a more compli-
cated object than the original function. The simplest higher-order derivative
with respect to a vector is the second-order derivative of a scalar-valued func-
tion. Higher-order derivatives may become uselessly complicated.

In accordance with the meaning of derivatives of vectors with respect to
vectors, the second derivative of a scalar-valued function with respect to a
vector is a matrix of the partial derivatives of the function with respect to the
elements of the vector. This matrix is called the Hessian, and is denoted by
H/ or sometimes by VV f or V2 f:

2°f o’f ... _0%f
81% Ox10x2 Ox10T .,
2
oo O | ey ey (4.14)
f Ox0xT Oxo0x1 Ox2 Ox00xy, | ° :
2*f *f ... 9f
0T O0x1 OxmOxa ox2,

To emphasize that the Hessian is a function of x, we sometimes write

Hy(z) or VV f(z) or V2f(x).

Summary of Derivatives with Respect to Vectors

As we have seen, the derivatives of functions are complicated by the problem
of measuring the change in the function, but often the derivatives of functions
with respect to a vector can be determined by using familiar scalar differen-
tiation. In general, we see that

. the derivative of a scalar (a quadratic form) with respect to a vector is
a vector and
° the derivative of a vector with respect to a vector is a matrix.

Table 4.1 lists formulas for the vector derivatives of some common expres-
sions. The derivative 0f/0z" is the transpose of f /0.
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Table 4.1. Formulas for Some Vector Derivatives

f(z) of/0x
ax a
bz b
z'b b*
=Tz 2x
zzT 22T
b Az ATb
z" Ab b A
T Az (A+ ATz
2Ax, if A is symmetric
exp(—22"Az) —exp(—3ia" Az)Az, if A is symmetric
[l]13 2z
V(x) 2z/(n—1)

In this table, x is an n-vector, a is a constant scalar, b is a
constant conformable vector, and A is a constant conformable
matrix.

4.2.3 Differentiation with Respect to a Matrix

The derivative of a function with respect to a matrix is a matrix with the same
shape consisting of the partial derivatives of the function with respect to the
elements of the matrix. This rule defines what we mean by differentiation with
respect to a matrix.

By the definition of differentiation with respect to a matrix X, we see that
the derivative 0f /0X 7T is the transpose of 3 f /0X . For scalar-valued functions,
this rule is fairly simple. For example, consider the trace. If X is a square
matrix and we apply this rule to evaluate dtr(X)/0X, we get the identity
matrix, where the nonzero elements arise only when j = ¢ in 9(>_ 4;)/0x;;.
If AX is a square matrix, we have for the (i,j) term in dtr(AX)/0X,
0> >k @ik /0x;; = aj;, and so Otr(AX)/0X = AT, and likewise, in-
specting 03", >, wikayi/O0xij, we get dtr(XTX)/0X = 2XT. Likewise for
the scalar-valued aTXb, where a and b are conformable constant vectors, for
03, (3k arTrm)bm/0zi; = abj, so 9aT Xb/0X = ab”.

Now consider 9| X|/0X. Using an expansion in cofactors (equation (3.21)
or (3.22)), the only term in |X| that involves z;; is @;(—1)"[X_¢ )l
and the cofactor (z(;;y) = (—1)""7|X_(; ;)| does not involve z;;. Hence,
9|X|/0zi; = (x3ij)), and so 9| X|/0X = (adj(X))T from equation (3.24).
Using equation (3.131), we can write this as 9|X|/0X = | X|X~T.

The chain rule can be used to evaluate dlog|X|/0X.

Applying the rule stated at the beginning of this section, we see that the
derivative of a matrix Y with respect to the matrix X is
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dY d
— =Y ®—. 4.15
dX ® dX ( )
Table 4.2 lists some formulas for the matrix derivatives of some common
expressions. The derivatives shown in Table 4.2 can be obtained by evaluating

expression (4.15), possibly also using the chain rule.

Table 4.2. Formulas for Some Matrix Derivatives

General X
fX) of /10X
aTXb abT
tr(AX) AT
tr(XTX) 2xT
BX I,®B
XC CT® I,
BXC cT®B

Square and Possibly Invertible X

f(X) 9f/0X

tr(X) I,

tr(X*) 2 G

tr(BX~1C) —(X~tcBxHT

| X XXt

log | X | x-T

|X|* kIX|Fx-T

BX~'C —(X'C)T®BX!

In this table, X is an n X m matrix, a is a
constant n-vector, b is a constant m-vector,
A is a constant m X n matrix, B is a constant
pxmn matrix, and C is a constant m x ¢ matrix.

There are some interesting applications of differentiation with respect to
a matrix in maximum likelihood estimation. Depending on the structure of
the parameters in the distribution, derivatives of various types of objects may
be required. For example, the determinant of a variance-covariance matrix, in
the sense that it is a measure of a volume, often occurs as a normalizing factor
in a probability density function; therefore, we often encounter the need to
differentiate a determinant with respect to a matrix.
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4.3 Optimization of Functions

Because a derivative measures the rate of change of a function, a point at which
the derivative is equal to 0 is a stationary point, which may be a maximum
or a minimum of the function. Differentiation is therefore a very useful tool
for finding the optima of functions, and so, for a given function f(z), the
gradient vector function, g¢(z), and the Hessian matrix function, Hy(x), play
important roles in optimization methods.

We may seek either a maximum or a minimum of a function. Since max-
imizing the scalar function f(x) is equivalent to minimizing — f(x), we can
always consider optimization of a function to be minimization of a function.
Thus, we generally use terminology for the problem of finding a minimum of
a function. Because the function may have many ups and downs, we often use
the phrase local minimum (or local maximum or local optimum).

Except in the very simplest of cases, the optimization method must be
iterative, moving through a sequence of points, z(©, (1) (2 that ap-
proaches the optimum point arbitrarily closely. At the point (%), the direc-
tion of steepest descent is clearly —gy (x(k)), but because this direction may
be continuously changing, the steepest descent direction may not be the best
direction in which to seek the next point, z*1).

4.3.1 Stationary Points of Functions

The first derivative helps only in finding a stationary point. The matrix of
second derivatives, the Hessian, provides information about the nature of the
stationary point, which may be a local minimum or maximum, a saddlepoint,
or only an inflection point.

The so-called second-order optimality conditions are the following (see a
general text on optimization for their proofs).

° If (but not only if) the stationary point is a local minimum, then the
Hessian is nonnegative definite.

° If the Hessian is positive definite, then the stationary point is a local
minimum.

° Likewise, if the stationary point is a local maximum, then the Hessian

is nonpositive definite, and if the Hessian is negative definite, then the
stationary point is a local maximum.

. If the Hessian has both positive and negative eigenvalues, then the sta-
tionary point is a saddlepoint.

4.3.2 Newton’s Method

We consider a differentiable scalar-valued function of a vector argument, f(z).
By a Taylor series about a stationary point xz,, truncated after the second-
order term
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1
f@) =~ f(ze) + (z — a:*)Tgf (ac*) + 5(:5 - m*)THf (3:*)(3: — Ty), (4.16)

because gy (z,) = 0, we have a general method of finding a stationary point
for the function f(-), called Newton’s method. If  is an m-vector, gs(x) is an
m-vector and Hy(z) is an m x m matrix.

Newton’s method is to choose a starting point z(°), then, for k = 0,1, ...,
to solve the linear systems

H, (x(k))p(k+1) — —gs(z) (4.17)
for p**+1 and then to update the point in the domain of f(-) by
gD = (k) 4 (k41 (4.18)

The two steps are repeated until there is essentially no change from one iter-
ation to the next. If f(-) is a quadratic function, the solution is obtained in
one iteration because equation (4.16) is exact. These two steps have a very
simple form for a function of one variable (see Exercise 4.4a).

Linear Least Squares
In a least squares fit of a linear model

y=Xp+e, (4.19)

where y is an n-vector, X is an n X m matrix, and ( is an m-vector, we replace
B by a variable b, define the residual vector

r=y—Xb, (4.20)
and minimize its Euclidean norm,
f)=rTr, (4.21)

with respect to the variable b. We can solve this optimization problem by
taking the derivative of this sum of squares and equating it to zero. Doing
this, we get

dly — Xb)T(y — Xb)  d(yTy —206TX Ty + bTXTXb)

db db

= —2XTy +2XTXb
= O7

which yields the normal equations

XTXb=X"y.
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The solution to the normal equations is a stationary point of the func-
tion (4.21). The Hessian of (y — Xb)"(y — Xb) with respect to b is 2XTX
and

XTX ~o.

Because the matrix of second derivatives is nonnegative definite, the value
of b that solves the system of equations arising from the first derivatives is
a local minimum of equation (4.21). We discuss these equations further in
Sections 6.7 and 9.2.2.

Quasi-Newton Methods

All gradient-descent methods determine the path p*) to take in the k" step
by a system of equations of the form

R®pM) = g (2D,

In the steepest-descent method, R(*) is the identity, I, in these equations.
For functions with eccentric contours, the steepest-descent method traverses
a zigzag path to the minimum. In Newton’s method, R*) is the Hessian
evaluated at the previous point, Hy (x(kfl)), which results in a more direct
path to the minimum. Aside from the issues of consistency of the resulting
equation and the general problems of reliability, a major disadvantage of New-
ton’s method is the computational burden of computing the Hessian, which
requires O(m?) function evaluations, and solving the system, which requires
O(m?) arithmetic operations, at each iteration.

Instead of using the Hessian at each iteration, we may use an approxima-
tion, B*). We may choose approximations that are simpler to update and Jor
that allow the equations for the step to be solved more easily. Methods us-
ing such approximations are called quasi-Newton methods or variable metric
methods.

Because

H, (28 (29) — 2®D) x g (a¥) — g (D),
we choose B¥) so that
B(k)(x(k) — x(’“—l)) =gy (I(k)) — g (x(k—1)>_ (4.22)

This is called the secant condition.
We express the secant condition as

B 5k — (k) (4.23)

where
s(F) — (k) _ . (k=1)
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and
y(k) — gf(x(k)) _ gf(x(k—l))’

as above.

The system of equations in (4.23) does not fully determine B®*) of course.
Because B*) should approximate the Hessian, we may require that it be
symmetric and positive definite.

The most common approach in quasi-Newton methods is first to choose
a reasonable starting matrix B(®) and then to choose subsequent matrices by
additive updates,

B+ — gk . Bk), (4.24)

subject to preservation of symmetry and positive definiteness. An approximate

Hessian B*) may be used for several iterations before it is updated; that is,
(k) . .

Bs’ may be taken as 0 for several successive iterations.

4.3.3 Optimization of Functions with Restrictions

Instead of the simple least squares problem of determining a value of b that
minimizes the sum of squares, we may have some restrictions that b must
satisfy; for example, we may have the requirement that the elements of b
sum to 1. More generally, consider the least squares problem for the linear
model (4.19) with the requirement that b satisfy some set of linear restrictions,
Ab = ¢, where A is a full-rank & X m matrix (with & < m). (The rank of A
must be less than m or else the constraints completely determine the solution
to the problem. If the rank of A is less than k, however, some rows of A and
some elements of b could be combined into a smaller number of constraints.
We can therefore assume A is of full row rank. Furthermore, we assume the
linear system is consistent (that is, rank([A|c]) = k) for otherwise there could
be no solution.) We call any point b that satisfies Ab = ¢ a feasible point.
We write the constrained optimization problem as

min f(b) = (y — Xb)T(y - Xb)

4.25
s.t. Ab=c. ( )

If b, is any feasible point (that is, Ab. = ¢), then any other feasible point
can be represented as b. + p, where p is any vector in the null space of A,
N (A). From our discussion in Section 3.5.2, we know that the dimension of
N(A) is m—k, and its order is m. If N is an m x m — k matrix whose columns
form a basis for A'(A), all feasible points can be generated by b. + Nz, where
z € R™*. Hence, we need only consider the restricted variables

b=b.+ Nz
and the “reduced” function

h(z) = f(b. + N=z).
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The argument of this function is a vector with only m — k elements instead
of m elements as in the unconstrained problem. The unconstrained minimum
of h, however, is the solution of the original constrained problem.

The Reduced Gradient and Reduced Hessian

If we assume differentiability, the gradient and Hessian of the reduced function
can be expressed in terms of the original function:

— NTg,(b) (4.26)

and

= NTH(b)N. (4.27)

In equation (4.26), NTgs(b) is called the reduced gradient or projected gradient,
and NTH;(b)N in equation (4.27) is called the reduced Hessian or projected
Hessian.

The properties of stationary points are related to the derivatives referred to
above are the conditions that determine a minimum of this reduced objective
function; that is, b, is a minimum if and only if

) NTgf(b*) = O7
e NTH(b.)N is positive definite, and
° Ab, = c.

These relationships then provide the basis for the solution of the optimization
problem.

Lagrange Multipliers

Because the m x m matrix [N|AT] spans IR™, we can represent the vector
gs(bs) as a linear combination of the columns of N and A", that is,

) = N7 (57
- ()

where z, is an (m — k)-vector and A, is a k-vector. Because Vh(z,) = 0, Nz,
must also vanish (that is, Nz, = 0), and thus, at the optimum, the nonzero
elements of the gradient of the objective function are linear combinations
of the rows of the constraint matrix, AT),. The k elements of the linear
combination vector A, are called Lagrange multipliers.
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The Lagrangian

Let us now consider a simple generalization of the constrained problem above
and an abstraction of the results above so as to develop a general method. We
consider the problem

min f(z)

s.t. c(z) =0, (4.28)

where f is a scalar-valued function of an m-vector variable and c is a k-vector-
valued function of the variable. There are some issues concerning the equation
¢(x) = 0 that we will not go into here. Obviously, we have the same concerns
as before; that is, whether c¢(z) = 0 is consistent and whether the individual
equations ¢;(x) = 0 are independent. Let us just assume they are and proceed.
(Again, we refer the interested reader to a more general text on optimization.)

Motivated by the results above, we form a function that incorporates a
dot product of Lagrange multipliers and the function ¢(x):

F(z) = f(z) + A\¢(x). (4.29)

This function is called the Lagrangian. The solution, (z., A«), of the optimiza-
tion problem occurs at a stationary point of the Lagrangian,

Thus, at the optimum, the gradient of the objective function is a linear com-
bination of the columns of the Jacobian of the constraints.

Another Example: The Rayleigh Quotient

The important equation (3.208) on page 122 can also be derived by using
differentiation. This equation involves maximization of the Rayleigh quotient
(equation (3.209)),

et Az /xTx

under the constraint that = # 0. In this function, this constraint is equivalent
to the constraint that zT2 equal a fixed nonzero constant, which is canceled
in the numerator and denominator. We can arbitrarily require that T2 = 1,
and the problem is now to determine the maximum of T Az subject to the
constraint Tz = 1. We now formulate the Lagrangian

2T Ax — Nz — 1), (4.31)
differentiate, and set it equal to 0, yielding

Az — \z = 0.
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This implies that a stationary point of the Lagrangian occurs at an eigenvector
and that the value of T Az is an eigenvalue. This leads to the conclusion that
the maximum of the ratio is the maximum eigenvalue. We also see that the
second order necessary condition for a local maximum is satisfied; A — AT
is nonpositive definite when A is the maximum eigenvalue. (We can see this
using the spectral decomposition of A and then subtracting AI.) Note that we
do not have the sufficient condition that A — AI is negative definite (A — A\I
is obviously singular), but the fact that it is a maximum is established by
inspection of the finite set of stationary points.

Optimization without Differentiation

In the previous example, differentiation led us to a stationary point, but we

had to establish by inspection that the stationary point is a maximum. In

optimization problems generally, and in constrained optimization problems

particularly, it is often easier to use other methods to determine the optimum.
A constrained minimization problem we encounter occasionally is

r%}n (log | X| + tr(X ' A4)) (4.32)

for a given positive definite matrix A and subject to X being positive definite.
The derivatives given in Table 4.2 could be used. The derivatives set equal
to 0 immediately yield X = A. This means that X = A is a stationary
point, but whether or not it is a minimum would require further analysis. As
is often the case with such problems, an alternate approach leaves no such
pesky complications. Let A and X be n x n positive definite matrices, and
let c1,...,c, be the eigenvalues of X ~'A. Now, by property 7 on page 107
these are also the eigenvalues of X ~1/2A4X~1/2 which is positive definite
(see inequality (3.122) on page 89). Now, consider the expression (4.32) with
general X minus the expression with X = A:

log | X| + tr(X*A) —log |A| — tr(A71A) = log | X A7 + tr(X 1 A) — tr(])

= —log | X *A| +tr(XtA) —n
—log <Hcl> +Zci—n
Z(flog cit+c—1)

%

>0

¢ — 1, and the minimun occurs when each
I. Thus, the minimum of expression (4.32)

because if ¢ > 0, then logc
¢; = 1; that is, when X~ 'A4
occurs uniquely at X = A.

A



4.4 Multiparameter Likelihood Functions 163
4.4 Multiparameter Likelihood Functions

For a sample y = (y1, ..., ¥yn) from a probability distribution with probability
density function p(-; ), the likelihood function is

n
L(6; y) = [ [ p(wis 0), (4.33)
i=1
and the log-likelihood function is 1(0; y) = log(L(0; y)). It is often easier to
work with the log-likelihood function.

The log-likelihood is an important quantity in information theory and
in unbiased estimation. If Y is a random variable with the given probability
density function with the r-vector parameter 6, the Fisher information matrix
that Y contains about 6 is the r x r matrix

A, Y) dlt,Y
1(6):C0V9< (at- ), f%_ )>,
i J

(4.34)

where Covy represents the variance-covariance matrix of the functions of Y
formed by taking expectations for the given 6. (I use different symbols here
because the derivatives are taken with respect to a variable, but the 6 in Covy
cannot be the variable of the differentiation. This distinction is somewhat
pedantic, and sometimes I follow the more common practice of using the
same symbol in an expression that involves both Covy and 91(6,Y)/06;.)

For example, if the distribution is the d-variate normal distribution with
mean d-vector p and d x d positive definite variance-covariance matrix X', the
likelihood, equation (4.33), is

L(p, 25 y) = ((27r)d/21|2|1/2)" exp <—; D =) E i - u)) :

=1

(Note that |X|Y/2 = |Xz|. The square root matrix X2 is often useful in
transformations of variables.)

Anytime we have a quadratic form that we need to simplify, we should
recall equation (3.63): 2T Az = tr(AxzT). Using this, and because, as is often
the case, the log-likelihood is easier to work with, we write

n 1 e
U, 25 y) = ¢ = 5 log| 3] = St (2 " i - )i —u)T> . (435)
i=1

where we have used ¢ to represent the constant portion. Next, we use the
Pythagorean equation (2.47) or equation (3.64) on the outer product to get

n 1 e _ _
Up, 25 y) = ¢ = 5 log |X] — St (2 S i - ) - y)T>
=1

—S (2T G -mE-w"). (436)
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In maximum likelihood estimation, we seek the maximum of the likeli-
hood function (4.33) with respect to § while we consider y to be fixed. If the
maximum occurs within an open set and if the likelihood is differentiable, we
might be able to find the maximum likelihood estimates by differentiation. In
the log-likelihood for the d-variate normal distribution, we consider the pa-
rameters p and X' to be variables. To emphasize that perspective, we replace
the parameters p and X' by the variables (i and Y. Now, to determine the
maximum, we could take derivatives with respect to 1 and X, set them equal
to 0, and solve for the maximum likelihood estimates. Some subtle problems
arise that depend on the fact that for any constant vector a and scalar b,
Pr(a™X = b) = 0, but we do not interpret the likelihood as a probability. In
Exercise 4.5b you are asked to determine the values of i and b5) using proper-
ties of traces and positive definite matrices without resorting to differentiation.
(This approach does not avoid the subtle problems, however.)

Often in working out maximum likelihood estimates, students immediately
think of differentiating, setting to 0, and solving. As noted above, this requires
that the likelihood function be differentiable, that it be concave, and that the
maximum occur at an interior point of the parameter space. Keeping in mind
exactly what the problem is— one of finding a maximum — often leads to the
correct solution more quickly.

4.5 Integration and Expectation

Just as we can take derivatives with respect to vectors or matrices, we can
also take antiderivatives or definite integrals with respect to vectors or ma-
trices. Our interest is in integration of functions weighted by a multivariate
probability density function, and for our purposes we will be interested only
in definite integrals.

Again, there are three components:

° the differential (the variable of the operation) and its domain (the range
of the integration),
. the integrand (the function), and

the result of the operation (the integral).

In the simplest case, all three of these objects are of the same type; they are
scalars. In the happy cases that we consider, each definite integral within the
nested sequence exists, so convergence and order of integration are not issues.
(The implication of these remarks is that while there is a much bigger field
of mathematics here, we are concerned about the relatively simple cases that
suffice for our purposes.)

In some cases of interest involving vector-valued random variables, the
differential is the vector representing the values of the random variable and
the integrand has a scalar function (the probability density) as a factor. In one
type of such an integral, the integrand is only the probability density function,
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and the integral evaluates to a probability, which of course is a scalar. In
another type of such an integral, the integrand is a vector representing the
values of the random variable times the probability density function. The
integral in this case evaluates to a vector, namely the expectation of the
random variable over the domain of the integration. Finally, in an example of
a third type of such an integral, the integrand is an outer product with itself
of a vector representing the values of the random variable minus its mean
times the probability density function. The integral in this case evaluates to
a variance-covariance matrix. In each of these cases, the integral is the same
type of object as the integrand.

4.5.1 Multidimensional Integrals and Integrals Involving
Vectors and Matrices

An integral of the form [ f(v) dv, where v is a vector, can usually be evaluated
as a multiple integral with respect to each differential dv;. Likewise, an integral
of the form [ f(M)dM, where M is a matrix can usually be evaluated by
“unstacking” the columns of dM, evaluating the integral as a multiple integral
with respect to each differential dm;;, and then possibly “restacking” the
result.

Multivariate integrals (that is, integrals taken with respect to a vector or a
matrix) define probabilities and expectations in multivariate probability dis-
tributions. As with many well-known univariate integrals, such as T'(-), that
relate to univariate probability distributions, there are standard multivariate
integrals, such as the multivariate gamma, I'4(-), that relate to multivariate
probability distributions. Using standard integrals often facilitates the com-
putations.

Change of Variables; Jacobians

When evaluating an integral of the form [ f(z)dx, where z is a vector, for
various reasons we may form a one-to-one differentiable transformation of the
variables of integration; that is, of x. We write x as a function of the new
variables; that is, # = g(y), and so y = g~ (x). A simple fact from elementary
multivariable calculus is

(z)dz = f(g(y)) |det(J4(y))|dy, (4.37)
R(x) R(y)

where R(y) is the image of R(x) under g=* and J,(y) is the Jacobian of g (see
equation (4.12)). (This is essentially a chain rule result for de = d(g(y)) =
J4dy under the interpretation of dx and dy as positive differential elements and
the interpretation of |det(J,)| as a volume element, as discussed on page 57.)
In the simple case of a full rank linear transformation of a vector, the
Jacobian is constant, and so for y = Ax with A a fixed matrix, we have
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/ f(2) d = |det(4)] ! / F(AYy) dy.

(Note that we write det(A) instead of |A| for the determinant if we are to
take the absolute value of it because otherwise we would have ||A||, which is
a symbol for a norm. However, |det(A4)| is not a norm; it lacks each of the
properties listed on page 16.)

In the case of a full rank linear transformation of a matrix variable of
integration, the Jacobian is somewhat more complicated, but the Jacobian is
constant for a fixed transformation matrix. For a transformation ¥ = AX,
we determine the Jacobian as above by considering the columns of X one by
one. Hence, if X is an n x m matrix and A is a constant nonsingular matrix,
we have

/f(X)dX: |det(A)\‘m/f(A‘1Y)dY.

For a transformation of the form Z = X B, we determine the Jacobian by
considering the rows of X one by one.

4.5.2 Integration Combined with Other Operations

Integration and another finite linear operator can generally be performed in
any order. For example, because the trace is a finite linear operator, integra-
tion and the trace can be performed in either order:

/ tr(A(z))da = tr ( / A(x)dx) .

For a scalar function of two vectors x and y, it is often of interest to perform
differentiation with respect to one vector and integration with respect to the
other vector. In such cases, it is of interest to know when these operations
can be interchanged. The answer is given in the following theorem, which is
a consequence of the Lebesgue dominated convergence theorem. Its proof can
be found in any standard text on real analysis.

Let X be an open set, and let f(z,y) and 9f/0z be scalar-valued
functions that are continuous on X x Y for some set ). Now
suppose there are scalar functions go(y) and g1 (y) such that

[f(@,9)] < g0(y)
for all (z,y) € X x Y,

1 f(z, )]l < g1(y)

/ go(y) dy < oo,
y

and

/3}91(.@) dy < oc.
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Then 9 P
o | @na= [ Srepa s

An important application of this interchange is in developing the information
inequality. (This inequality is not germane to the present discussion; it is only
noted here for readers who may already be familiar with it.)

4.5.3 Random Variables

A vector random variable is a function from some sample space into IR", and a
matrix random variable is a function from a sample space into IR™*™. (Tech-
nically, in each case, the function is required to be measurable with respect
to a measure defined in the context of the sample space and an appropriate
collection of subsets of the sample space.) Associated with each random vari-
able is a distribution function whose derivative with respect to an appropriate
measure is nonnegative and integrates to 1 over the full space formed by IR.

Vector Random Variables

The simplest kind of vector random variable is one whose elements are in-
dependent. Such random vectors are easy to work with because the elements
can be dealt with individually, but they have limited applications. More in-
teresting random vectors have a multivariate structure that depends on the
relationships of the distributions of the individual elements. The simplest non-
degenerate multivariate structure is of second degree; that is, a covariance or
correlation structure. The probability density of a random vector with a mul-
tivariate structure generally is best represented by using matrices. In the case
of the multivariate normal distribution, the variances and covariances together
with the means completely characterize the distribution. For example, the fun-
damental integral that is associated with the d-variate normal distribution,
sometimes called Aitken’s integral,

/ o~ (eI /2 gy — (27) 82| 5|12, (4.39)
R4

provides that constant. The rank of the integral is the same as the rank of the
integrand. (“Rank” is used here in the sense of “number of dimensions”.) In
this case, the integrand and the integral are scalars.

Equation (4.39) is a simple result that follows from the evaluation of the
individual single integrals after making the change of variables y; = ; — p;.
It can also be seen by first noting that because X! is positive definite, as
in equation (3.215), it can be written as PTX~1P = I for some nonsingular
matrix P. Now, after the translation y = x — p, which leaves the integral
unchanged, we make the linear change of variables z = P~!y, with the asso-
ciated Jacobian |det(P)|, as in equation (4.37). From PTX~1P = I, we have



168 4 Vector/Matrix Derivatives and Integrals

|det(P)| = (det(X))'/? = | 2|'/2 because the determinant is positive. Aitken’s
integral therefore is

/}Rd einz‘*ly/Q dy = /}Rd e—(pz)Tz—lpz/z (det(Z))l/de

_ / =512 4 (det(5)) /2
R
= (27)Y?(det(X)) /2.

The expected value of a function f of the vector-valued random variable
X is
BUX) = [ f@px()ds, (4.40)
D(X)
where D(X) is the support of the distribution, px () is the probability den-
sity function evaluated at z, and z dr are dummy vectors whose elements
correspond to those of X. Interpreting | D(X) dz as a nest of univariate inte-
grals, the result of the integration of the vector f(x)px(x) is clearly of the
same type as f(z). For example, if f(x) = x, the expectation is the mean,
which is a vector. For the normal distribution, we have

E(X) = (gﬂ)—d/2‘2|—1/2/ v E=WTI  @n)/2 4y
Rd
= /,L‘
For the variance of the vector-valued random variable X,

V(X),

the function f in expression (4.40) above is the matrix (X — E(X))(X —
E(X))T, and the result is a matrix. An example is the normal variance:

V(X) = E ((X - E(X))(X - E(X))")
= (m B / (2= p)(@ — )Ty et 8 a2 gy
Rd
>

Matrix Random Variables

While there are many random variables of interest that are vectors, there are
only a few random matrices whose distributions have been studied. One, of
course, is the Wishart distribution; see Exercise 4.8. An integral of the Wishart
probability density function over a set of nonnegative definite matrices is the
probability of the set.

A simple distribution for random matrices is one in which the individual el-
ements have identical and independent normal distributions. This distribution
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of matrices was named the BMvN distribution by Birkhoff and Gulati (1979)
(from the last names of three mathematicians who used such random matrices
in numerical studies). Birkhoff and Gulati (1979) showed that if the elements
of the n x n matrix X are i.i.d. N(0,0?), and if Q is an orthogonal matrix and
R is an upper triangular matrix with positive elements on the diagonal such
that QR = X, then @ has the Haar distribution. (The factorization X = QR
is called the QR decomposition and is discussed on page 190 If X is a random
matrix as described, this factorization exists with probability 1.) The Haar(n)
distribution is uniform over the space of n x n orthogonal matrices.
The measure

w(D) = /D H'dH, (4.41)

where D is a subset of the orthogonal group O(n) (see page 105), is called the
Haar measure. This measure is used to define a kind of “uniform” probability
distribution for orthogonal factors of random matrices. For any Q € O(n),
let QD represent the subset of O(n) consisting of the matrices H = QH for
H € D and DQ represent the subset of matrices formed as HQ. From the
integral, we see

QD) = pu(DQ) = u(D),

so the Haar measure is invariant to multiplication within the group. The mea-
sure is therefore also called the Haar invariant measure over the orthogonal
group. (See Muirhead, 1982, for more properties of this measure.)

A common matrix integral is the complete d-variate gamma function, de-
noted by I'y(z) and defined as

Ty(z) = / oA gJr=(@+1)/2 g 4 (4.42)
D

where D is the set of all d x d positive definite matrices, A € D, and
x > (d —1)/2. A multivariate gamma distribution can be defined in terms
of the integrand. (There are different definitions of a multivariate gamma
distribution.) The multivariate gamma function also appears in the probabil-
ity density function for a Wishart random variable (see Muirhead, 1982, or
Carmeli, 1983, for example).

Exercises

4.1. Use equation (4.6), which defines the derivative of a matrix with respect
to a scalar, to show the product rule equation (4.3) directly:

oYw oY ow
or e VY e
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4.2.

4.3.

4.4.

4.5.

4.6.

4 Vector/Matrix Derivatives and Integrals

For the n-vector x, compute the gradient gy (z), where V(z) is the vari-
ance of x, as given in equation (2.53).

Hint: Use the chain rule.
For the square, nonsingular matrix Y, show that
oyt _Y—laly—l

Ox Ox '
Hint: Differentiate YY ~! = I.
Newton’s method.
You should not, of course, just blindly pick a starting point and begin
iterating. How can you be sure that your solution is a local optimum?
Can you be sure that your solution is a global optimum? It is often a
good idea to make some plots of the function. In the case of a function
of a single variable, you may want to make plots in different scales. For
functions of more than one variable, profile plots may be useful (that
is, plots of the function in one variable with all the other variables held
constant).
a) Use Newton’s method to determine the maximum of the function

f(x) = sin(4x) — 2*/12.

b) Use Newton’s method to determine the minimum of

[y, m0) = 22 4 323 + 202 + 23 — 42y 2.

What is the Hessian at the minimum?

Consider the log-likelihood I(u, X; y) for the d-variate normal distribu-

tion, equation (4.35). Be aware of the subtle issue referred to in the text.

It has to do with whether > (v — 9)(y; — §)" is positive definite.

a) Replace the parameters p and X by the variables i and 2‘, take
derivatives with respect to i and b5 , set them equal to 0, and solve
for the maximum likelihood estimates. What assumptions do you
have to make about n and d?

b) Another approach to maximizing the expression in equation (4.35) is
to maximize the last term with respect to fi (this is the only term
involving u) and then, with the maximizing value substituted, to
maximize

n 1 i _ _
—5 log|¥| - Str (Z 1Z(yi—y)(yi—y)T>-
i=1

Use this approach to determine the maximum likelihood estimates f

and Y.
D:{[C_S] :—1§c§1,02+52:1}.
s c

Let
Evaluate the Haar measure p(D). (This is the class of 2 x 2 rotation
matrices; see equation (5.3), page 177.)



Exercises 171

4.7. Write a Fortran or C program to generate n x n random orthogonal

4.8.

matrices with the Haar uniform distribution. Use the following method
due to Heiberger (1978), which was modified by Stewart (1980). (See also
Tanner and Thisted, 1982.)

a) Generate n — 1 independent i-vectors, xo, 3, ..., Ty, from N;(0,I;).
(z; is of length 14.)

b) Let r; = ||2;]|2, and let H; be the ixi reflection matrix that transforms
x; into the i-vector (r;,0,0,...,0).

c) Let H; be the n x n matrix

I,—; O
0 H;|’

and form the diagonal matrix,
J = diag((_l)b17 (_1)b27 sy (_1)bn)a

where the b; are independent realizations of a Bernoulli random vari-
able.
d) Deliver the orthogonal matrix Q = JH1Hsy -+ Hy,.
The matrix @) generated in this way is orthogonal and has a Haar distri-
bution.
Can you think of any way to test the goodness-of-fit of samples from this
algorithm? Generate a sample of 1,000 2 x 2 random orthogonal matrices,
and assess how well the sample follows a Haar uniform distribution.
The probability density for the Wishart distribution is proportional to

etr(Z"lW/2) |W|(n—d—1)/27

where W is a d x d nonnegative definite matrix, the parameter X' is a fixed
d x d positive definite matrix, and the parameter n is positive. (Often n
is restricted to integer values greater than d.) Determine the constant of
proportionality.
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Matrix Transformations and Factorizations

In most applications of linear algebra, problems are solved by transformations
of matrices. A given matrix that represents some transformation of a vector is
transformed so as to determine one vector given another vector. The simplest
example of this is in working with the linear system Ax = b. The matrix A
is transformed through a succession of operations until  is determined easily
by the transformed A and b. Each operation is a pre- or postmultiplication
by some other matrix. Each matrix formed as a product must be equivalent
to A; therefore each transformation matrix must be of full rank. In eigen-
problems, we likewise perform a sequence of pre- or postmultiplications. In
this case, each matrix formed as a product must be similar to A; therefore
each transformation matrix must be orthogonal. We develop transformations
of matrices by transformations on the individual rows or columns.

Factorizations

Invertible transformations result in a factorization of the matrix. If B is a
k x m matrix and C is an n X k matrix such that CB = I,,, for a given
n X m matrix A the transformation BA = D results in a factorization: A =
CD. In applications of linear algebra, we determine C' and D such that A =
CD and such that C' and D have useful properties for the problem being
addressed. This is also called a decomposition of the matrix. We will use the
terms “matrix factorization” and “matrix decomposition” interchangeably.
Most methods for eigenanalysis and for solving linear systems proceed by
factoring the matrix, as we see in Chapters 6 and 7.
In Chapter 3, we discussed some factorizations, including

the full rank factorization (equation (3.112)) of a general matrix,
the equivalent canonical factorization (equation (3.117)) of a general ma-
trix,

e  the similar canonical factorization (equation (3.193)) or “diagonal factor-
ization” of a diagonalizable matrix (which is necessarily square),
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e the orthogonally similar canonical factorization (equation (3.197)) of a
symmetric matrix (which is necessarily diagonalizable),

e  the square root (equation (3.216)) of a nonnegative definite matrix (which
is necessarily symmetric), and

e the singular value factorization (equation (3.218)) of a general matrix.

In this chapter, we consider some general matrix transformations and then
introduce three additional factorizations:

e the LU (and LR and LDU) factorization of a general matrix,
e the QR factorization of a general matrix, and
e the Cholesky factorization of a nonnegative definite matrix.

These factorizations are useful both in theory and in practice. Another
factorization that is very useful in proving various theorems, but that we will
not discuss in this book, is the Jordan decomposition. For a discussion of this
factorization, see Horn and Johnson (1991), for example.

5.1 Transformations by Orthogonal Matrices

In previous chapters, we observed some interesting properties of orthogonal
matrices. From equation (3.228), for example, we see that orthogonal trans-
formations preserve lengths of vectors.

If Q is an orthogonal matrix (that is, if QTQ = I), then, for vectors z and
1y, we have

(Qz,Qy) = (2Q)"(Qy) = 2" QTQy = z"y = (z,y),

(Qz,Qy) ): ( (z,y) )
weos (it ) == (i ors) 51

Thus we see that orthogonal transformations also preserve angles.

As noted previously, permutation matrices are orthogonal, and we have
used them extensively in rearranging the columns and/or rows of matrices.
We have noted the fact that if @ is an orthogonal matrix and

B =Q"AQ,

then A and B have the same eigenvalues (and A and B are said to be or-
thogonally similar). By forming the transpose, we see immediately that the
transformation QT AQ preserves symmetry; that is, if A is symmetric, then B
is symmetric.

From equation (3.229), we see that [|Q~!||2 = 1. This has important im-
plications for the accuracy of numerical computations. (Using computations
with orthogonal matrices will not make problems more “ill-conditioned”.)

We often use orthogonal transformations that preserve lengths and an-
gles while rotating IR™ or reflecting regions of IR". The transformations are
appropriately called rotators and reflectors, respectively.

and hence,
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5.2 Geometric Transformations

In many important applications of linear algebra, a vector represents a point
in space, with each element of the vector corresponding to an element of a
coordinate system, usually a Cartesian system. A set of vectors describes a
geometric object. Algebraic operations are geometric transformations that ro-
tate, deform, or translate the object. While these transformations are often
used in the two or three dimensions that correspond to the easily perceived
physical space, they have similar applications in higher dimensions. Think-
ing about operations in linear algebra in terms of the associated geometric
operations often provides useful intuition.

Invariance Properties of Transformations

Important characteristics of these transformations are what they leave un-
changed; that is, their invariance properties (see Table 5.1). All of these trans-
formations we will discuss are linear transformations because they preserve
straight lines.

Table 5.1. Invariance Properties of Transformations

Transformation Preserves

linear lines

affine lines, collinearity

shearing lines, collinearity

scaling lines, angles (and, hence, collinearity)
translation lines, angles, lengths

rotation lines, angles, lengths

reflection lines, angles, lengths

We have seen that an orthogonal transformation preserves lengths of vec-
tors (equation (3.228)) and angles between vectors (equation (5.1)). Such a
transformation that preserves lengths and angles is called an isometric trans-
formation. Such a transformation also preserves areas and volumes.

Another isometric transformation is a translation, which for a vector x is
just the addition of another vector:

Tr=ux+t.

A transformation that preserves angles is called an isotropic transforma-
tion. An example of an isotropic transformation that is not isometric is a
uniform scaling or dilation transformation, & = ax, where a is a scalar.

The transformation & = Ax, where A is a diagonal matrix with not all ele-
ments the same, does not preserve angles; it is an anisotropic scaling. Another
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anisotropic transformation is a shearing transformation, T = Ax, where A is
the same as an identity matrix, except for a single row or column that has a
one on the diagonal but possibly nonzero elements in the other positions; for
example,

10 al

01 aq

001

Although they do not preserve angles, both anisotropic scaling and shear-
ing transformations preserve parallel lines. A transformation that preserves
parallel lines is called an affine transformation. Preservation of parallel lines
is equivalent to preservation of collinearity, and so an alternative character-
ization of an affine transformation is one that preserves collinearity. More
generally, we can combine nontrivial scaling and shearing transformations to
see that the transformation Az for any nonsingular matrix A is affine. It is
easy to see that addition of a constant vector to all vectors in a set pre-
serves collinearity within the set, so a more general affine transformation is
& = Az + t for a nonsingular matrix A and a vector t.

A projective transformation, which uses the homogeneous coordinate sys-
tem of the projective plane (see Section 5.2.3), preserves straight lines, but
does not preserve parallel lines. Projective transformations are very useful in
computer graphics. In those applications we do not always want parallel lines
to project onto the display plane as parallel lines.

5.2.1 Rotations

The simplest rotation of a vector can be thought of as the rotation of a plane
defined by two coordinates about the other principal axes. Such a rotation
changes two elements of all vectors in that plane and leaves all the other
elements, representing the other coordinates, unchanged. This rotation can
be described in a two-dimensional space defined by the coordinates being
changed, without reference to the other coordinates.

Consider the rotation of the vector x through the angle 6 into Z. The
length is preserved, so we have ||Z|| = ||z||. Referring to Figure 5.1, we can
write

Iy = ||| cos(¢ +0),
Zo = ||z sin(¢ + 0).

Now, from elementary trigonometry, we know

cos(¢ + 0) = cos ¢ cos @ — sin ¢sin b,
sin(¢ + 0) = sin ¢ cos 0 + cos ¢ sin 6.

Because cos ¢ = x1/||z|| and sin ¢ = x5 /||z||, we can combine these equations
to get
T1 = x1co86 —xosinb,

To = x18in0 + 29 cos. (5.2)
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xq

X2

X1

Fig. 5.1. Rotation of z

Hence, multiplying x by the orthogonal matrix

{coso —sin&} (5.3)

sinf cos6

performs the rotation of x.

This idea easily extends to the rotation of a plane formed by two coordi-
nates about all of the other (orthogonal) principal axes. By convention, we
assume clockwise rotations for axes that increase in the direction from which
the system is viewed. For example, if there were an z3 axis in Figure 5.1,
it would point toward the viewer. (This is called a “right-hand” coordinate
system.)

The rotation matrix about principal axes is the same as an identity ma-
trix with two diagonal elements changed to cosf and the corresponding off-
diagonal elements changed to sinf and — sin 6.

To rotate a 3-vector, x, about the x5 axis in a right-hand coordinate sys-
tem, we would use the rotation matrix

cos@ 0 sind
0 1 0
—sinf 0 cosf

A rotation of any hyperplane in n-space can be formed by n successive
rotations of hyperplanes formed by two principal axes. (In 3-space, this fact is
known as Fuler’s rotation theorem. We can see this to be the case, in 3-space
or in general, by construction.)
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A rotation of an arbitrary plane can be defined in terms of the direction
cosines of a vector in the plane before and after the rotation. In a coordinate
geometry, rotation of a plane can be viewed equivalently as a rotation of the
coordinate system in the opposite direction. This is accomplished by rotating
the unit vectors e; into é;.

A special type of transformation that rotates a vector to be perpendicular
to a principal axis is called a Givens rotation. We discuss the use of this type
of transformation in Section 5.4 on page 182.

5.2.2 Reflections

Let u and v be orthonormal vectors, and let « be a vector in the space spanned
by u and v, so
T = Cciu + cov

for some scalars ¢; and cy. The vector

I =—ciu+ cav (5.4)
is a reflection of x through the line defined by the vector v, or u™.
First consider a reflection that transforms a vector
T = (xlax27 e 7xn)
into a vector collinear with a unit vector,
z=1(0,...,0,2;,0,...,0)
= tf|zl2e:. (5.5)

Geometrically, in two dimensions we have the picture shown in Figure 5.2,
where ¢ = 1. Which vector z is rotated through (that is, which is w and which
is v) depends on the choice of the sign in £||x||2. The choice that was made
yields the Z shown in the figure, and from the figure, this can be seen to be
correct. If the opposite choice is made, we get the & shown. In the simple
two-dimensional case, this is equivalent to reversing our choice of u and v.

5.2.3 Translations; Homogeneous Coordinates

Translations are relatively simple transformations involving the addition of
vectors. Rotations, as we have seen, and other geometric transformations such
as shearing, as we have indicated, involve multiplication by an appropriate
matrix. In applications where several geometric transformations are to be
made, it would be convenient if translations could also be performed by matrix
multiplication. This can be done by using homogeneous coordinates.
Homogeneous coordinates, which form the natural coordinate system for
projective geometry, have a very simple relationship to Cartesian coordinates.
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8
8]

T1

Fig. 5.2. Reflections of = about u*

The point with Cartesian coordinates (x1,x2, ..., xq) is represented in homo-
geneous coordinates as (zf, o @2), where, for arbitrary xg not equal to
Z€ero, ;v}f = x(}}ml, and so on. Because the point is the same, the two different
symbols represent the same thing, and we have

(z1,...,xq) = (xd, b, ... 2h). (5.6a)
Alternatively, the hyperplane coordinate may be added at the end, and we
have

(x1,...,xq) = (b, 2h, 2d). (5.6b)

Each value of xg corresponds to a hyperplane in the ordinary Cartesian co-
ordinate system. The most common choice is #ff = 1, and so 2! = z;. The
special plane xf = 0 does not have a meaning in the Cartesian system, but in
projective geometry it corresponds to a hyperplane at infinity.

We can easily effect the translation £ = x 4 t by first representing the

point z as (1,x1,...,x4) and then multiplying by the (d+1) x (d+ 1) matrix

10---0
T tllu.'.. 0
tg0--- 1

We will use the symbol 2" to represent the vector of corresponding homoge-
neous coordinates:
= (1,21,...,24q).

We must be careful to distinguish the point  from the vector that represents
the point. In Cartesian coordinates, there is a natural correspondence and
the symbol z representing a point may also represent the vector (z1,...,2q).
The vector of homogeneous coordinates of the result Tz" corresponds to the
Cartesian coordinates of Z, (x1 + t1,...,2q + tq), which is the desired result.

Homogeneous coordinates are used extensively in computer graphics not
only for the ordinary geometric transformations but also for projective trans-
formations, which model visual properties. Riesenfeld (1981) and Morten-
son (1997) describe many of these applications. See Exercise 5.2 for a simple
example.



180 5 Transformations and Factorizations
5.3 Householder Transformations (Reflections)

We have briefly discussed geometric transformations that reflect a vector
through another vector. We now consider some properties and uses of these
transformations.

Consider the problem of reflecting x through the vector u. As before, we
assume that v and v are orthogonal vectors and that x lies in a space spanned
by v and v, and z = cyu + cov. Form the matrix

H=1-2uu", (5.7)

and note that

Hx = ciu+ cov — 201uuTu — 202uuTU

= ciu+ cov — 2cluTuu — 202uTvu

= —C1u + cov

=7z,
as in equation (5.4). The matrix H is a reflector; it has transformed x into its
reflection Z about wu.
A reflection is also called a Householder reflection or a Householder trans-
formation, and the matrix H is called a Householder matrix or a Householder
reflector. The following properties of H are immediate:

Hu = —u.

Hv = v for any v orthogonal to u.
H = HT (symmetric).

HT = H~! (orthogonal).

Because H is orthogonal, if Hx = &, then ||z||2 = ||Z]|2 (see equation (3.228)),
so T = =£||z|2.

The matrix wu™ is symmetric, idempotent, and of rank 1. (A transforma-
tion by a matrix of the form A — vwT is often called a “rank-one” update,
because vw? is of rank 1. Thus, a Householder reflection is a special rank-one
update.)

T

Zeroing Elements in a Vector

The usefulness of Householder reflections results from the fact that it is easy
to construct a reflection that will transform a vector x into a vector & that has
zeros in all but one position, as in equation (5.5). To construct the reflector
of z into #, first form the normalized vector (z — Z):

v=2a—I/||%|2.

We know ||Z||2 to within a sign, and we choose the sign so as not to add quan-
tities of different signs and possibly similar magnitudes. (See the discussions
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of catastrophic cancellation beginning on page 397, in Chapter 10.) Hence, we
have

q= (21, ..., ®i—1, x; +sign(z;)||z|l2, Tit1, .-y Tn), (5.8)
then
u = q/llqll2, (5.9)
and finally
H=1-2uu". (5.10)

Consider, for example, the vector
x=(3,1,2,1,1),
which we wish to transform into
z = (21,0,0,0,0).

We have
[z = 4,

so we form the vector

1
u=—(7,1,2,1,1
56( )

and the reflector

H=1-2uuT
10000 4971477
01000| | | 71 211
—l00100] —— |142 422
00010| 2| 71 211
00001 71 211

91 7 —14 -7 —7
797 —2-1-1

~ 142 24-2-2
81 7.1 —227-1
7.1 —2-1 97

to yield Hx = (—4,0,0,0,0).

Carrig and Meyer (1997) describe two variants of the Householder trans-
formations that take advantage of computer architectures that have a cache
memory or that have a bank of floating-point registers whose contents are
immediately available to the computational unit.
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5.4 Givens Transformations (Rotations)

We have briefly discussed geometric transformations that rotate a vector in
such a way that a specified element becomes 0 and only one other element in
the vector is changed. Such a method may be particularly useful if only part
of the matrix to be transformed is available. These transformations are called
Givens transformations, or Givens rotations, or sometimes Jacobi transforma-
tions.

The basic idea of the rotation, which is a special case of the rotations
discussed on page 176, can be seen in the case of a vector of length 2. Given
the vector x = (x1, z2), we wish to rotate it to & = (#1,0). As with a reflector,
Z1 = ||z||. Geometrically, we have the picture shown in Figure 5.3.

T2

T

Fig. 5.3. Rotation of z onto a Coordinate Axis

It is easy to see that the orthogonal matrix

cos 0 sin@}

—sin 6 cos (5.11)

- |
will perform this rotation of x if cos = x1/r and sinf = xo/r, where r =
|z|| = /22 + x3. (This is the same matrix as in equation (5.3), except that
the rotation is in the opposite direction.) Notice that 6 is not relevant; we
only need real numbers ¢ and s such that ¢ + s2 = 1.

‘We have
2 2
- 1‘1 l‘2
1= +
r r
= ||$H,
- T2X7 T1T2
To = —
r T
that is,
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Zeroing One Element in a Vector
As with the Householder reflection that transforms a vector
x = (21,T2,23,...,Zn)

into a vector
Iy = (£m,0,0,...,0),

it is easy to construct a Givens rotation that transforms x into
ig = (i‘g1,0,x3, ceey xn)

We can construct an orthogonal matrix G4 similar to that shown in equa-
tion (5.11) that will transform the vector

= (T1, ..., Zp,... &g, -, Tn)
into

T = (acl,...,jp,...,O,...,:cn).
The orthogonal matrix that will do this is

01--000---000---0

00---

1000000
000 c 00500
Gpg(0) = . : (5.12)

00--0—-50---0c0---0

where the entries in the p*™ and ¢*® rows and columns are

x
c="-2
r
and "
s =1
r
where r = x% + mg. A rotation matrix is the same as an identity matrix

with four elements changed.

Considering 2 to be the p'" column in a matrix X, we can easily see that
GpeX results in a matrix with a zero as the ¢'® element of the p'"' column,
and all except the p'® and ¢'" rows and columns of G, X are the same as
those of X.
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Givens Rotations That Preserve Symmetry

If X is a symmetric matrix, we can preserve the symmetry by a transformation
of the form QTX(Q, where Q is any orthogonal matrix. The elements of a
Givens rotation matrix that is used in this way and with the objective of
forming zeros in two positions in X simultaneously would be determined in
the same way as above, but the elements themselves would not be the same.
We illustrate that below, while at the same time considering the problem of
transforming a value into something other than zero.

Givens Rotations to Transform to Other Values

Consider a symmetric matrix X that we wish to transform to the symmetric
matrix X that has all rows and columns except the p*™* and ¢** the same as
those in X, and we want a specified value in the (pp)th position of X, say
Zpp = a. We seek a rotation matrix G such that X = GTXG. We have

T -
cs Tpp Tpg cs|_ a Tpq (5.13)
—sc Tpg Tqq | | —S C Zpq Tqq ’
and
A+s2=1.
Hence
a = tapy — 2c5Tpy + 57244 (5.14)

Writing ¢ = s/c (the tangent), we have the quadratic
(2gq — D = 22pyt + 2pp —a =0 (5.15)

with roots

Tpg + 2\/x12)q — (2pp — a)(2gg — 1)
(Tgq —1) '

t= (5.16)

The roots are real if and only if

55;2;1; > (xpp - a)(xqq —1).

If the roots are real, we choose the nonnegative one. (We evaluate equa-
tion (5.16); see the discussion of equation (10.3) on page 398.) We then form

1

and
s =ct. (5.18)

The rotation matrix G formed from ¢ and s will transform X into X.



5.5 Factorization of Matrices 185
Fast Givens Rotations

Often in applications we need to perform a succession of Givens transforma-
tions. The overall number of computations can be reduced using a succession
of “fast Givens rotations”. We write the matrix @ in equation (5.11) as CT,

[ cos smﬁ] _ {cos@ 0 } { 1 tan0]7 (5.19)

—sinf cos 6 0 cosd —tanf 1

and instead of working with matrices such as @), which require four multipli-
cations and two additions, we work with matrices such as 7', involving the
tangents, which require only two multiplications and two additions. After a
number of computations with such matrices, the diagonal matrices of the form
of C' are accumulated and multiplied together.

The diagonal elements in the accumulated C' matrices in the fast Givens
rotations can become widely different in absolute values, so to avoid excessive
loss of accuracy, it is usually necessary to rescale the elements periodically.

5.5 Factorization of Matrices

It is often useful to represent a matrix A in a factored form,
A= BC,

where B and C have some specified desirable properties, such as being trian-
gular. Most direct methods of solving linear systems discussed in Chapter 6
are based on factorizations (or, equivalently, “decompositions”) of the matrix
of coefficients. Matrix factorizations are also performed for reasons other than
to solve a linear system, such as in eigenanalysis. Matrix factorizations are
generally performed by a sequence of transformations and their inverses. The
major important matrix factorizations are:

full rank factorization (for any matrix);

diagonal or similar canonical factorization (for diagonalizable matrices);
orthogonally similar canonical factorization (for symmetric matrices);
LU factorization and LDU factorization (for nonnegative definite matri-
ces and some others, including nonsquare matrices);

QR factorization (for any matrix);

singular value decomposition, SVD, (for any matrix);

square root factorization (for nonnegative definite matrices); and
Cholesky factorization (for nonnegative definite matrices).

We have already discussed the full rank, the diagonal canonical, the orthog-
onally similar canonical, the SVD, and the square root factorizations. In the
next few sections we will introduce the LU, LDU, @R, and Cholesky factor-
izations.
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5.6 LU and LDU Factorizations

For any matrix (whether square or not) that can be expressed as LU, where
L is unit lower triangular and U is upper triangular, the product LU is called
the LU factorization. If the matrix is not square, or if the matrix is not of
full rank, L and/or U will be of trapezoidal form. An LU factorization exists
and is unique for nonnegative definite matrices. For more general matrices,
the factorization may not exist, and the conditions for the existence are not
so easy to state (see Harville, 1997, for example).

Use of Outer Products

An LU factorization is accomplished by a sequence of Gaussian eliminations
that are constructed so as to generate Os below the main diagonal in a given
column (see page 66).

Applying these operations to a given matrix A yields a sequence of matrices
A®) with increasing numbers of columns that contain 0s below the main
diagonal. Each step in Gaussian elimination is equivalent to multiplication of
the current matrix, A=Y by some matrix Lj. If we encounter a zero on
the diagonal, or possibly for other numerical considerations, we may need to
rearrange rows or columns of A*~1) (see page 209), but if we ignore that for
the time being, the Ly matrix has a particularly simple form and is easy to
construct. It is the product of axpy elementary matrices similar to those in
equation (3.50) on page 66, where the multipliers are determined so as to zero
out the column below the main diagonal:

L= B (=alV falh) o B (al50/al)s (5:20)
that is,
(1 0 0--- 07
Ly = al5) : 5.21
0--- a’(v]:r 1’; 1.---0
kk
(kk 1)
0--- a(nk 501
L kk -

Each Lj is nonsingular, with a determinant of 1. The whole process of
forward reduction can be expressed as a matrix product,

U=Lyp1Ly_s...LolyA, (5.22)

and by the way we have performed the forward reduction, U is an upper
triangular matrix. The matrix L, _1L,_o...LsLy is nonsingular and is unit
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lower triangular (all 1s on the diagonal). Its inverse therefore is also unit lower
triangular. Call its inverse L; that is,

L= (L, 1Ly o...LaLy)7 " (5.23)
The forward reduction is equivalent to expressing A as LU,
A=LU; (5.24)

hence this process is called an LU factorization or an LU decomposition.

The diagonal elements of the lower triangular matrix L in the LU factor-
ization are all 1s by the method of construction. If an LU factorization exists,
it is clear that the upper triangular matrix, U, can be made unit upper trian-
gular (all 1s on the diagonal) by putting the diagonal elements of the original
U into a diagonal matrix D and then writing the factorization as LDU, where
U is now a unit upper triangular matrix.

The computations leading up to equation (5.24) involve a sequence of
equivalent matrices, as discussed in Section 3.3.5. Those computations are
outer products involving a column of Lj, and rows of A®—1).

Use of Inner Products

The LU factorization can also be performed by using inner products. From
equation (5.24), we see

i—1
aij = E likukj + uij,
k=1
S0

-1
I D heq likung
ij =

fori=j+1,74+2,...,n. (5.25)
Ujj

The use of computations implied by equation (5.25) is called the Doolittle
method or the Crout method. (There is a slight difference between the Doolit-
tle method and the Crout method: the Crout method yields a decomposition
in which the 1s are on the diagonal of the U matrix rather than the L matrix.)
Whichever method is used to form the LU decomposition, n3/3 multiplica-
tions and additions are required.

Properties

If a nonsingular matrix has an LU factorization, L and U are unique. It is nei-
ther necessary nor sufficient that a matrix be nonsingular for it to have an LU
factorization. An example of a singular matrix that has an LU factorization
is any upper triangular/trapezoidal matrix with all zeros on the diagonal. In
this case, U can be chosen as the matrix itself and L chosen as the identity.
For example,
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011
A= [0 0 0}
_|10](011
“ 01 000
= LU. (5.26)
In this case, A is an upper trapezoidal matrix and so is U.

An example of a nonsingular matrix that does not have an LU factorization
is an identity matrix with permuted rows or columns:

01
10]°
A sufficient condition for an n x m matrix A to have an LU factorization is
that for k =1,2,...,min(n—1,m), each k x k principal submatrix of A, Ay, be

nonsingular. Note that this fact also provides a way of constructing a singular
matrix that has an LU factorization. Furthermore, for k = 1,2, ..., min(n, m),

det(Ak) = U11U22 * " " Ukk-

5.7 QR Factorization

A very useful factorization is
A=QR, (5.27)

where @ is orthogonal and R is upper triangular or trapezoidal. This is called
the QR factorization.

Forms of the Factors
If A is square and of full rank, R has the form

XXX
0XX]|. (5.28)
00X

If A is nonsquare, R is nonsquare, with an upper triangular submatrix.
If A has more columns than rows, R is trapezoidal and can be written as
[R1 | Ra], where R; is upper triangular.

If A is n x m with more rows than columns, which is the case in common
applications of QR factorization, then

r- | , 5.29
B (5.29)
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where R; is m X m upper triangular.

When A has more rows than columns, we can likewise partition @ as
[Q1]|Q2], and we can use a version of () that contains only relevant rows or
columns,

A= QR (5.30)

where Q1 is an n X m matrix whose columns are orthonormal. This form is
called a “skinny” QR. It is more commonly used than one with a square Q.

Relation to the Moore-Penrose Inverse

It is interesting to note that the Moore-Penrose inverse of A with full column
rank is immediately available from the QR factorization:

At =[RM0]Q". (5.31)

Nonfull Rank Matrices
If A is square but not of full rank, R has the form

XXX
0XX]|. (5.32)
000

In the common case in which A has more rows than columns, if A is
not of full (column) rank, R; in equation (5.29) will have the form shown in
matrix (5.32).

If A is not of full rank, we apply permutations to the columns of A by
multiplying on the right by a permutation matrix. The permutations can be
taken out by a second multiplication on the right. If A is of rank r (< m),
the resulting decomposition consists of three matrices: an orthogonal @, a T
with an 7 x r upper triangular submatrix, and a permutation matrix E},

A=QTET. (5.33)
The matrix T has the form
| T T
P[0 -

where T7 is upper triangular and is 7 x 7. The decomposition in equation (5.33)
is not unique because of the permutation matrix. The choice of the permuta-
tion matrix is the same as the pivoting that we discussed in connection with
Gaussian elimination. A generalized inverse of A is immediately available from
equation (5.33):

_ 70
A :P[ b O]QT. (5.35)
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Additional orthogonal transformations can be applied from the right-hand
side of the n x m matrix A in the form of equation (5.33) to yield

A=QRU", (5.36)
where R has the form
| R0
n= B9 .

where R is 7 x r upper triangular, Q is nxn and as in equation (5.33), and U™
is n x m and orthogonal. (The permutation matrix in equation (5.33) is also
orthogonal, of course.) The decomposition (5.36) is unique, and it provides
the unique Moore-Penrose generalized inverse of A:

-1
At =T [Rl O] Q. (5.38)
0 0
It is often of interest to know the rank of a matrix. Given a decomposition
of the form of equation (5.33), the rank is obvious, and in practice, this QR
decomposition with pivoting is a good way to determine the rank of a matrix.
The QR decomposition is said to be “rank-revealing”. The computations are
quite sensitive to rounding, however, and the pivoting must be done with some
care (see Hong and Pan, 1992; Section 2.7.3 of Bjorck, 1996; and Bischof and
Quintana-Orti, 1998a,b).
The QR factorization is particularly useful in computations for overde-
termined systems, as we will see in Section 6.7 on page 222, and in other
computations involving nonsquare matrices.

Formation of the QR Factorization

There are three good methods for obtaining the Q) R factorization: Householder
transformations or reflections; Givens transformations or rotations; and the
(modified) Gram-Schmidt procedure. Different situations may make one of
these procedures better than the two others. The Householder transformations
described in the next section are probably the most commonly used. If the data
are available only one row at a time, the Givens transformations discussed in
Section 5.7.2 are very convenient. Whichever method is used to compute the
QR decomposition, at least 2n3/3 multiplications and additions are required.
The operation count is therefore about twice as great as that for an LU
decomposition.

5.7.1 Householder Reflections to Form the QR Factorization

To use reflectors to compute a QR factorization, we form in sequence the
reflector for the i*" column that will produce 0s below the (i,i) element.
For a convenient example, consider the matrix
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[3 53 XXX
1 22 xxx
A= |2-2 XXX
1 $xxX
|1 XXX

The first transformation would be determined so as to transform (3,1,2,1,1)
to (X,0,0,0,0). We use equations (5.8) through (5.10) to do this. Call this
first Householder matrix P;. We have

—41XXX
05XXX
PA= 01XXX
03XXX
01XXX

We now choose a reflector to transform (5,1,3,1) to (—6,0,0,0). We do not
want to disturb the first column in P; A shown above, so we form P, as

10...0
0
P =
. Hy
0
Forming the vector (11,1,3,1)/4/132 and proceeding as before, we get the
reflector
1
HQ:I—&#HJ3JXHJ3JF
—55 —11 =33 —-11
1 |-11 65 -3 —1
T 66 | —33 —3 57 -3
—-11 -1 -3 65

Now we have

—4 XXXX
0—-6XXX
PPA=| 0 0XXX
0 0XXX
0 0XXX

Continuing in this way for three more steps, we would have the QR decom-
pOSitiOIl of A with QT = P5P4P3P2P1.

The number of computations for the QR factorization of an n X n matrix
using Householder reflectors is 2n®/3 multiplications and 2n3/3 additions.
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5.7.2 Givens Rotations to Form the QR Factorization

Just as we built the QR factorization by applying a succession of Householder
reflections, we can also apply a succession of Givens rotations to achieve the
factorization. If the Givens rotations are applied directly, the number of com-
putations is about twice as many as for the Householder reflections, but if
fast Givens rotations are used and accumulated cleverly, the number of com-
putations for Givens rotations is not much greater than that for Householder
reflections. As mentioned on page 185, it is necessary to monitor the differ-
ences in the magnitudes of the elements in the C' matrix and often necessary
to rescale the elements. This additional computational burden is excessive
unless done carefully (see Bindel et al., 2002, for a description of an efficient
method).

5.7.3 Gram-Schmidt Transformations to Form the
QR Factorization

Gram-Schmidt transformations yield a set of orthonormal vectors that span
the same space as a given set of linearly independent vectors, {x1,za, ..., 2m }.
Application of these transformations is called Gram-Schmidt orthogonaliza-
tion. If the given linearly independent vectors are the columns of a matrix A,
the Gram-Schmidt transformations ultimately yield the QR factorization of
A. The basic Gram-Schmidt transformation is shown in equation (2.34) on
page 27.

The Gram-Schmidt algorithm for forming the QR factorization is just a
simple extension of equation (2.34); see Exercise 5.9 on page 200.

5.8 Singular Value Factorization

Another factorization useful in solving linear systems is the singular value
decomposition, or SVD, shown in equation (3.218) on page 127. For the n x m
matrix A, this is

A=UDVT,

where U is an n X n orthogonal matrix, V' is an m x m orthogonal matrix, and
D is a diagonal matrix of the singular values. The SVD is “rank-revealing”:
the number of nonzero singular values is the rank of the matrix.

Golub and Kahan (1965) showed how to use a QR-type factorization to
compute a singular value decomposition. This method, with refinements as
presented in Golub and Reinsch (1970), is the best algorithm for singular
value decomposition. We discuss this method in Section 7.7 on page 253.
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5.9 Factorizations of Nonnegative
Definite Matrices

There are factorizations that may not exist except for nonnegative definite
matrices, or may exist only for such matrices. The LU decomposition, for
example, exists and is unique for a nonnegative definite matrix; but may not
exist for general matrices. In this section we discuss two important factor-
izations for nonnegative definite matrices, the square root and the Cholesky
factorization.

5.9.1 Square Roots

On page 125, we defined the square root of a nonnegative definite matrix in
1

the natural way and introduced the notation Az as the square root of the

nonnegative definite n X n matrix A:

1

A= (A5>2. (5.39)

Because A is symmetric, it has a diagonal factorization, and because it is
nonnegative definite, the elements of the diagonal matrix are nonnegative.
In terms of the orthogonal diagonalization of A, as on page 125 we write
Az =VC3VT

We now show that this square root of a nonnegative definite matrix is
unique among nonnegative definite matrices. Let A be a (symmetric) nonneg-
ative definite matrix and A = VOV, and let B be a symmetric nonnegative
definite matrix such that B2 = A. We want to show that B = VCz V7T or that
B—-VCO3VT = 0. Form

(B - VC%VT) (B - VC%VT) — B2 - VCiV'B - BVCiVT (VC%VT)2
=24 -VCPVTB - (VC%VTB)T . (5.40)

Now, we want to show that VC:VTB = A. The argument below follows
Harville (1997). Because B is nonnegative definite, we can write B = UDU™T

for an orthogonal n x n matrix U and a diagonal matrix D with nonnegative
1
elements, di, ...d,. We first want to show that VTUD = C2VTU. We have

vtup? =vtupuTuputu
=VTBU
=VTAU
=vTwve:vTyu
=vTve:vTve:vTu
=cv1Tu.
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Now consider the individual elements in these matrices. Let z;; be the (7)™
element of VTU, and since D? and C are diagonal matrices, the (ij)'" element
of VTUD? is d?zij and the corresponding element of CVTU is ¢izij, and these
two elements are equal, S? djzi; = y/cizij. These, however, aure1 the (ij)th
elements of VTUD and C2VTU, respectively; hence VTUD = C2VTU. We
therefore have

vervTB =ve:vTupuT = vezc:vTuuT = vovT = A.

We conclude that VC2 V7T is the unique square root of A.
If A is positive definite, it has an inverse, and the unique square root of
. . 1

the inverse is denoted as A~ 2.

5.9.2 Cholesky Factorization

If the matrix A is symmetric and positive definite (that is, if 2T Az > 0 for
all  # 0), another important factorization is the Cholesky decomposition. In
this factorization,

A=T'T, (5.41)

where T is an upper triangular matrix with positive diagonal elements. We
occasionally denote the Cholesky factor of A (that is, T' in the expression
above) as Ac. (Notice on page 34 and later on page 293 that we use a lowercase
¢ subscript to represent a centered vector or matrix.)

The factor T in the Cholesky decomposition is sometimes called the square
root, but we have defined a different matrix as the square root, Az (page 125
and Section 5.9.1). The Cholesky factor is more useful in practice, but the
square root has more applications in the development of the theory.

A factor of the form of T in equation (5.41) is unique up to the sign, just
as a square root is. To make the Cholesky factor unique, we require that the
diagonal elements be positive. The elements along the diagonal of T" will be
square roots. Notice, for example, that t11 is \/a11.

Algorithm 5.1 is a method for constructing the Cholesky factorization.
The algorithm serves as the basis for a constructive proof of the existence and
uniqueness of the Cholesky factorization (see Exercise 5.5 on page 199). The
uniqueness is seen by factoring the principal square submatrices.

Algorithm 5.1 Cholesky Factorization
1. Let tll = 4\/ai1.
2. FOI‘j = 2, e,y let tlj = alj/tu.
3. Fori=2,...,n,

{

let tii =1/ Qi — Z_:ll tii’ and

forj=di+1,...,n,

{
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let ¢;; = (ai; — 22;11 triti;)/tii-
}
} |

There are other algorithms for computing the Cholesky decomposition.
The method given in Algorithm 5.1 is sometimes called the inner product
formulation because the sums in step 3 are inner products. The algorithms for
computing the Cholesky decomposition are numerically stable. Although the
order of the number of computations is the same, there are only about half as
many computations in the Cholesky factorization as in the LU factorization.
Another advantage of the Cholesky factorization is that there are only n(n +
1)/2 unique elements as opposed to n? 4+ n in the LU decomposition.

The Cholesky decomposition can also be formed as ZN“TDT, where D is a di-
agonal matrix that allows the diagonal elements of T to be computed without
taking square roots. This modification is sometimes called a Banachiewicz
factorization or root-free Cholesky. The Banachiewicz factorization can be
formed in essentially the same way as the Cholesky factorization shown in
Algorithm 5.1: just put 1s along the diagonal of T" and store the squared
quantities in a vector d.

Cholesky Decomposition of Singular Nonnegative Definite
Matrices

Any symmetric nonnegative definite matrix has a decomposition similar to
the Cholesky decomposition for a positive definite matrix. If A is n x n with
rank r, there exists a unique matrix T such that A = TTT, where T is an
upper triangular matrix with r positive diagonal elements and n — r rows
containing all zeros. The algorithm is the same as Algorithm 5.1, except that
in step 3 if ¢;; = 0, the entire row is set to zero. The algorithm serves as a
constructive proof of the existence and uniqueness.

Relations to Other Factorizations

For a symmetric matrix, the LDU factorization is UT DU; hence, we have for
the Cholesky factor )
T=D2U,

where D? is the matrix whose elements are the square roots of the correspond-
ing elements of D. (This is consistent with our notation above for Cholesky
factors; D3 is the Cholesky factor of D, and it is symmetric.)

The LU and Cholesky decompositions generally are applied to square ma-
trices. However, many of the linear systems that occur in scientific applications
are overdetermined; that is, there are more equations than there are variables,
resulting in a nonsquare coefficient matrix.

For the n x m matrix A with n > m, we can write
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ATA=RYQYQR
= R'R, (5.42)

so we see that the matrix R in the QR factorization is (or at least can be)
the same as the matrix T in the Cholesky factorization of ATA. There is
some ambiguity in the ¢ and R matrices, but if the diagonal entries of R are
required to be nonnegative, the ambiguity disappears and the matrices in the
QR decomposition are unique.

An overdetermined system may be written as

where A is n x m (n > m), or it may be written as
Ax =b+e,

where e is an n-vector of possibly arbitrary “errors”. Because not all equations
can be satisfied simultaneously, we must define a meaningful “solution”. A
useful solution is an x such that e has a small norm. The most common
definition is an x such that e has the least Euclidean norm; that is, such that
the sum of squares of the e;s is minimized.

It is easy to show that such an x satisfies the square system AT Az = ATb,
the “normal equations”. This expression is important and allows us to analyze
the overdetermined system (not just to solve for the  but to gain some better
understanding of the system). It is easy to show that if A is of full rank (i.e.,
of rank m, all of its columns are linearly independent, or, redundantly, “full
column rank”), then AT A is positive definite. Therefore, we could apply either
Gaussian elimination or the Cholesky decomposition to obtain the solution.

As we have emphasized many times before, however, useful conceptual
expressions are not necessarily useful as computational formulations. That is
sometimes true in this case also. In Section 6.1, we will discuss issues relating
to the expected accuracy in the solutions of linear systems. There we will define
a “condition number”. Larger values of the condition number indicate that
the expected accuracy is less. We will see that the condition number of AT A is
the square of the condition number of A. Given these facts, we conclude that
it may be better to work directly on A rather than on AT A, which appears
in the normal equations. We discuss solutions of overdetermined systems in
Section 6.7, beginning on page 222, and in Section 6.8, beginning on page 229.
Overdetermined systems are also a main focus of the statistical applications
in Chapter 9.

5.9.3 Factorizations of a Gramian Matrix

The sums of squares and cross products matrix, the Gramian matrix XT X,
formed from a given matrix X, arises often in linear algebra. We discuss
properties of the sums of squares and cross products matrix beginning on
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page 287. Now we consider some additional properties relating to various
factorizations.

First we observe that XTX is symmetric and hence has an orthogonally
similar canonical factorization,

XTx =vevT.

We have already observed that X T X is nonnegative definite, and so it has
the LU factorization
XTX = LU,

with L lower triangular and U upper triangular, and it has the Cholesky
factorization
XX =1"T

with T upper triangular. With L = TT and U = T, both factorizations are
the same. In the LU factorization, the diagonal elements of either L or U
are often constrained to be 1, and hence the two factorizations are usually
different.

It is instructive to relate the factors of the m x m matrix XTX to the
factors of the n x m matrix X. Consider the QR factorization

X = QR,

where R is upper triangular. Then XTX = (QR)TQR = RTR, so R is the
Cholesky factor T because the factorizations are unique (again, subject to the
restrictions that the diagonal elements be nonnegative).

Consider the SVD factorization

X =UDVT.

We have XTX = (UDVTTUDVT = VD?V™ which is the orthogonally sim-
ilar canonical factorization of XX . The eigenvalues of XT X are the squares
of the singular values of X, and the condition number of XTX (which we
define in Section 6.1) is the square of the condition number of X.

5.10 Incomplete Factorizations

Often instead of an exact factorization, an approximate or “incomplete” fac-
torization may be more useful because of its computational efficiency. This
may be the case in the context of an iterative algorithm in which a matrix
is being successively transformed, and, although a factorization is used in
each step, the factors from a previous iteration are adequate approximations.
Another common situation is in working with sparse matrices. Many exact
operations on a sparse matrix yield a dense matrix; however, we may want to
preserve the sparsity, even at the expense of losing exact equalities. When a
zero position in a sparse matrix becomes nonzero, this is called “fill-in”.
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For example, instead of an LU factorization of a sparse matrix A, we may
seek lower and upper triangular factors L and U, such that

A~ LU, (5.43)

and if a;; = 0, then l~ij = u;; = 0. This approximate factorization is easily
accomplished by modifying the Gaussian elimination step that leads to the
outer product algorithm of equations (5.22) and (5.23).

More generally, we may choose a set of indices S = {(p,¢)} and modify
the elimination step to be

a;; i g ij g (5.44)

(k+1) a'® — qM g o (k) if (i,j) € S

aij otherwise.
Note that a;; does not change unless (7, 7) is in .S. This allows us to preserve
Os in L and U corresponding to given positions in A.

Exercises

5.1. Consider the transformation of the 3-vector x that first rotates the vector
30° about the z; axis, then rotates the vector 45° about the x5 axis, and
then translates the vector by adding the 3-vector y. Find the matrix
A that effects these transformations by a single multiplication. Use the
vector 2" of homogeneous coordinates that corresponds to the vector z.
(Thus, A is 4 x 4.)

5.2. Homogeneous coordinates are often used in mapping three-dimensional
graphics to two dimensions. The perspective plot function persp in R, for
example, produces a 4 x 4 matrix for projecting three-dimensional points
represented in homogeneous coordinates onto two-dimensional points in
the displayed graphic. R uses homogeneous coordinates in the form of
equation (5.6b) rather than equation (5.6a). If the matrix produced is
T and if a" is the representation of a point (24, %a, z4) in homogeneous
coordinates, in the form of equation (5.6b), then a7 yields transformed
homogeneous coordinates that correspond to the projection onto the two-
dimensional coordinate system of the graphical display. Consider the two
graphs in Figure 5.4. The graph on the left in the unit cube was produced
by the simple R statements

x<-c(0,1)

y<-c(0,1)

z<-matrix(c(0,0,1,1) ,nrow=2)
persp(x, y, z, theta = 45, phi = 30)

(The angles theta and phi are the azimuthal and latitudinal viewing
angles, respectively, in degrees.) The graph on the right is the same with
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a heavy line going down the middle of the surface; that is, from the point
(0.5,0,0) to (0.5,1,1). Obtain the transformation matrix necessary to
identify the rotated points and produce the graph on the right.

VY

Fig. 5.4. Illustration of the Use of Homogeneous Coordinates to Locate Three-
Dimensional Points on a Two-Dimensional Graph

5.3.

5.4.

5.9.

5.6.

Determine the rotation matrix that rotates 3-vectors through an angle of

30° in the plane 1 + x5 + x3 = 0.

Let A = LU be the LU decomposition of the n x n matrix A.

a) Suppose we multiply the j* column of A by ¢, j=12,...m, to
form the matrix A.. What is the LU decomposition of A.? Try to
express your answer in a compact form.

b) Suppose we multiply the i*® row of A by ¢;, i = 1,2,...n, to form
the matrix A,. What is the LU decomposition of A,.7 Try to express
your answer in a compact form.

¢) What application might these relationships have?

Show that if A is positive definite, there exists a unique upper triangular

matrix T with positive diagonal elements such that

A=TTT.

Hint: Show that a;; > 0. Show that if A is partitioned into square sub-
matrices A1 and Ago,
A— {Au Au]

Ag1 Az

that A;; and Ag are positive definite. Use Algorithm 5.1 (page 194) to
show the existence of a T, and finally show that 7" is unique.

Let X1, X5, and X3 be independent random variables identically distrib-
uted as standard normals.

a) Determine a matrix A such that the random vector

X1
A Xo
X3

has a multivariate normal distribution with variance-covariance ma-
trix
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5.7.

5.8.

5.9.

5 Transformations and Factorizations

4 2 8
210 7
8§ 721

b) Is your solution unique? (The answer is no.) Determine a different
solution.

Generalized inverses.

a) Prove equation (5.35) on page 189 (generalized inverse of a nonfull
rank matrix).

b) Prove equation (5.38) on page 190, (Moore-Penrose inverse of a non-
full rank matrix).

Determine the Givens transformation matrix that will rotate the matrix

356
612
A= 867

231

so that the second column becomes (5, as2,6,0) (see also Exercise 12.3).

Gram-Schmidt transformations.

a) Use Gram-Schmidt transformations to determine an orthonormal ba-
sis for the space spanned by the vectors

v = (3a67872)7
V2 = (5a 1a673)7
vy = (6,2,7,1).

b) Write out a formal algorithm for computing the QR factorization of
the n x m full rank matrix A. Assume n > m.

¢) Write a Fortran or C subprogram to implement the algorithm you
described.
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Solution of Linear Systems

One of the most common problems in numerical computing is to solve the
linear system

Axr = b;

that is, for given A and b, to find = such that the equation holds. The system
is said to be consistent if there exists such an z, and in that case a solution x
may be written as A~b, where A~ is some inverse of A. If A is square and of
full rank, we can write the solution as A~'b.

It is important to distinguish the expression A~'b or ATb, which represents
the solution, from the method of computing the solution. We would never
compute A1 just so we could multiply it by b to form the solution A~1b.

There are two general methods of solving a system of linear equations:
direct methods and iterative methods. A direct method uses a fixed number
of computations that would in exact arithmetic lead to the solution; an itera-
tive method generates a sequence of approximations to the solution. Iterative
methods often work well for very large sparse matrices. We first consider a
characteristic of the problem that affects how easy it is to solve the system
accurately.

6.1 Condition of Matrices

Data are said to be “ill-conditioned” for a particular problem or computation
if the data are likely to cause difficulties in the computations, such as severe
loss of precision. More generally, the term “ill-conditioned” is applied to a
problem in which small changes to the input result in large changes in the
output. In the case of a linear system

Ax =0,

the problem of solving the system is ill-conditioned if small changes to some
elements of A or b will cause large changes in the solution z.
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Consider, for example, the system of equations

1.000z; + 0.500z2 = 1.500,

0.667x1 + 0.333z5 = 1.000. (6.1)
The solution is easily seen to be x7; = 1.000 and x5 = 1.000.
Now consider a small change in the right-hand side:
1.000x; + 0.500x2 = 1.500, (6.2)

0.667x1 + 0.333z2 = 0.999.

This system has solution x; = 0.000 and x5 = 3.000.
Alternatively, consider a small change in one of the elements of the coeffi-
cient matrix:

1.000z; + 0.500z2 = 1.500,
0.667x1 + 0.334z> = 1.000.

The solution now is 1 = 2.000 and z5 = —1.000.

In both cases, small changes of the order of 1072 in the input (the el-
ements of the coefficient matrix or the right-hand side) result in relatively
large changes (of the order of 1) in the output (the solution). Solving the
system (either one of them) is an ill-conditioned problem.

The nature of the data that cause ill-conditioning depends on the type
of problem. In this case, the problem is that the lines represented by the
equations are almost parallel, as seen in Figure 6.1, and so their point of
intersection is very sensitive to slight changes in the coefficients defining the
lines.

The problem can also be described in terms of the angle between the lines.
When the angle is small, but not necessarily 0, we refer to the condition as
“collinearity”. (This term is somewhat misleading because, strictly speaking,
it should indicate that the angle is exactly 0.) In this example, the cosine of
the angle between the lines, from equation (2.32), is 1 —2 x 10~7. In general,
collinearity (or “multicollinearity”) exists whenever the angle between any
line (that is, vector) and the subspace spanned by any other set of vectors is
small.

For a specific problem such as solving a system of equations, we may
quantify the condition of the matrix by a condition number. To develop this
quantification for the problem of solving linear equations, consider a linear
system Ax = b, with A nonsingular and b # 0, as above. Now perturb the
system slightly by adding a small amount, 8b, to b, and let b = b + db. The
system

(6.3)

Ai=b
has a solution # = 6z + 2 = A~ 1b. (Notice that 6b and 6z do not necessarily
represent scalar multiples of the respective vectors.) If the system is well-

conditioned, for any reasonable norm, if ||6b||/||b|| is small, then ||| /||| is
likewise small.
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Fig. 6.1. Almost Parallel Lines: Ill-Conditioned Coefficient Matrices, Equa-
tions (6.1) and (6.2)

From dz = A716b and the inequality (3.222) (page 129), for an induced
norm on A, we have

8z < LA} [|5b]. (6.4)
Likewise, because b = Az, we have
1 1
i < Al (6.5)
] ]
and equations (6.4) and (6.5) together imply
|6z ] 1, 180]]
< [|A[A™ 5o (6.6)
] el

This provides a bound on the change in the solution |[0z||/||z|| in terms of the
perturbation |60 /0]

The bound in equation (6.6) motivates us to define the condition number
with respect to inversion denoted by x(-) as

K(A) = [A][|A7Y| (6.7)

for nonsingular A. In the context of linear algebra, the condition number with
respect to inversion is so dominant in importance that we generally just refer
to it as the “condition number”. A condition number is a useful measure of the
condition of A for the problem of solving a linear system of equations. There
are other condition numbers useful in numerical analysis, however, such as
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the condition number for computing the sample variance (see equation (10.8)
on page 411) or a condition number for a root of a function.
We can write equation (6.6) as

16| 1160l
T < R(A) T (6.8)
]| (o]l

and, following a development similar to that above, write
160l 16|
IO < a2l (6.9)
161l ]l

These inequalities, as well as the other ones we write in this section, are sharp,
as we can see by letting A = I.

Because the condition number is an upper bound on a quantity that we
would not want to be large, a large condition number is “bad”.

Notice that our definition of the condition number does not specify the
norm; it only requires that the norm be an induced norm. (An equivalent
definition does not rely on the norm being an induced norm.) We sometimes
specify a condition number with regard to a particular norm, and just as we
sometimes denote a specific norm by a special symbol, we may use a special
symbol to denote a specific condition number. For example, x,(A) may denote
the condition number of A in terms of an L, norm. Most of the properties of
condition numbers (but not their actual values) are independent of the norm
used.

The coefficient matrix in equations (6.1) and (6.2) is

A— 1.000 0.500
©10.6670.333 |’

and its inverse is

Al —666 1000
© | 1344 —2000 | -

It is easy to see that

Al = 1.667
and
|A=11 = 3000;
hence,
Iil(A) = 5001.
Likewise,
|A]lco = 1.500
and
|A™Y 0o = 3344;

hence,
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Koo (A) = 5016.

Notice that the condition numbers are not exactly the same, but they are close.
Although we used this matrix in an example of ill-conditioning, these condi-
tion numbers, although large, are not so large as to cause undue concern for
numerical computations. Indeed, solving the systems of equations (6.1), (6.2),
and (6.3) would not cause problems for a computer program. Notice also that
the condition numbers are of the order of magnitude of the ratio of the output
perturbation to the input perturbation in those equations.
An interesting relationship for the Ly condition number is

I\Aa‘fll\

ll=

[[Ax]

[l

maXg-£0
ro(A) =

ming g

(6.10)

(see Exercise 6.1, page 238). The numerator and denominator in equa-
tion (6.10) look somewhat like the maximum and minimum eigenvalues, as
we have suggested. Indeed, the Lo condition number is just the ratio of the
largest eigenvalue in absolute value to the smallest (see page 131). The Ly
condition number is also called the spectral condition number.

The eigenvalues of the coefficient matrix in equations (6.1) and (6.2) are
1.333375 and —0.0003750, and so

Ka(A) = 3555.67,

which is the same order of magnitude as ko (A) and k1(A) computed above.
Some useful facts about condition numbers are:

k(A) = k(A™Y),
k(cA) = k(A), forc#£0,
K(A) > 1,

K1(A) = Koo (AT),
ka(AT) = ra(A),
ka(ATA) = K3(A)
> 1a(A), and
e if A and B are orthogonally similar (equation (3.191)), then

[All2 = B2
and

HQ(A) = KJQ(B)
(see equation (3.228)).

Even though the condition number provides a very useful indication of the
condition of the problem of solving a linear system of equations, it can be
misleading at times. Consider, for example, the coefficient matrix

10
=2
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where € < 1. The condition numbers are

51(A) = Ra(4) = Foo(4) = 1,
and so if € is small, the condition number is large. It is easy to see, however,
that small changes to the elements of A or b in the system Az = b do not cause
undue changes in the solution (our heuristic definition of ill-conditioning). In
fact, the simple expedient of multiplying the second row of A by 1/e (that is,
multiplying the second equation, asi121 + assxe = ba, by 1/€) yields a linear
system that is very well-conditioned.

This kind of apparent ill-conditioning is called artificial ill-conditioning.
It is due to the different rows (or columns) of the matrix having a very dif-
ferent scale; the condition number can be changed just by scaling the rows or
columns. This usually does not make a linear system any better or any worse
conditioned.

In Section 6.4 we relate the condition number to bounds on the numerical
accuracy of the solution of a linear system of equations.

The relationship between the size of the matrix and its condition number
is interesting. In general, we would expect the condition number to increase
as the size increases. This is the case, but the nature of the increase depends
on the type of elements in the matrix. If the elements are randomly and
independently distributed as normal or uniform with a mean of zero and
variance of one, the increase in the condition number is approximately linear
in the size of the matrix (see Exercise 10.22, page 427).

Our definition of condition number given above is for nonsingular matri-
ces. We can formulate a useful alternate definition that extends to singular
matrices and to nonsquare matrices: the condition number of a matrix is the
ratio of the largest singular value to the smallest nonzero singular value, and
of course this is the same as the definition for square nonsingular matrices.
This is also called the spectral condition number.

The condition number, like the determinant, is not easy to compute (see
page 440 in Section 11.4).

In the ridge regression discussed on page 291, when X is of full rank, we
can see that the condition number of the matrix XX + Al is smaller than
that of X1 X:

max(d; +A)  max(d;)
min(d; + A) < min(d;)

for A > 0.

6.2 Direct Methods for Consistent Systems

There are two general approaches to solving the linear system Ax = b. One
class of methods is direct in the sense that the solution is obtained in a preset
number of steps. The number of steps generally depends only on the size of
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the matrix. Other methods, called iterative, arrive at the solution through a
sequence of steps whose number depends on some criterion that indicates the
solution has been obtained. (Note, of course, that a purported solution can
be checked out very quickly by simple multiplication.)

6.2.1 Gaussian Elimination and Matrix Factorizations

The most common direct method for the solution of linear systems is Gaussian
elimination. The basic idea in this method is to form equivalent sets of equa-
tions, beginning with the system to be solved, Az = b, or

alr*x =b;

a3, x = by
T, . _

A = bTM

where aj. is the 4 row of A. An equivalent set of equations can be formed
by a sequence of elementary operations on the equations in the given set.

These elementary operations on equations are essentially the same as the
elementary operations on the rows of matrices discussed in Section 3.2.3 and
in Section 5.6. There are three kinds of elementary operations: an interchange
of two equations,

T, _ T, _
a;,xr =bj — ap,x = by,

a;f*x = by — a};x = b,

which affects two equations simultaneously, a scalar multiplication of a given
equation,
T . _p. T . _ b,
ajr=>b; <« cajx=chj,

and a replacement of a single equation with a sum of it and a scalar multiple
of another equation,

aT

T =b; a;»f*x + caj,x = bj + cb.

The interchange operation can be accomplished by premultiplication by
an elementary permutation matrix (see page 62):

EjkAx = Ejkb.

The scalar multiplication can be performed by premultiplication by an ele-
mentary transformation matrix F;(c), and the axpy operation can be effected
by premultiplication by an Ej;(c) elementary transformation matrix.

The elementary operation on the equation

T, . _
a5, T = b
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in which the first equation is combined with it using ¢; = —a21/a;; and
co = 1 will yield an equation with a zero coefficient for z;. Generalizing this,
we perform elementary operations on the second through the n*" equations
to yield a set of equivalent equations in which all but the first have zero
coefficients for x7.

Next, we perform elementary operations using the second equation with
the third through the n*® equations, so that the new third through the n'®
equations have zero coeflicients for xo. This is the kind of sequence of multipli-
cations by elementary operator matrices shown in equation (3.50) on page 66
and grouped together as Ly in equation (5.20) on page 186.

The sequence of equivalent equations, beginning with Az = b, is

a11%1 + a12x2 + + a1z = b
a21T1 + G222 + + amrn = b2

(0) o4 : Lo (6.11)
Anp1T1 + An2T2 + T + GpnTn = bn

then AWz = b1 or L1 Az = Lqb,

a11r1 + ai2xr2 + + ainxn = b1
aé;)mg + + agln)xn = bgl)

1) g ;o L (612)
aYws + + ale, = b

and finally A z=b(" or L,,_1---L1Ax=L,_1---Lib,or Uz = Ly,_1 --- LD,

a11r1 + ai2r2 + + ainxn = b1
Wt e ol = o
(n—1) , : 3 o (6.13)
a2 + a2 = b

al VD, = oY

Recalling equation (5.23), we see that the last system is Uz = L~'b. This
system is easy to solve because the coefficient matrix is upper triangular. The
last equation in the system yields

bgln—l)

Tpn = 7(71_1) .
Gnn
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By back substitution, we get

6D — a2 )
Tp—1 = n—2 )
a! - 1,7)17 1

and we obtain the rest of the xs in a similar manner. This back substitution
is equivalent to forming

r=U"'L"1p, (6.14)

orx = A'b with A = LU.
Gaussian elimination consists of two steps: the forward reduction, which
is of order O(n?), and the back substitution, which is of order O(n?).

Pivoting
The only obvious problem with this method arises if some of the a,(clz_l)s used
as divisors are zero (or very small in magnitude). These divisors are called
“pivot elements”.

Suppose, for example, we have the equations

0.0001zy + 22 =1,
r1 + x99 = 2.

The solution is 1 = 1.0001 and x5 = 0.9999. Suppose we are working with
three digits of precision (so our solution is z; = 1.00 and x5 = 1.00). After
the first step in Gaussian elimination, we have

0.0001z; + T2 = 1,
—10, 000z, = —10, 000,

and so the solution by back substitution is z5 = 1.00 and x; = 0.000. The
Lo condition number of the coefficient matrix is 2.618, so even though the
coefficients vary greatly in magnitude, we certainly would not expect any
difficulty in solving these equations.

A simple solution to this potential problem is to interchange the equation
having the small leading coefficient with an equation below it. Thus, in our
example, we first form

T + T = 2,
0.0001zy + 22 =1,

so that after the first step we have

IL’1+CE2:2,
(EQZ].,

and the solution is x5 = 1.00 and x; = 1.00, which is correct to three digits.
Another strategy would be to interchange the column having the small
leading coefficient with a column to its right. Both the row interchange and the
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column interchange strategies could be used simultaneously, of course. These
processes, which obviously do not change the solution, are called pivoting. The
equation or column to move into the active position may be chosen in such a
way that the magnitude of the new diagonal element is the largest possible.
Performing only row interchanges, so that at the k*" stage the equation
with
n 1, (k=1)
max |a;; |
i=k o
is moved into the k' row, is called partial pivoting. Performing both row
interchanges and column interchanges, so that

i (gD
i=kij=k

is moved into the k" diagonal position, is called complete pivoting. See Exer-
cises 6.2a and 6.2b.

It is always important to distinguish descriptions of effects of actions from
the actions that are actually carried out in the computer. Pivoting is “inter-
changing” rows or columns. We would usually do something like that in the
computer only when we are finished and want to produce some output. In the
computer, a row or a column is determined by the index identifying the row
or column. All we do for pivoting is to keep track of the indices that we have
permuted.

There are many more computations required in order to perform complete
pivoting than are required to perform partial pivoting. Gaussian elimination
with complete pivoting can be shown to be stable; that is, the algorithm
yields an exact solution to a slightly perturbed system, (A + §A)xz = b. (We
discuss stability on page 409.) For Gaussian elimination with partial pivot-
ing, there are examples that show that it is not stable. These examples are
somewhat contrived, however, and experience over many years has indicated
that Gaussian elimination with partial pivoting is stable for most problems
occurring in practice. For this reason, together with the computational sav-
ings, Gaussian elimination with partial pivoting is one of the most commonly
used methods for solving linear systems. See Golub and Van Loan (1996) for
a further discussion of these issues.

There are two modifications of partial pivoting that result in stable al-
gorithms. One is to add one step of iterative refinement (see Section 6.5,
page 219) following each pivot. It can be shown that Gaussian elimination
with partial pivoting together with one step of iterative refinement is un-
conditionally stable (Skeel, 1980). Another modification is to consider two
columns for possible interchange in addition to the rows to be interchanged.
This does not require nearly as many computations as complete pivoting
does. Higham (1997) shows that this method, suggested by Bunch and Kauf-
man (1977) and used in LINPACK and LAPACK, is stable.
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Nonfull Rank and Nonsquare Systems

The existence of an x that solves the linear system Ax = b depends on that
system being consistent; it does not depend on A being square or of full rank.
The methods discussed above apply in this case. (See the discussion of LU
and QR factorizations for nonfull rank and nonsquare matrices on pages 188
and 189.) In applications, it is often annoying that many software developers
do not provide capabilities for handling such systems. Many of the standard
programs for solving systems provide solutions only if A is square and of full
rank. This is a poor design decision.

6.2.2 Choice of Direct Method

Direct methods of solving linear systems all use some form of matrix factoriza-
tion, as discussed in Chapter 5. The LU factorization is the most commonly
used method to solve a linear system.

For certain patterned matrices, other direct methods may be more efficient.
If a given matrix initially has a large number of zeros, it is important to
preserve the zeros in the same positions (or in other known positions) in
the matrices that result from operations on the given matrix. This helps to
avoid unnecessary computations. The iterative methods discussed in the next
section are often more useful for sparse matrices.

Another important consideration is how easily an algorithm lends itself to
implementation on advanced computer architectures. Many of the algorithms
for linear algebra can be vectorized easily. It is now becoming more important
to be able to parallelize the algorithms. The iterative methods discussed in
the next section can often be parallelized more easily.

6.3 Iterative Methods for Consistent Systems

In iterative methods for solving the linear system Ax = b, we begin with
starting point z(9), which we consider to be an approximate solution, and
then move through a sequence of successive approximations (1), z(?), ... that
ultimately (it is hoped!) converge to a solution. The user must specify a con-
vergence criterion to determine when the approximation is close enough to
the solution. The criterion may be based on successive changes in the solution
) — 21 or on the difference || Az®) —b||.

Iterative methods may be particularly useful for very large systems because
it may not be necessary to have the entire A matrix available for computa-
tions in each step. These methods are also useful for sparse systems. Also,
as mentioned above, the iterative algorithms can often be parallelized (see
Heath, Ng, and Peyton, 1991).
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6.3.1 The Gauss-Seidel Method with Successive Overrelaxation

One of the simplest iterative procedures is the Gauss-Seidel method. In this
method, we begin with an initial approximation to the solution, 2(?). We then
compute an update for the first element of x:

1 n
xgl) =— | b - Zaljxg-o)
=2

ail
Continuing in this way for the other elements of x, we have fori =1,...,n
1 i—1 n
1 1 0
w = b= D ey = Y7 ayal? |
Qi — £
7j=1 j=1+1

where no sums are performed if the upper limit is smaller than the lower
limit. After getting the approximation z(1), we then continue this same kind
of iteration for z(2), () . .

We continue the iterations until a convergence criterion is satisfied. As we
discuss in Section 10.3.3, this criterion may be of the form

A (xu@), x(k—l)) <e

where A (z(®), 2(*=D) is a measure of the difference of z*) and 2(*~, such as
|2 —2z(*=1)||. We may also base the convergence criterion on ||r(*) —r(=1)]|,
where 7(F) = b — Az(K),

The Gauss-Seidel iterations can be thought of as beginning with a re-
arrangement of the original system of equations as

a11%1 =b1 —a12T2 -+ — 1Ty

a21%1  +  Q22T2 = by s A2pTn
+ :

A(n—1)121 + Q(n—1)2T2 + - =bp_1 — QnnTn

Up1T1 +  an2T2 + ot Gpn®y = bn

In this form, we identify three matrices: a diagonal matrix D, a lower trian-
gular L with Os on the diagonal, and an upper triangular U with Os on the
diagonal:

(D+L)x=b—Ux.

We can write this entire sequence of Gauss-Seidel iterations in terms of these
three fixed matrices:

25D — (D 4 L) (~Uz™ +b). (6.15)

This method will converge for any arbitrary starting value z(°) if and only
if the spectral radius of (D + L)~1U is less than 1. (See Golub and Van Loan,
1996, for a proof of this.) Moreover, the rate of convergence increases with
decreasing spectral radius.
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Successive Overrelaxation

The Gauss-Seidel method may be unacceptably slow, so it may be modified
so that the update is a weighted average of the regular Gauss-Seidel update
and the previous value. This kind of modification is called successive overre-
lazation, or SOR. Instead of equation (6.15), the update is given by

1 1 .
“(D+L)z* ) = Z((1 - w)D — wU)z® +b, (6.16)
w w

where the relaxation parameter w is usually chosen to be between 0 and 1. For
w = 1 the method is the ordinary Gauss-Seidel method; see Exercises 6.2c,
6.2d, and 6.2e.

6.3.2 Conjugate Gradient Methods for Symmetric
Positive Definite Systems

In the Gauss-Seidel methods the convergence criterion is based on successive
differences in the solutions z(*) and z(*=1) or in the residuals r(*) and r(*=1).
Other iterative methods focus directly on the magnitude of the residual

r®) =p— Az, (6.17)

We seek a value z(*) such that the residual is small (in some sense). Meth-
ods that minimize ||r(*)||y are called minimal residual (MINRES) methods or
generalized minimal residual (GMRES) methods.

For a system with a symmetric positive definite coefficient matrix A, it
turns out that the best iterative method is based on minimizing the conjugate
L3 norm (see equation (3.66))

[T 4720,

A method based on this minimization problem is called a conjugate gradient
method.

The Conjugate Gradient Method

The problem of solving the linear system Az = b is equivalent to finding the
minimum of the function
1
fz) = §xTA33 —2Th. (6.18)
By setting the derivative of f to 0, we see that a stationary point of f occurs
at the point « where Az = b (see Section 4.3).
If A is positive definite, the (unique) minimum of f is at # = A~!p,
and the value of f at the minimum is —%bTAb. The minimum point can be
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approached iteratively by starting at a point z(®), moving to a point z(*)
that yields a smaller value of the function, and continuing to move to points
yielding smaller values of the function. The k" point is z(*~1) 4 a(k= 1 p(k—1),
where a®~1 is a scalar and p*~1) is a vector giving the direction of the
movement. Hence, for the k' point, we have the linear combination

28 = 20 L oW1 4y g k1) k1)

At the point (), the function f decreases most rapidly in the direction
of the negative gradient, —V f(2(®)), which is just the residual,

fo(x(k)) — pk)

If this residual is 0, no movement is indicated because we are at the solution.

Moving in the direction of steepest descent may cause a very slow con-
vergence to the minimum. (The curve that leads to the minimum on the
quadratic surface is obviously not a straight line. The direction of steepest
descent changes as we move to a new point z(**1).) A good choice for the
sequence of directions p™, p) ... is such that

(p"NTAp®D =0, fori=1,...,k—1. (6.19)

Such a vector p*) is A-conjugate to p), p), . pk—1) (see page 71). Given
a current point () and a direction to move p(¥) to the next point, we must
also choose a distance a®)||p(*)|| to move in that direction. We then have the
next point,

gD = 2(F) 4 B (k) (6.20)

(Notice that here, as often in describing algorithms in linear algebra, we use
Greek letters, such as «, to denote scalar quantities.)

We choose the directions as in Newton steps, so the first direction is Ar(®)
(see Section 4.3.2). The paths defined by the directions p(*), p(® ... in equa-
tion (6.19) are called the conjugate gradients. A conjugate gradient method
for solving the linear system is shown in Algorithm 6.1.

Algorithm 6.1 The Conjugate Gradient Method for Solving the
Symmetric Positive Definite System Az = b, Starting with z(?)

0. Input stopping criteria, € and Ky ax-
Set k= 0; r®) =b— Az(®); s*) = Ar(R). p(E) = s(k); and () = ||s(F) |2,

If v%) < ¢, set = 2®) and terminate.
Set ¢*) = Ap(k),

k) = 2
Set « FlER

Set m(k+1) = x(k) —+ a(k)p(k)
Set /r'(k+1) = r(k) — a(k)q(k)
Set s(k+1) = Ap(kt1),

Set ,y(k+1) _ ||3(k+1)H2-

N ot W
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8. Set pt+1) = st 4 270 p(9),
9. If k£ < kmax,
set k =k + 1 and go to step 1;
otherwise
issue message that
“algorithm did not converge in k. iterations”. |

There are various ways in which the computations in Algorithm 6.1 could
be arranged. Although any vector norm could be used in Algorithm 6.1, the
Lo norm is the most common one.

This method, like other iterative methods, is more appropriate for large
systems. (“Large” in this context means bigger than 1000 x 1000.)

In exact arithmetic, the conjugate gradient method should converge in n
steps for an n x n system. In practice, however, its convergence rate varies
widely, even for systems of the same size. Its convergence rate generally de-
creases with increasing La condition number (which is a function of the max-
imum and minimum nonzero eigenvalues), but that is not at all the complete
story. The rate depends in a complicated way on all of the eigenvalues. The
more spread out the eigenvalues are, the slower the rate. For different sys-
tems with roughly the same condition number, the convergence is faster if all
eigenvalues are in two clusters around the maximum and minimum values.
See Greenbaum and Strakos (1992) for an analysis of the convergence rates.

Krylov Methods

Notice that the steps in the conjugate gradient algorithm involve the matrix
A only through linear combinations of its rows or columns; that is, in any
iteration, only a vector of the form Av or ATw is used. The conjugate gra-
dient method and related procedures, called Lanczos methods, move through
a Krylov space in the progression to the solution. A Krylov space is the k-
dimensional vector space of order n generated by the n x n matrix A and the
vector v by forming the basis {v, Av, A%v,..., A¥*~1y}. We often denote this
space as Ky (A, v) or just as Ky:

K =V({v, Av, A%,... A1}, (6.21)

Methods for computing eigenvalues are often based on Krylov spaces.

GMRES Methods

The conjugate gradient method seeks to minimize the residual vector in equa-
tion (6.17), r*) = b — Az(*) and the convergence criterion is based on the
linear combinations of the columns of the coefficient matrix formed by that
vector, || Ar®|].
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The generalized minimal residual (GMRES) method of Saad and Schultz
(1986) for solving Az = b begins with an approximate solution z(© and takes
2®) as (=1 4 2(0) wwhere 2(®) is the solution to the minimization problem,

min |- — Az,
2€K (A,r(k=1))

where, as before, () = b— Az(*) . This minimization problem is a constrained
least squares problem. In the original implementations, the convergence of
GMRES could be very slow, but modifications have speeded it up consider-
ably. See Walker (1988) and Walker and Zhou (1994) for details of the meth-
ods. Brown and Walker (1997) consider the behavior of GMRES when the
coefficient matrix is singular and give conditions for GMRES to converge to a
solution of minimum length (the solution corresponding to the Moore-Penrose
inverse; see Section 6.7.3, page 227).

Preconditioning

As we mentioned above, the convergence rate of the conjugate gradient
method depends on the distribution of the eigenvalues in rather complicated
ways. The ratio of the largest to the smallest (that is, the Ly condition number
is important) and the convergence rate for the conjugate gradient method is
slower for larger Ly condition numbers. The rate also is slower if the eigenval-
ues are spread out, especially if there are several eigenvalues near the largest
or smallest. This phenomenon is characteristic of other Krylov space methods.
One way of addressing the problem of slow convergence of iterative meth-
ods is by preconditioning; that is, by replacing the system Ax = b with another

system,
M~'Az = M~ b, (6.22)

where M is very similar (by some measure) to A, but the system M~ Az =
M~1b has a better condition for the problem at hand. We choose M to be
symmetric and positive definite, and such that Mz = b is easy to solve. If M is
an approximation of A, then M ~!A should be well-conditioned; its eigenvalues
should all be close to each other.

A problem with applying the conjugate gradient method to the precondi-
tioned system M ' Az = M ~'b is that M ~' A may not be symmetric. We can
form an equivalent symmetric system, however, by decomposing the symmet-
ric positive definite M as M = VOVT and then

M~Y2% = Vdiag(1/\/e11, ..., 1/vVenm) VT,

as in equation (3.216), after inverting the positive square roots of C. Multiply-
ing both sides of M ~'Az = M~'b by M'/2, inserting the factor M ~1/2M1/2,
and arranging terms yields

(M~V2AM2)M V20 = M/,
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This can all be done and Algorithm 6.1 can be modified without explicit for-
mation of and multiplication by M'/2. The preconditioned conjugate gradient
method is shown in Algorithm 6.2.

Algorithm 6.2 The Preconditioned Conjugate Gradient Method for
Solving the Symmetric Positive Definite System Ax = b, Starting
with z(©)

0. Input stopping criteria, € and ky,
Set k = 0; k) = p— Ax(k) sk — Ar(k) cpF) = M1(R): (k) = pp—1p(k),
and yF) = y(WT (k)

1. If v®) < ¢, set © = 2(®) and terminate.
2. Set ¢¥) = Ap(k),
3. Set a®) = ﬁ
4. Set x*+1) = z(k) 4 o (F) (k)|
5. Set r(kt1) = (k) _ (k) g (k)
6. Set s(ht1) = Ap(k+1)
7. Set y* D = pr—1p(ktD),
8. Set (k+1) = y(k+)T5(k+1)
9. Set pkt1) = pr—1gk+1) 4 %p(k).
10. If & < Ekmax,
set k =k 4+ 1 and go to step 1;
otherwise
issue message that
“algorithm did not converge in k. iterations”. |

The choice of an appropriate matrix M is not an easy problem, and we will
not consider the results here. Benzi (2002) provides a survey of preconditioning
methods. We will also mention the preconditioned conjugate gradient method
in Section 7.1.3, but there, again, we will refer the reader to other sources for
details.

6.3.3 Multigrid Methods

Iterative methods have important applications in solving differential equa-
tions. The solution of differential equations by a finite difference discretiza-
tion involves the formation of a grid. The solution process may begin with a
fairly coarse grid on which a solution is obtained. Then a finer grid is formed,
and the solution is interpolated from the coarser grid to the finer grid to be
used as a starting point for a solution over the finer grid. The process is then
continued through finer and finer grids. If all of the coarser grids are used
throughout the process, the technique is a multigrid method. There are many
variations of exactly how to do this. Multigrid methods are useful solution
techniques for differential equations.
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6.4 Numerical Accuracy

The condition numbers we defined in Section 6.1 are useful indicators of the
accuracy we may expect when solving a linear system Ax = b. Suppose the
entries of the matrix A and the vector b are accurate to approximately p
decimal digits, so we have the system

(A+6A) (z + 6z) = b+ bb

with H(;AH
1 ~107P
4]
and [
~ 107P.
IED

Assume A is nonsingular, and suppose that the condition number with respect
to inversion, k(A), is approximately 10%, so

[6A]l

1~ 10077,
[| Al

k(A)

Ignoring the approximation of b (that is, assuming 6b = 0), we can write
dx = —A"'5A(x + 6x),

which, together with the triangular inequality and inequality (3.222) on
page 129, yields the bound

16zl < [ AZHHIAN (= + llowl).
Using equation (6.7) with this, we have

[[6All
10z]] < K(A) T 14 (Il + llox1)

N 194
(1= re gy 1oet < e teglian.

If the condition number is not too large relative to the precision (that is, if
10°7P < 1), then we have

or

6| [0A]
Sl x R(A)
[l 1A]]
~ 1077, (6.23)

Expression (6.23) provides a rough bound on the accuracy of the solution
in terms of the precision of the data and the condition number of the coefficient
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matrix. This result must be used with some care, however. Rust (1994), among
others, points out failures of the condition number for setting bounds on the
accuracy of the solution.

Another consideration in the practical use of expression (6.23) is the fact
that the condition number is usually not known, and methods for comput-
ing it suffer from the same rounding problems as the solution of the linear
system itself. In Section 11.4, we describe ways of estimating the condition
number, but as the discussion there indicates, these estimates are often not
very reliable.

We would expect the norms in the expression (6.23) to be larger for larger
size problems. The approach taken above addresses a type of “total” error.
It may be appropriate to scale the norms to take into account the number of
elements. Chaitin-Chatelin and Frayssé (1996) discuss error bounds for indi-
vidual elements of the solution vector and condition measures for elementwise
error.

Another approach to determining the accuracy of a solution is to use ran-
dom perturbations of A and/or b and then to estimate the effects of the
perturbations on z. Stewart (1990) discusses ways of doing this. Stewart’s
method estimates error measured by a norm, as in expression (6.23). Kenney
and Laub (1994) and Kenney, Laub, and Reese (1998) describe an estimation
method to address elementwise error.

Higher accuracy in computations for solving linear systems can be achieved
in various ways: multiple precision, interval arithmetic, and residue arith-
metic. Stallings and Boullion (1972) and Keller-McNulty and Kennedy (1986)
describe ways of using residue arithmetic in some linear computations for
statistical applications.

Another way of improving the accuracy is by using iterative refinement,
which we now discuss.

6.5 Iterative Refinement

Once an approximate solution z(9) to the linear system Az = b is available,
iterative refinement can yield a solution that is closer to the true solution.
The residual

r=>b— Az

is used for iterative refinement. Clearly, if h = A*r, then 2(%) 4+ h is a solution
to the original system.

The problem considered here is not just an iterative solution to the linear
system, as we discussed in Section 6.3. Here, we assume z(?) was computed
accurately given the finite precision of the computer. In this case, it is likely
that r cannot be computed accurately enough to be of any help. If, however,
7 can be computed using a higher precision, then a useful value of h can be
computed. This process can then be iterated as shown in Algorithm 6.3.
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Algorithm 6.3 Iterative Refinement of the Solution to Az = b,
Starting with (%)

0. Input stopping criteria, € and Ky ax-
Set k= 0.
Compute 7*) = b — Az(*) in higher precision.
Compute h(F) = A+p(k),
Set (k1) = z(k) 4 p(k),
If [|A®) || < e||z++1)]], then
set © = z(*TD) and terminate; otherwise,
if k£ < kmax,
set k =k 4+ 1 and go to step 1;
otherwise,
issue message that
“algorithm did not converge in k. iterations”. |

> W0

In step 2, if A is of full rank then AT is A=1. Also, as we have emphasized
already, the fact that we write an expression such as ATr does not mean that
we compute AT. The norm in step 4 is usually chosen to be the oo norm.
The algorithm may not converge, so it is necessary to have an alternative exit
criterion, such as a maximum number of iterations.

The use of iterative refinement as a general-purpose method is severely
limited by the need for higher precision in step 1. On the other hand, if
computations in higher precision can be performed, they can be applied to
step 2— or just in the original computations for z(®). In terms of both accu-
racy and computational efficiency, using higher precision throughout is usually
better.

6.6 Updating a Solution to a Consistent System

In applications of linear systems, it is often the case that after the system
Az = b has been solved, the right-hand side is changed and the system Az = ¢
must be solved. If the linear system Ax = b has been solved by a direct method
using one of the factorizations discussed in Chapter 5, the factors of A can
be used to solve the new system Ax = c. If the right-hand side is a small
perturbation of b, say ¢ = b+ d0b, an iterative method can be used to solve the
new system quickly, starting from the solution to the original problem.

If the coefficient matrix in a linear system Az = b is perturbed to result
in the system (A + 0A)x = b, it may be possible to use the solution zq to the
original system efficiently to arrive at the solution to the perturbed system.
One way, of course, is to use xg as the starting point in an iterative procedure.
Often, in applications, the perturbations are of a special type, such as

E:A—uvT,
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where v and v are vectors. (This is a “rank-one” perturbation of A, and
when the perturbed matrix is used as a transformation, it is called a “rank-
one” update. As we have seen, a Householder reflection is a special rank-one
update.) Assuming A is an n x n matrix of full rank, it is easy to write A~!
in terms of A1

Al =A" oA ) (T ATY (6.24)
with

_ 1

1 —0TA W

These are called the Sherman-Morrison formulas (from Sherman and Mor-
rison, 1950). A~1 exists so long as vT A~ u # 1. Because 19 = A~'b, the
solution to the perturbed system is

«

- (A= ) (vT )
To = To + (1—vTA 1y’

If the perturbation is more than rank one (that is, if the perturbation is
A=A-UVT, (6.25)

where U and V' are n X m matrices with n > m), a generalization of the
Sherman-Morrison formula, sometimes called the Woodbury formula, is

A=A+ AU, - VTATIU) VT4 (6.26)

(from Woodbury, 1950). The solution to the perturbed system is easily seen
to be
Fo=x0+ AU, —VTATIU) 'V Ty,

As we have emphasized many times, we rarely compute the inverse of a ma-
trix, and so the Sherman-Morrison-Woodbury formulas are not used directly.
Having already solved Ax = b, it should be easy to solve another system,
say Ay = w;, where u; is a column of U. If m is relatively small, as it is in
most applications of this kind of update, there are not many systems Ay = u;
to solve. Solving these systems, of course, yields A~1U, the most formidable
component of the Sherman-Morrison-Woodbury formula. The system to solve
is of order m also.

Occasionally the updating matrices in equation (6.25) may be used with a
weighting matrix, so we have A=A—UWVT. An extension of the Sherman-
Morrison-Woodbury formula is

A-UwvhHt=a"t v A7l uw= —vTa~t)y"tvTa-t. (627

This is sometimes called the Hemes formula. (The attributions of discovery
are somewhat murky, and statements made by historians of science of the
form “__ was the first to ___” must be taken with a grain of salt; not every



222 6 Solution of Linear Systems

discovery has resulted in an available publication. This is particularly true in
numerical analysis, where scientific programmers often just develop a method
in the process of writing code and have neither the time nor the interest in
getting a publication out of it.)

Another situation that requires an update of a solution occurs when the
system is augmented with additional equations and more variables:

] 2] = [02]
Ag1 Ago T4 N b+ '
A simple way of obtaining the solution to the augmented system is to use the
solution z to the original system in an iterative method. The starting point
for a method based on Gauss-Seidel or a conjugate gradient method can be
taken as (zg,0), or as (xo, x(f)) if a better value of x(f) is known.

In many statistical applications, the systems are overdetermined, with A
being n X m and n > m. In the next section, we consider the general problem
of solving overdetermined systems by using least squares, and then in Sec-

tion 6.7.4 we discuss updating a least squares solution to an overdetermined
system.

6.7 Overdetermined Systems; Least Squares

In applications, linear systems are often used as models of relationships be-
tween one observable variable, a “response”, and another group of observable
variables, “predictor variables”. The model is unlikely to fit exactly any set
of observed values of responses and predictor variables. This may be due to
effects of other predictor variables that are not included in the model, mea-
surement error, the relationship among the variables being nonlinear, or some
inherent randomness in the system. In such applications, we generally take
a larger number of observations than there are variables in the system; thus,
with each set of observations on the response and associated predictors making
up one equation, we have a system with more equations than variables.
An overdetermined system may be written as

Xbay, (6.28)

where X is nxm and rank(X|y) > m; that is, the system is not consistent. We
have changed the notation slightly from the consistent systems Ax = b that
we have been using because now we have in mind statistical applications and
in those the notation y =~ X is more common. The problem is to determine
a value of b that makes the approximation close in some sense. In applications
of linear systems, we refer to this as “fitting” the system, which is referred to
as a “model”.

Overdetermined systems abound in fitting equations to data. The usual
linear regression model is an overdetermined system and we discuss regression



6.7 Overdetermined Systems; Least Squares 223

problems further in Section 9.2.2. We should not confuse statistical inference
with fitting equations to data, although the latter task is a component of the
former activity. In this section, we consider some of the more mechanical and
computational aspects of the problem.

Accounting for an Intercept

Given a set of observations, the it" row of the system Xb ~ y represents the
linear relationship between y; and the corresponding zs in the vector x;:

Yi b1z + o+ by T

A different formulation of the relationship between y; and the corresponding
s might include an intercept term:

Yi = bo + 0121 4 -+ + by Tmi-

There are two ways to incorporate this intercept term. One way is just to
include a column of 1s in the X matrix. This approach makes the matrix X
in equation (6.28) n x (m + 1), or else it means that we merely redefine x;
to be the constant 1. Another way is to assume that the model is an exact fit
for some set of values of y and the zs. If we assume that the model fits y = 0
and z = 0 exactly, we have a model without an intercept (that is, with a zero
intercept).

Often, a reasonable assumption is that the model may have a nonzero
intercept, but it fits the means of the set of observations; that is, the equation
is exact for y = 7 and = Z, where the j*' element of Z is the mean of
the j*® column vector of X. (Students with some familiarity with the subject
may think this is a natural consequence of fitting the model. It is not unless
the model fitting is by ordinary least squares.) If we require that the fitted
equation be exact for the means (or if this happens naturally, as in the case of
ordinary least squares), we may center each column by subtracting its mean
from each element in the same manner as we centered vectors on page 34. In
place of y, we have the vector y — 4. The matrix formed by centering all of
the columns of a given matrix is called a centered matrix, and if the original
matrix is X, we represent the centered matrix as X, in a notation analogous
to what we introduced for centered vectors. If we represent the matrix whose
i*? column is the constant mean of the i*" column of X as X,

X.=X-X.

Using the centered data provides two linear systems: a set of approximate
equations in which the intercept is ignored and an equation that fits the point
that is assumed to be satisfied exactly:

j = Xb.
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In the rest of this section, we will generally ignore the question of an
intercept. Except in a method discussed on page 237, the X can be considered
to include a column of 1s, to be centered, or to be adjusted by any other point.
We will return to this idea of centering the data in Section 8.6.3.

6.7.1 Least Squares Solution of an Overdetermined System

Although there may be no b that will make the system in (6.28) an equation,
the system can be written as the equation

Xb=y—r, (6.29)

where r is an n-vector of possibly arbitrary residuals or “errors”.

A least squares solution b to the system in (6.28) is one such that the
Euclidean norm of the vector of residuals is minimized; that is, the solution
to the problem

min [y — Xb[|o. (6.30)

The least squares solution is also called the “ordinary least squares” (OLS)
fit.
By rewriting the square of this norm as

(y — Xb)T(y — XD), (6.31)

differentiating, and setting it equal to 0, we see that the minimum (of both
the norm and its square) occurs at the b that satisfies the square system

XTXb=XTy. (6.32)

The system (6.32) is called the normal equations. The matrix XTX is
called the Gram matrix or the Gramian (see Section 8.6.1). Its condition
determines the expected accuracy of a solution to the least squares problem.
As we mentioned in Section 6.1, however, because the condition number of
XTX is the square of the condition number of X, it may be better to work
directly on X in (6.28) rather than to use the normal equations. The normal
equations are useful expressions, however, whether or not they are used in
the computations. This is another case where a formula does not define an
algorithm, as with other cases we have encountered many times. We should
note, of course, that any information about the stability of the problem that
the Gramian may provide can be obtained from X directly.

Special Properties of Least Squares Solutions

The least squares fit to the overdetermined system has a very useful property
with two important consequences. The least squares fit partitions the space
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into two interpretable orthogonal spaces, as we see from equation (6.32). It is
clear that residual vector y — Xb is orthogonal to each column in X:

XT(y— Xb) =0. (6.33)

A consequence of this fact for models that include an intercept is that the
sum of the residuals is 0. (The residual vector is orthogonal to the 1 vector.)
Another consequence for models that include an intercept is that the least
squares solution provides an exact fit to the mean.

These properties are so familiar to statisticians that some think that they
are essential characteristics of any regression modeling; they are not. We will
see in later sections that they do not hold for other approaches to fitting the
basic model y =~ Xb. The least squares solution, however, has some desirable
statistical properties under fairly common distributional assumptions, as we
discuss in Chapter 9.

Weighted Least Squares

One of the simplest variations on fitting the linear model Xb ~ y is to allow
different weights on the observations; that is, instead of each row of X and
corresponding element of y contributing equally to the fit, the elements of
X and y are possibly weighted differently. The relative weights can be put
into an n-vector w and the squared norm in equation (6.31) replaced by a
quadratic form in diag(w). More generally, we form the quadratic form as

(y — Xb)"W(y — Xb), (6.34)

where W is a positive definite matrix. Because the weights apply to both y
and X0, there is no essential difference in the weighted or unweighted versions
of the problem.

The use of the QR factorization for the overdetermined system in which
the weighted norm (6.34) is to be minimized is similar to the development
above. It is exactly what we get if we replace y — Xb in equation (6.36) by
We(y — Xb), where W is the Cholesky factor of W.

Numerical Accuracy in Overdetermined Systems

In Section 6.4, we discussed numerical accuracy in computations for solving
a consistent (square) system of equations and showed how bounds on the
numerical error could be expressed in terms of the condition number of the
coefficient matrix, which we had defined (on page 203) as the ratio of norms
of the coefficient matrix and its inverse. One of the most useful versions of
this condition number is the one using the Ly matrix norm, which is called
the spectral condition number. This is the most commonly used condition
number, and we generally just denote it by x(-). The spectral condition num-
ber is the ratio of the largest eigenvalue in absolute value to the smallest in



226 6 Solution of Linear Systems

absolute value, and this extends easily to a definition of the spectral condition
number that applies both to nonsquare matrices and to singular matrices: the
condition number of a matrix is the ratio of the largest singular value to the
smallest nonzero singular value. As we saw on page 290, the nonzero singular
values of X are the square roots of the nonzero eigenvalues of X T X; hence

K(XTX) = (k(X))2. (6.35)

The condition number of XTX is a measure of the numerical accuracy
we can expect in solving the normal equations (6.32). Because the condition
number of X is smaller, we have an indication that it might be better not to
form the normal equations unless we must. It might be better to work just
with X. That is the approach we will take in the next sections.

6.7.2 Least Squares with a Full Rank Coefficient Matrix

If the n x m matrix X is of full column rank, the least squares solution, from
equation (6.32), is b = (XTX)~1 X"y and is obviously unique. A good way to
compute this is to form the QR factorization of X.
First we write X = QR, as in equation (5.27) on page 188, where R is as
in equation (5.29),
Ry
w=[0)

with Ry an m x m upper triangular matrix. The residual norm (6.31) can be
written as

(y— Xb)T(y — Xb) = (y — QRb)" (y — QRD)
= (Q"y — Rb)"(Q"y — Rb)
= (Cl — Rlb)T(Cl — Rlb) + C;CQ, (636)

where ¢, is a vector with m elements and ¢, is a vector with n — m elements,

such that
C
Q%y = (é) . (6.37)

Because quadratic forms are nonnegative, the minimum of the residual norm
in equation (6.36) occurs when (c; — Rib)T(c; — Ryb) = 0; that is, when
(c1 — R1b) =0, or

Rlb =C1. (638)

We could also use the same technique of differentiation to find the minimum
of equation (6.36) that we did to find the minimum of equation (6.31).
Because R; is triangular, the system is easy to solve: b= Rflcl. From
equation (5.31), we have
Xt =[R{'0],
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and so we have R
b=X"Ty. (6.39)

We also see from equation (6.36) that the minimum of the residual norm
is 3 co. This is called the residual sum of squares in the least squares fit.

6.7.3 Least Squares with a Coefficient Matrix
Not of Full Rank

If X is not of full rank (that is, if X has rank r < m), the least squares
solution is not unique, and in fact a solution is any vector b = (XTX)~ X Ty,
where (XTX)™ is any generalized inverse. This is a solution to the normal
equations (6.32). The residual corresponding to this solution is

y— X(XTX)"XTy = (I - X(XTX)"XT)y.

The residual vector is invariant to the choice of generalized inverse, as we see
from equation (8.51) on page 289.

An Optimal Property of the Solution Using
the Moore-Penrose Inverse

The solution corresponding to the Moore-Penrose inverse is unique because, as
we have seen, that generalized inverse is unique. That solution is interesting
for another reason, however: the b from the Moore-Penrose inverse has the
minimum Ls-norm of all solutions.
To see that this solution has minimum norm, first factor X, as in equa-
tion (5.36) on page 190,
X =QRU",

and form the Moore-Penrose inverse as in equation (5.38):

RO
+ 1 T
X —U{ 0 O]Q.
Then N
b=X"Ty (6.40)

is a least squares solution, just as in the full rank case. Now, let

QTy = (2)

as in equation (6.37), except ensure that ¢; has exactly r elements and ¢; has

n — r elements, and let
Uth= (2
z9 ’
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where z; has r elements. We proceed as in the equations (6.36). We seek
to minimize ||y — Xb||2 (which is the square root of the expression in equa-
tions (6.36)); and because multiplication by an orthogonal matrix does not
change the norm, we have

ly — Xbll2 = |Q" (y — XUU D)l
. C1 . R10 z1
=1\ & 00|\ 2
_ ¢ — Rz
- o

The residual norm is minimized for z; = Rflcl and zo arbitrary. However, if
25 = 0, then ||z||2 is also minimized. Because UTb = z and U is orthogonal,

2

(6.41)

2

I[b]|2 = ||2]|2, and so |[b]|2 is the minimum among all least squares solutions.

6.7.4 Updating a Least Squares Solution
of an Overdetermined System

In the last section, we considered the problem of updating a given solution to
be a solution to a perturbed consistent system. An overdetermined system is
often perturbed by adding either some rows or some columns to the coefficient
matrix X. This corresponds to including additional equations in the system,

[ Je= i)

X X, ] [bi] ~y.

In either case, if the QR decomposition of X is available, the decomposition
of the augmented system can be computed readily. Consider, for example,
the addition of k equations to the original system Xb = gy, which has n
approximate equations. With the QR decomposition, for the original full rank
system, putting QT X and QTy as partitions in a matrix, we have

R
0 C2

or to adding variables,

|=amx ).

Augmenting this with the additional rows yields

RCl T
_ @0l X vy
0 co _[O I Xy, | (6.42)
X4 ys
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All that is required now is to apply orthogonal transformations, such as Givens
rotations, to the system (6.42) to produce

R* Clx
Kl
where R, is an m X m upper triangular matrix and ¢y, is an m-vector as
before but ca, is an (n — m + k)-vector.

The updating is accomplished by applying m rotations to system (6.42) so
as to zero out the (n+¢)*™ row for ¢ = 1,2, ..., k. These operations go through
an outer loop with p =1,2,...,n and an inner loop with ¢ = 1,2,...,k. The
operations rotate R through a sequence R®% into R,, and they rotate X
through a sequence Xg_p’Q) into 0. At the p,q step, the rotation matrix Qp,
corresponding to equation (5.12) on page 183 has

(p,q)
cost = RL
r
and
X(f’q))
sing = —— 24
r
where

r= \/ (R;’;;‘”)2 + ((Xf’"”)qp)%

Gentleman (1974) and Miller (1992) give Fortran programs that implement
this kind of updating. The software, which was published in Applied Statistics,
is available in statlib (see page 505).

6.8 Other Solutions of Overdetermined Systems

The basic form of an overdetermined linear system may be written as in
equation (6.28) as
Xbry,

where X is n x m and rank(X|y) > m.
As in equation (6.29) in Section 6.7.1, we can write this as an equation,

Xb=y—r,

where r is a vector of residuals. Fitting the equation y = Xb means minimizing
r; that is, minimizing some norm of r.

There are various norms that may provide a reasonable fit. In Section 6.7,
we considered use of the Ly norm; that is, an ordinary least squares (OLS) fit.
There are various other ways of approaching the problem, and we will briefly
consider a few of them in this section.
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As we have stated before, we should not confuse statistical inference with
fitting equations to data, although the latter task is a component of the former
activity. Applications in statistical data analysis are discussed in Chapter 9. In
those applications, we need to make statements (that is, assumptions) about
relevant probability distributions. These probability distributions, together
with the methods used to collect the data, may indicate specific methods for
fitting the equations to the given data. In this section, we continue to address
the more mechanical aspects of the problem of fitting equations to data.

6.8.1 Solutions that Minimize Other Norms
of the Residuals

A solution to an inconsistent, overdetermined system
Xbry,

where X is n x m and rank(X|y) > m, is some value b that makes y — Xb
close to zero. We define “close to zero” in terms of a norm on y — Xb. The
most common norm, of course, is the Ly norm as in expression (6.30), and
the minimization of this norm is straightforward, as we have seen. In addition
to the simple analytic properties of the Lo norm, the least squares solution
has some desirable statistical properties under fairly common distributional
assumptions, as we have seen.

Minimum L; Norm Fitting; Least Absolute Values

A common alternative norm is the L; norm. The minimum L; norm solution
is called the least absolute values fit or the LAV fit. It is not as affected by
outlying observations as the least squares fit is.

Consider a simple example. Assume we have observations on a response,
y = (0,3,4,0,8), and on a single predictor variable, z = (1,3,4,6,7). We have
y =3 and T = 4.2. We write the model equation as

Yy~ by +bix. (6.43)

The model with the data is

11
13

=|14|b+r (6.44)
16
17

0 O = Wwo

A least squares solution yields bo = —0.3158 and by = 0.7895. With these
values, equation (6.43) goes through the mean, 3, and (1,4.2). The residual
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vector from this fit is orthogonal to 1 (that is, the sum of the residuals is 0)
and to .

A solution that minimizes the L; norm is by = —1.333 and b, = 1.333.
The LAV fit may not be unique (although it is in this case). We immediately
note that the least absolute deviations fit does not go through the mean of
the data, nor is the residual vector orthogonal to the 1 vector and to x. The
LAV fit does go through two points in the dataset, however. (This is a special
case of one of several interesting properties of LAV fits, which we will not
discuss here. The interested reader is referred to Kennedy and Gentle, 1980,
Chapter 11, for discussion of some of these properties, as well as assumptions
about probability distributions that result in desirable statistical properties
for LAV estimators.) A plot of the data, the two fitted lines, and the residuals
is shown in Figure 6.2.

0 2 4 6 8
X

Fig. 6.2. OLS and Minimum L; Norm Fits

The problem of minimizing the L; norm can be formulated as the linear
programming problem
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mbin 1T(et +e)
st. Xb+Iet —Te” =y
et e” >0 (6.45)

b unrestricted,

where e™ and e~ are nonnegative n-vectors. There are special algorithms
that take advantage of the special structure of the problem to speed up the
basic linear programming simplex algorithm (see Kennedy and Gentle, 1980,
Chapter 11).

Minimum L., Norm Fitting; Minimax

Another norm that may be useful in some applications is the Lo, norm. A
solution minimizing that norm is called the least mazimum deviation fit. A
least maximum deviation fit is greatly affected by outlying observations. As
with the LAV fit, the least maximum deviation fit does not necessarily go
through the mean of the data. The least maximum deviation fit also may not
be unique.

This problem can also be formulated as a linear programming problem, and
as with the least absolute deviations problem, there are special algorithms that
take advantage of the special structure of the problem to speed up the basic
linear programming simplex algorithm. Again, the interested reader is referred
to Kennedy and Gentle (1980, Chapter 11) for a discussion of some of the
properties of minimum L., norm fits, as well as assumptions about probability
distributions that result in desirable statistical properties for minimum L,
norm estimators.

L, Norms and Iteratively Reweighted Least Squares

More general L, norms may also be of interest. For 1 < p < 2, if no element
of y — Xb is zero, we can formulate the pt* power of the norm as

lly = Xbl[p = (y — X)W (y — Xb), (6.46)
where
W = diag(| y; — z; b]* ") (6.47)

and zT is the i*" row of X. The formulation (6.46) leads to the iteratively
reweighted least squares (IRLS) algorithm, in which a sequence of weights
W) and weighted least squares solutions b*) are formed as in Algorithm 6.4.
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Algorithm 6.4 Iteratively Reweighted Least Squares

0. Input a threshold for a zero residual, €; (which may be data dependent),
and a large value for weighting zero residuals, wy;s. Input stopping crite-
ria, €2 and kpax.

Set k = 0. Choose an initial value b*)| perhaps as the OLS solution.

1. Compute the diagonal matrix W): wgk) = |y; — 2FbM)|2~P_ except, if
ly; — xin(k)\ < €1, set wgk) = Whig.

2. Compute b1 by solving the weighted least squares problem: minimize
(y — Xb)"W ¥ (y — Xb).

3. If |p*+D) — p(F) || < ey, set b = b and terminate.

4. If k < kpax,

set k =k 4+ 1 and go to step 1;
otherwise,
issue message that

“algorithm did not converge in k., iterations”. [ |

Compute ") by minimizing equation (6.46) with W = W(®: then compute
WO from b1, and iterate in this fashion. This method is easy to implement
and will generally work fairly well, except for the problem of zero (or small)
residuals. The most effective way of dealing with zero residuals is to set them
to some large value.

Algorithm 6.4 will work for LAV fitting, although the algorithms based on
linear programming alluded to above are better for this task. As mentioned
above, LAV fits generally go through some observations; that is, they fit them
exactly, yielding zero residuals. This means that in using Algorithm 6.4, the
manner of dealing with zero residuals may become an important aspect of the
efficiency of the algorithm.

6.8.2 Regularized Solutions

Overdetermined systems often arise because of a belief that some response y
is linearly related to some other set of variables. This relation is expressed in
the system

y~ Xb.

The fact that y # Xb for any b results because the relationship is not exact.
There is perhaps some error in the measurements. It is also possible that there
is some other variable not included in the columns of X. In addition, there
may be some underlying randomness that could never be accounted for.

In any application in which we fit an overdetermined system, it is likely
that the given values of X and y are only a sample (not necessarily a random
sample) from some universe of interest. Whatever value of b provides the best
fit (in terms of the criterion chosen) may not provide the best fit if some other
equally valid values of X and y were used. The given dataset is fit optimally,
but the underlying phenomenon of interest may not be modeled very well.
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The given dataset may suggest relationships among the variables that are not
present in the larger universe of interest. Some element of the “true” b may
be zero, but in the best fit for a given dataset, the value of that element may
be significantly different from zero. Deciding on the evidence provided by a
given dataset that there is a relationship among certain variables when indeed
there is no relationship in the broader universe is an example of overfitting.

There are various approaches we may take to avoid overfitting, but there
is no panacea. The problem is inherent in the process.

One approach to overfitting is regularization. In this technique, we restrain
the values of b in some way. Minimizing ||y — Xb|| may yield a b with large
elements, or values that are likely to vary widely from one dataset to another.
One way of “regularizing” the solution is to minimize also some norm of b.
The 